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Abstract— This paper summarizes results from the journal (iv) Under general conditions a binary distribution is op-

article and thesis [10], [9], and the survey article [12]. timal, or approximately optimal for sufficiently low SNR
Capacity and the random coding exponent is addressed for a (6], and [18, Theorem 3].)

general non-coherent stochastic channel model. Under vergen-

eral assumptions, the distribution optimizing the error exponent The finiteness of the support of the optimal input distribu-
has a finite number of mass points, or in the case of a complex tion bodes well for implementation of optimal constellaian
channel, the amplitude has finite support. In each numerical communication systems, but the matter of the specific choice
example considered, the resulting code significantly outgrforms of points remains. The problem of selecting such a constella

traditional signal constellation schemes such as QAM and RS tion i f i timizati h h | it
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by NSF grant Career 6891730. characterization of channel performance, the issue of lwow t

achieve rates close to capacity with low probability of erro

. INTRODUCTION . : g :
can also be characterized in a rigorous fashion throughgbe u

The problem of constellation design has recently received error exponents. In this paper, we pose the constellation
renewed attention in information theory and communicatiqfesign problem in the context of error exponent optimizatio
theory. While many techniques in information theory such as\ye consider a stationary, memoryless channel with input

coding have readily found their way into communication ap;iphabetx, output alphabe¥, and transition density defined
plications, the signal constellations that informatioedty en-

visages and those generally considered by practitionéfes di

significantly. In particular, while the optimum consteitat for PY edy| X =z)=p(y|z)dy, zeX,yeY. (1)

an additive Gaussian noise (AWGN) channel is a continuous ] )

constellation that allows for a Gaussian distribution om tHt i @ssumed thaY is equal to eitheR or C, and we assume

input, commonly used constellations over AWGN channeif1atX is a closed subset Gt. _ o

such as quadrature amplitude modulation (QAM), are not onlyMany complex channel models in whick is equal toC

discrete, but also generally regularly spaced. This gapémt &€ considered b){ viewing as the amplitude _oﬁ(. In this

theory and practice can be explained in part by the difficul§@S€ the channel input is denoted the output isV’, and the

of deploying, in practical systems, continuous consteliet ~ transition density orC x C it is assumedymmetric:
However, there is also a body of work that strongly suggests

the continuous paradigm favored by theoreticians is inappr

priate for realistic channel models in the majority of today This is a natural assumption in many applications, such as

applications, such as wireless communication systemsetJngayleigh and Rician channels, since phase informationsis lo

any of the following conditions the optimal capacity aclimgy at high bandwidths.

distribution has a finite number of mass points, or in the caseThroughout the paper we restrict tmncoherent channels

of a complex channel, the amplitude has finite support:  in which neither the transmitter nor the receiver knows the

(i) The AWGN channel under a peak power constraint channel state.

Pe(V|t1) = po(e?®v|e?u), u,ve€C, aeR. (2)

[17], [16], [15], [3]. The channel reliability function is defined as
(i) Channels with fading, such as Rayleigh [1] and Rician 1
fading [8], [7]. Substantial generalizations are given in E(R) = lim |——logp.(N, R)}, R>0,

(iii) Lack of channel coherence [13]. For the noncoherent wherep. (N, R) is the minimal probability of error, over all
Rayleigh fading channel, a Gaussian input is shown toblock codes of length N and rateR. The main goal in this
generate bounded mutual information as SNR goes topaper is to maximize the error exponent, subject to two tinea
infinity [4], [14]. constraints:



E/(R) _ The alignment conditions obtained in Section 1I-B are based
——  Optimal code on theerror exponent sensitivity function, defined by
o25- N\ QAM
P
gh(@) = / [/u(dZ)p(yIZ)l/(”p) p(ylx)/ O+ dy. (6)
018 The objective function in (5) can be writtei’ (u) = (1, gf,)-
AN Similarly, mutual information can be expressig) = (u, g,.)
where thechannel sensitivity function is defined by
1o r u(e)i= [ loglptule)/p,)]pul)dy, ()

0 0.1 0.2 0.3 0.4 0.5

wherep,, denotes the marginal of the output,

puldy) = / p(dz)p(ylx),  yeY. (8)

We list here the remaining assumptions imposed on the real
channel in this paper.

(1, 0) < op (A1) The input alphabeX is a closed subset &, Y = C

or R, andmin(o%, M) < .
where(u, ¢) := [ ¢(z) p(dz), andg(z) =22 for x € R. - P :
(ii) The peak power constraint that s is supported orxX N (A2) Y'is large whenX is large: For eacln = 1,

Fig. 1. Error exponenf,.(R) for the two codes shown in Figure 5. The
3-point constellation performs better tha6-point QAM for all ratesk < C.

(i) The average power constraint that

[—M, M] for a givenM < cc. lim P([Y|<n|X=x)=0
Hence the input distribution is constrained to the convex se |zl —o0
M(o%, M, X):= (A3) The functionlog(p(-|-)) is continuous oiXxY and,
foranyy € Y, log(p(y| - )) is analytic within the inte-
{M eEM:{(u,¢) <op, p{[-M,M]} = 1}, () rior of X. Moreover,g, andg/, are analytic functions

onR for anyp € (0,1] andu € M(c%, M, X).
We occasionally also assume,
(A4) For eachp, if u° # u' then, forsome v,
E.(R):= sup [—pR + sup(—log(G* ,
(R) p [-p Mp( g(G?(w)))] f[,uo(dz) —/Ll(dz)]p(y|2)1/(l+p) £ 0.

0<p<1

b )P “) Conditions (A1)-(A3) are also the standing assumptions in
GP(p) = /[/ pldz)p(y|z) dy, [11]. It is shown there that these assumptions are satigfied i
all of the standard models, including the AWGN, phase-noise
Rayleigh, and Rician channels.

pe(N,R) < exp(~NE,(R)), N>1,R>0, It can be shown that the functionél” is strictly convex
under (A4).

which holds under the assumptions imposed in this paper. The capacity-achieving input distribution is discrete end

Moreover, the equalityF(R) = E.(R) holds for rates the conditions imposed here whéd is finite [11]. We find
greater than theritical rate R, [2], [5]. Consequently, if that the distribution optimizing the error exponefit for a
one can design a distribution with a large error exponeet thgiven positive rateR < C is always discrete in the real
the associated random code can be constructed with a coofeannel, with or without a peak power constraint. In the
spondingly small block-length. This has tremendous beirefitsymmetric complex channel, the distribution is symmetrithw
implementation. Figure 1 shows how a better designed cofilgite support.
can greatly out-perform QAM for rateB below capacity. The following result provides a summary of results for a

Optimization of the random coding exponent is addressedggnmetric complex channel. For any € M, we define
follows. Rather than parameterize the optimization problyy 11e as the symmetric distribution o€ whose magnitude
the given rateR > 0, we consider for each Lagrange multipliehas distributionu. That is, we have the polar-coordinates

where M denotes the set of probability distributions ¥n
The random coding exponent F,.(R) may be expressed,

from which we obtain theandom-coding bound,

p € (0,1] the convex program, representation,
inf  G(1) ) e (dz X da) = %u(dw)da, x>0, 0<a<2n,
subject to  p € M(o%, M, X). T
. - and we sefu({0}) = pe({0}).
The value is denoted””, and we have from (4) Theorem 1.1: Consider a complex channel model satisfying

E.(R) = sup [—pR —log(G"*)]. the symmetry condition (2) and Assumptions (A1)—(A3).
0<p<1 Then,



(i) If M < oo then there exists an optimizer; of the Suppose that there exists a trifle*, v*,v*) that solve (10)
convex program definining capacity, in the sense that

sup  I(u) D(y* || p* ©p) = E-(R), DH"| p* ®@v*)=R.

. 9)
subject to € M(op, M, X). Then, there exists a channel transition dengiuch that

The distributionu} is symmetric with finite magnitude.
(i) Consider the convex program (5) under the relaxed

condition thatmin(c%, M) < co. For eachp there exists and the rate can be expressed as mutual information,

an optimizerus that is symmetric, and its magnituge R=1I(u*%) =D bl u* @b

has finite support. Moreoever, for eaghe (0, C) there () WP lln*©bu)

existsp* achieving the maximum in (4) so that, g

V*ZH*Qﬁa V*:ﬁ,u.*a

E,(R) = —p*R — log(G**) = —p*R — 1Og(Gp* (MP*)) ) _ Fpr fixed u, the error exponent obtained in the proof [10]
g Is given by,

B (n) i=inf{8: Qf(nop) N Qf(Po) #0}  (11)

The solution to (11) is illustrated in Figure 2. The channel
A. Error exponents and robust hypothesis testing transition densityp shown in the figure solves

Herg we show that the ra_ndom codir!g exponent bound can B () = inf{g . QE(M ©p)n QJ}%(N ® Py) # (Z)}
be derived by casting the signal detection process rabust — Do pop)
hypothesis testing problem. pOPIHDP).
The error exponent is equal to the maximal relative entropy
Qj(nop) B*(u) over all u, and the rate can be expressed as mutual
informationR = I(p*;p) :=D(p* ©p || p* ® p,) wherep*
is the optimizing distribution.

II. CONVEX OPTIMIZATION AND CHANNEL CODING

1Op

e L

+(Po) B. Convexity and alignment

Boundedness of the sensitivity function is central to the
Py analysis that follows.
Proposition 2.2: The following hold under (A1)-(A3):
Fig. 2. The random coding exponeft.(R) is equal to the solution of a (i) 0 < gﬁ(z) < 1 for eachz.
&ot:ustt_ N-P r:y’pothesLs test!ngthprofplem with ‘false alarne’rd@, and 'missed (ii) 95 — 0 asz — oo.
etection rate5 as shown in the figure. (iif) Suppose that there is a peak power constraint, so that

For a giveny € M, 5 > 0, we denote thedivergence M < oo. For each finiteN > 0, the mappingu — g,

. is continuous fromM(o%, M, X) to Lo[—N, N]. That
neighborhood of 1 by, is if 11, — 1 weakly, with s, € M(0%, M, X) for all n,
Q1) = {v: D | w) < m}. then o a2
im sup |g, () —g,(x)] =0.
We denote byP, the space of product measuresXix Y, N0 g <N g 0

Po = {p®v: v is a probability measure ow}, The following set of results establishes convexity and dif-

and define the corresponding divergence set for a giveno, ferentiability of G* with respect tou. For p, p° € M and
6 € [0,1] we denoteuy := (1 — 0)u° + Op.

QE(}P’O) = U Q}%(u Q). Proposition 2.3: The following hold under (A1)—(A3): For
v any givenyu, u° € M(o%, M,X) andp > 0,
= {v:minD(y || p®v) < R}. () G?(n) = (. gp)-

(ii) The functionalG* is convex, and can be expressed as

The robust hypothesis testing problem is binary, with as the maximum of linear functionals

defined in the channel capacity problem, but with defined
using Py GP(u°) = ﬂaMX{(l +p) (K5 gh) — pGP (1)}
. PV . inqh-0

Ho: {(X5,¥5) 15 =1,..., N} has marginair” € Po. (i) Fix p > 0, u° € M. The first order sensitivity is
Hi: {(X},Y;):j=1,...,N} has marginak' := 11 © p. given by

Proposition 2.1: d

2 qr - _°
735G e)| = (L+p)(u—n®, gpe).

_ : .o+ +
En(R) = Sgp (Héf{ﬂ + Qs (1O p) N Q(Po) # 0}) (10) (iv) If (A4) holds thenG? is strictly convex for each > 0.



O

For fixed p, the optimization problem (5) is a convex
program sincé=” is convex. Continuity then leads to existence
of an optimizer. The following result summarizes the stuuet
of the optimal input distribution. It is similar to Theorem82
of [11], which required the peak power constraift < co. Fig. 3. Signal constellations for thecomplex ANGN channéhws?, = 1.
We stress that this condition is not required here. At left is the 4-point QAM signal constellation, and at rigah additional

. point is added at the origin. The distributignis uniform in each case. The
Theorem 2.4: Suppose that (Al)_(A‘?’) hold. Then, constellation at right achieves.52 nats/symbol mutual information, while

(i) For eachp > 0, there existg” € M(o%, M,X) that QAM achievesl.38 nats/symbol.
achievesGr*.
(i) A given distribution;® € M(c%, M, X) is optimal if ) ] .
and only if there exists a real numbaf and a positve ~ @ndoy =1, i.e. SNR= 9 (9.54dB). Figure 3 shows results

real number\; such that for a.ex [1°] using two signal constellation methodspoint QAM and a
) ) 5-point distribution which contains thé-point QAM plus a
gho(x) > A = A5z, and  gf.(x) = A} — As2”. point at origin. The5 point distribution is an approximation to

the optimal input distribution, which is binary in magnitd
) and uniformly distributed in phase. THepoint constellation
GP* = min G (1) = GP(u°) = AL —A50p performs better thad-point QAM by about13%, with lower

If these conditions hold, then

p 1+p power consumption. O

(iii) In the absence of an average power constraint 0.
(iv) If (A4) holds, then the optimizer? is unique.

IIl. SIGNAL CONSTELLATION DESIGN

For a symmetric, complex channel we have seen in The- * *
orem 1.1 that the optimal input distribution is circularly
symmetric onC, and discrete in magnitude. We consider in

this section discrete approximations of this optimal distiion
on C Fig. 4. Signal constellations for the Rayleigh chankie= AX + N with

. L . . . . 0% =1, 0% = 1, and average power constraiaf, = 11.7. The 16-
A signal congtellation is a finite set of points irC that is point QAM constellation shown at left (with uniform distition) achieves

used to define possible codewords. Two well known exampl@e$951 nats/symbol. The optimal constellation shown at right hes points
; ; ase-shi of support, with one point at origin (with probabilit§.5346.) The mutual

arequadrature-amp“tUde mdwatlon (QAM)’ and ph shift information achieved i$.4879 nats/symbol, which i.5 times more than

keyed (PSK) codmg. In these coding schemes the c.odewor 8t achieved by QAM.

are chosen using a random code constructed with a uni-

form distribution across the given signal constellatibtulti- b) Rayleigh channel with low SNR: This is the
dimensional constellations and non-equiprobable signaling complex channel modet’ = AX + N, with A4, N, each
have been proposed to reduce mean-square energy. Theg@ssian, and mutually independent. We assume that each
methods are largely motivated by properties of the AWGH circularly symmetric, withc? = 1, 6% = 1. Note that
channel. the channel output depends only on the magnitude of channel
We propose the following approach to signal constellatiqApyt in this model.

design and coding in which the signal alphabet and assoye compare codes obtained from the two constellations
ciated probabilities are chosen to provide a random cofigstrated in Figure 4. The first constellation is 1&-point
that approximates the random code obtained through @M. Since the code used in QAM is a random code with
nonlinear program (9). We conclude this paper with examplggiform distribution, the average power is givendsy = 11.7.
to illustrate the performance of this approach, as comptredtie second constellation has only two elements: one point at
standard approaches based on QAM or PSK. origin and another point at positich € C. The weights are

a) Complex AWGN channel:  This is the complex chosen so that the average power is aggin= 11.7, which
channel model given byy" = X + N with N' complex results inp{0} = 1 — {5} = 0.5346. This is the optimal
Gaussian. Examples considered in [2] suggest that QAMhyt distribution when the peak-power constraldt= 5 is
typically outperforms PSK when the constellation sizes aff@iposed.
fixed, and the signal to noise ratio is large. For small SNR, computations show that the simpler coding scheme achieves
it is known that QAM and PSK are almost optimal (see [Zyytual information0.4879 nats/symbol, which is abou.5

Figure 7.11], [19], and related results in [16]). times more than the mutual information achieved by the 16-
We illustrate application of the approach proposed heb%int QAM code. O

using the symmetric AWGN complex channel witf}, = 9

17 531 0 5
* *




¢) Rayleigh channel with high SNR: In this final  (iv) In some applications optimal distributions may not
example the same parameters used in the previous experimehie feasible due to the resulting ‘peakiness’ of the code
are maintained, except now the average power is increased tbook. There are then tradeoffs, and resource investment
0% = 26.4. The optimal input distribution is given as follows issues to be addressed. For example, one can consider if
when the channel is subject to the peak power constraintincreasing the number of transmitter antennas will reduce
|X| < 8: The phase may be taken uniformly distributed the peakiness of the optimal random codebook.
without any loss of generality, and the magnitude has thre@) It is known that QAM and PSK perform well for the
points of support af0.0, 2.7, 8.0} with respective probabilities AWGN channel at specific SNR. In the case of fading
{0.465,0.138,0.397}. Consequently, we propose a constella- channels, it is of interest to see if efficient constellagion
tion whose magnitude is restricted to these three radiis Thi can be adapted to a changing environment.
is compared td 6-point QAM. The two constellation designs

are illustrated in Figure 5. O REFERENCES
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