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Abstract—We consider the transmission of a real (N — j)(M — j)), for r. € [0, M] (d*(r.) = 0 for
i.i.d. Gaussian source over a quasi-sta_ltic_Mll\_/IO fading r, > M). For any function the SNF(p), we define
channel. The relevant p_erfor_mance criterion is end-to- (f) = _lim, . log f(p) and we use the notation
end average quadratic distortion D versus channel SNR, ] )p log p )
for given spectral efficiency 7, defined as the ratio of f(p) = p~¢\/) to denote thaff (p) decreases gs ¢/
the source bandwidth over the channel bandwidth. In at high SNRs. This also means théfp) = g(p), if
the limit of high-resolution (vanishing distortion) for C(f) = <¢(g).
high-SNR, we define the distortion SNR exponent(n)
for a family of source-channel coding schemes as the
a = —log D/logsnr. In our recent paper [1], we have B. Problem statement
computed upper and lower bounds ona(n) for the . . .
MIMO channel. Here, we first extend these to the parallel VW& wish to transmit an analog source of bandW'_dth
channel. Using these results, we propose a hybrid digital Vs samples per second over the MIMO block-fading
analog scheme that achieves the same exponeaf{n) channel (1). To be precise, we consider an i.i.d. real

as the schemes in [1] for the 2x2 MIMO channel for Gaussian source N(0,1). A K-to-(M x T source-

< 2M. channel encoder is a mappirg : R* — C*7
|. SPACE-TIME CODING AND END-TO-END that maps source blockse R™ onto channel code-
DISTORTION words X. The corresponding source-channel decoder
is a mapping(CMXT — R* that maps the channel
A. Background output’Y = [y1,...,yr] into anapproximations of
Consider the standard MIMO block-fading channehe source block. The average quadratic distortion is
[2] expressed by defined by
Al ~12
y, = \/Eth +wy, t=1,....,T (1) D(p) = #Ells — 5[] ®)

where: T is the duration (in channel uses) of thgvhere expectaction is with respect $oH and the

transmitted blockE € C¥*M is the channel matrix channel noise. Thepectral efficiencyf the encoder
assumed to be constant for all = 1.....T but " is defined as) = K/T source samples per channel
random with i.i.d. elements; ; ~ EN(0 1’) (R’ayleigh use. LettingWW,. denote the number of channel uses
independent fading)x, is the transmitted signal atPer_second (channel bandwidth) and noticing that
time #; the transmitted codeword = [xy,...,x7], /Ws=T1/We, it follows thaty = W, /We. .

is normalized such that [E[X"X]) < MT; p de- Consider a family of source-channel coding
notes the Signal-to-Noise Ratio (SNR), defined as tiéhemes{8C,(p)} of spectral efficiencys, where
average received signal energy per receiving antenti@n(¢) denotes the scheme that operates at SNR

to the noise variance. We define thedistortion SNR exponertf the family
Consider a family of space-time coding schemedS the limit

{€,.(p)} of rate R, = r.log p, whereC,_(p) denotes log D(p

the scheme that operates at SNRNd the rate pre-log a(n) = _béi) = ((D(n)) 4)

factor r. > 0 is referred to asnultiplexing gain The
SNR exponent of the family is defined as the limit The distortion SNR exponerdf the source-channel
log P, (p) pair_ {L*(U) is the supremum, over all possible coding
d(r.) = ———— (2) families, of a(n). In [1], we obtained upper bounds
logp on a*(n) and proposed hybrid digital analog (HDA)
The SNR exponenbf the channel d*(r.) is the schemes which resulted in achievable lower bounds
supremum, over all possible coding families,d§f.). on a*(n). The main results from [1] are summarized
In [3], d*(r.) was fully determined as the piecewisebelow and then the new results in this paper are
linear function joining the point§r. = j,d*(j) = discussed.



ne

afhybrid (77) = 1+<

Il. MAIN RESULTS FROMPREVIOUSWORK [1] predicted slope can be nearly achieved although the

For the M x N MIMO channel, required SNRs are somewhat large.
I1l. TANDEM AND MATCHED TANDEM
Theorem 1 [Exponent achievable by separation] SOURCE-CHANNEL CODING SCHEMES

The distortion SNR exponent In a tandem source-channel coding scheme (or

2(jd* (5 — 1) — (4 — 1)d*(y)) 5 separated scheme), the soukcés first encoded by
2+ n(d*(j — 1) —d*(5)) ’ ) a quantizerQ, of rate R, nats/sample which produces
25 —1)  2j an indexu = Q(s). The indexw is encoded by a
€ Ll*(jl)’ d*(])) space-time code of ratB. nats/use. At the receiver,
) ) the space-time decoder produces a decisiam the
for j =1,..., M, is achievable by @&andem source- jndex 1, and the reconstruction point is given By=
channel coding schenuiscussed in Section lll. T g(3) where®R denotes the reconstruction operation.
Assuming the presence of an ideal error detection

Theorem 2 [Informed transmitter upper bound]  scheme, ifi # u, the reconstruction point is set to
The optimal distortion SNR exponeat (1) iS Upper- pe the zero vector.

asep(1)

bounded by Let Dqo(R,) denote the quantizer distortion-rate
M 9 function and P, denote the error probability of the

auwp(n) = Zmin {,Zi —1+4|M - N} space-time code. It can be shown (see [5]) that the

i=1 N end-to-end distortion achievable by a tandem scheme

(] is upperbounded by

h [ b d h I b d] h h DSEP(RS) S Dnoerror + Derror

Theorem 3 [Hybrid scheme lower bound]The hy- .

brid digital-analog (HDA) space-time coding scheme _ = Do(R) + sl ©)

of [1], discussed in IV-A achieves the following expoWwhere  is a constant that does not depend on the

nent: SNR. In [7] and [1], such a separation based scheme

1) was considered for the MIMO channel. For long block
ey . e lengths, it can be shown that the probability of error

2_1)gd(y—1)—<]—1>du>—1 D P y

and probability of outage decay with SNR in the

2 1 (1 (1
no MJ) oS-y td(G-1)-d (gg) same exponential order ant,Derror) = ¢(Doutage)-
Hence,
for
2(] _ 1)M 2]M Dsep(Rs) S Dnooutage + Doutage
- - o~ - ,i<j<M-1 -
Md*(j—1)—M+j—1 Md(j)—M+5) ~- = Do(Rs) + kPoutage  (10)
2) and R, and R, were optimized so as to obtain, the

largesta(n), which is explicitly given in Theorem 1.
— , The separated scheme is clearly suboptimal when the
57— TN —=M+1  jnstantaneous channel capacity is not equalRo

) Particularly, when space-time decoder produces an

2 1\ M(N—M+1)—1
Ahybria(n) = 1+ (77 - M)

for oM (M — 1) erroneous estimate, the distortion is assumed ta be
ne [M(N “ M)+ M- 1,2M} which is mdepe_ndent of the SNR, i.6(Doutage) =
¢(Poutage). In this paper, we construct HDA schemes
3) for which ¢(Doutage) > C(Poutage)- This is the in-
Ahybrid (1) = %, n>2M (8) tuition behind why the proposed schemes outperform
n the separated scheme.

In this paper, we extend these results from [1] in A key ingredient in the design is that of a matched
the following ways - We first derive similar boundstandem encoder originally proposed by Mittal and
as in Theorem 3 for the parallel channel and sho®hamdo in [4]. For a single input channel with> K,
that the HDA scheme in [1] is optimal for the parallelh matched tandem encoder is defined as one for which
channel forn > 2M. This results is given in Theoremthe first K components of the transmitted codeword
4. Then, forM = 2, we show that the same bounds a(, X¥ = §R(u), where§ is a scaling factor. That is,
in Theorem 4 can be achieved fgr< 2M using an the quantization point appears systematically (up to a
alternate HDA scheme discussed in Section V whicécaling) in the codeword. In [4], Mittal and Phamdo
uses the idea of a matched tandem encoder from [4howed the existence of matched tandem encoders that
Using the results in Section V, in Section VI, weare optimal source and channel codes for the Gaussian
propose a new HDA space-time coding scheme whicdource and channel. The advantage of a matched
achieves the same achievable bound as in Theorémmdem encoder is that whén# «, a minimum mean
3 for the 2x2 MIMO channel fom < 2M. Finally, squared error (MMSE) estimate &{«) can be formed
we present simulation results which show that thdirectly from the channel observations and used.as



IV. PARALLEL CHANNEL wheree is the linear MMSE estimate of from the

Consider the same set up as in Section I-A b@hannel output corresponding X(“). If decoding is
with a set of M parallel Gaussian channels as th&nsuccessful, the output is trivially= 0.

communication channel. The received vector at time For sufficiently largeX’, decoding errors can be
can be modelled as detected with arbitrary large probability [6] and the

error probability can be replaced (as far as the expo-
Y = \/7th +w;, t=1,...,7 (11) nential order is concerned) by the information outage
M probability P(A), where the information outage event
where the diagonal elements #f, h;; ~ CN(0,1) at coding rateR, is defined by [3]
and the off diagonal elements are zeros. We use ,
gi = |hi|? to denote the squared magnitude of thel = { H € CV* . 10gdet(1+ ﬁHHH) < Rc}
channel gain. The exponent achievable by separation, (14)
sep,parallel(7) @nd the informed transmitter upperLetting againR, = r, log p be the quantizer rate and
bound ayp, parantel (17) can be computed as in [1] andR, = r.log p be the space-time coding rate, we have
Seen to beuw parale1(n) = 2M /1, for 1 > 2M. re = #rs andn = MK#/@M) which yields
An achievable lower bound for the parallel channel

is given b 1 1
g y re=|——=— )7 (15)
Theorem 4 [Hybrid scheme lower bound]The hy- n 2M

brid digital-analog (HDA) space-time coding SChemEet mmse(H) denote the MMSE in estimating.

of [1] achieves the following exponent : Then, we can write the overall average distortion of

oM/ the hybrid scheme as
ahybridparallel(”) = 277;11, for n < 2M (12)
n M
2M
= —, for n>2M
n

Drybria(p) = / mmse(H)dF(H) + kP(A) (16)

c

(13) Assuming (asymptotically) optimal quantization, that
achieves distortiorp=2=, it is not difficult to show

The proof for this also follows closely the approacﬁhat

. . . —2r, M

in [1]. As in [3], we use the usual change of variable mmse(H) = P 1 (17)

a; = —logg;/logp. For the parallel channel case, M —~=1+ 179

since g;'s are exponentially distributed and indepen- . ,

dent, the distribution ofx — [a4,...,ax] is given We can show that the exponents in the first and

second terms of (16) awﬁ;(rc) =M —r.and(2rs +
1), is the optimal diversity order for a multiplexing

M .

B o e s rate of r. for the parallel channel. Equating the two

Pa(ay, ..., an) = (logp) Hp exp {_ Zp } * exponent gives the result in (12).
=1

by

Also, note that the optimal diversity-multiplexingB. Casen > 2M

tradeoff is given byd;(r.) = M — r.. Using these  1ho HpA scheme in this case is given as follows.
we can separately con§|der the two HDA schemes _f?'he source block is split into two subblockss(®) of

n < _2M :_;mdn > 2M. Since the scheme andi a”alys'?ength K(1 - 2M/5) ands@ of length K (2M /7).
are identical to that in [1], the details are omitted. They 4 subblocks(@ is multiplexed on to the/ parallel

description of the scheme and outline are presentgf],nels. The subblock? is mapped onto the code-
to make the proofs in the following sections easier tQ .4 x(d) c CMxT by a tandem encoder. Finally, the

understand. transmitted codeword is obtained by superposition of
A. Casen < 2M X andX(® as
The HDA scheme for this case is given as follows. X — \/Bx(a) + mx(d) (18)

The source block is input to aK-to-(M xT,) tandem
encoder. The corresponding codeword is denoted lashere € [0,1] is a power allocation factor.
X (@) Lets ande = s—§ denote the quantized source The receiver first tries to decod€(?) by treating
block and the quantization error vector, respectivelX () as independent noise. If decoding is successful,
Then, e is multiplexed on to thé\/ parallel channels. then X(4) is subtracted from the received signal and
Finally, the transmitted codeword is given by the(® is estimated by using a linear MMSE estimator
concatenatioriX = [X (%, X(%)]. The resulting block from the clean signal. The reconstructed source block
length isT = T; + K/(2M). in this case i$ = [s(¥),5(?)], wheres(?) denotes the
The receiver first tries to decod&®. If decoding is quantized version of(¥ ands(® denotes the MMSE
successful, the source block approximation is obtainestimate ofs(*). If decoding of the digital part is not
as successful, the receiver produces an MMSE estimate

S=S+e 5@ of s(@ py treatingX(¥ as independent noise,



/.

and the reconstructed source block in this cagéds approximation thatl + pl—(1-0)" = pl=(1=)" the
[0,5(2)]. negative exponent of the lower bound can be readily

The analysis of this scheme proceeds along the sasezn to bel + (M — 1)(1 — r.)*. The upper bound
lines as in [1] and by lettingg = p—("—2M)s we get can be written as

the result in (13) K1
/ dg—/ dgl/ldgz...dgM.
V. MATCHED TANDEM ENCODING AND L+ g1p 1+910 JA

REPETITION CODING We will now show that [, —dg = p~'. We
We now analyze a scheme that does not use an ogtirow from results in [1], that for the 1x1 channel
mal code for the parallel channel, but uses a matched K —
tandem encoder followed by a repetition code. The /O 1 +glpdgl =p (19)
interesting result is that forM = 2 and forn < 2M,
the same exponents as in (6) can be obtained. We fiif'ce,
consider the case an arbitrafy andn < 2M. The K K1 K1
source sequence is first encoded using a matched)/, ngl :/ 1+ dgﬁ'/( 1+g
g1p A g1p A g1p

1xT
g:ﬂg;n c?)r(;?r?derrattg I[;rolduceai dclranémvzlgsﬁgi trha(?ce then it must be that the negative rate of decay of each
9 s 08/ of the above terms must be at least 1. However, an

IS rclogp. The samex is repeated and transm'ttedupper bound on the rate of decay can be obtained by
over the M parallel channels. In addition to this, the
notmg that forg € A,

guantization error is multiplexed over thed parallel

chla;nnels as befo.re. . . / K1 dgy < / _ "jl' g =p!
the channel is not in outage, thenis decoded al+gip a p~d=re)tp

and the quantization point is recovered. An MMSHjence,

estimate of the quantization error is formed. When K1 1

the channel is in outage, an MMSE estimateRgi:), al+gip gp=p

given by R(u) is formed and used as The overall

distortion will then be

dglv

Since Ziﬂiz g; is Chi-squared distributed with
A . 2(M — 1) degrees of freedonu; = 1+ (M —1)(1 —
E[ls—R(u)]’] = Ells —R(u)|*] + E[|R(u) — R(u)[*]. re)t). Sincer, = (% — 5+-) re, it can be seen that
This follows from the orthogonality of the quantizationz1 > a2, for n < 2M. Hence the overall exponent
error and the source for an optimal quantizer. The firgtybrid(7) = min(az, a3). The optimal value ofr.
term is the quantization errab, and let us denote iS obtained by setting,, = a3 which results in the
the second term by),...... Let A denote the outage €xponent being equal to

region. That is, 9
_M(;]f—)+M71 .
A={g1,...,90m : log (1—&—(290 p) < r.logp} Ahybrid (1) = (2——)+M—1 (20)
i
Using the high SNR approximation, this region is ) .
given by For M = 2, it can be seen that this is the same as that
. in (6) for all n < 2M. For M > 2, the exponent is
A={g1,.. . 9um : Zgi < p =)™y worse than that in (6).
Since) g; is a Chi-squared random variable with/ VI. EXTENSION TO THE2X2 MIMO CHANNEL
degrees of freedom it follows that In this section, we show how to obtain the same
B B C M(1—rot exppnent as in (6) foM = N = 2 andn < 2M using
Poutage = P(A) = /Al dg = p a different scheme than in [1]. The source symbols

s are first encoded by a matched tandem encoder
in to the codewordx such that the source coding

K1 1 rate rs log p and transmission rate. log p. x is then
D= Dd+/7d+/D7d slogp & : >0 P .
/A Qe al+> g 8 . Q1+Zgi € encoded using an Alamouti code which constitutes

wherex; is a constant independent pf Let the three the digital part. In addition, the quantization error is
terms decrease with asp—%, =% and p~%. Since transmitted using analog space-time coding as in the

Do =p 2, a3 =2+ M1 —r.)", ag = 2r, + 1. scheme of [1]: . . '

To determineu,, notice that At the receiver, the digital part is decoded (if the
channel is not in outage) and an MMSE estimate of

dg  the error signal is formed. If the digital part cannot be

The overall distortionD is then given by,

T8 < / = —dg < /
L+p P al+dgir al+gip decoded, since a matched tandem encoder is used, an

The lower bound follows from the fact that forMMSE estimate ofR(u) is obtained and used as the
geA >0 < p—(l""c)+ and the upper bound is reconstruction of the source. We now show that the
true sinceg;’s are all positive. Using the high SNRexponent of this scheme is the same as that in (6).



hl 1 hl 2

’ “| and
h2,1 h2,2
let g1 = |h11]? + |ho1]? @and ga = |y o] + |hoo]?.
First, note that the 2x2 channel with the Alamouti

Let the 2 x 2 channel beH =

code can be decomposed in to two parallel channels®|

with equivalent gainsy; and ¢go where the input to g

the two channels are the same (or, the output of & |
repetition code). The situation here is similar to that |

=
T

analyzed in the previous section withf = 2. The
difference is thatq; and ¢o are independent Chi-
squared random variables with 4 degrees of freedom

instead of 2 degrees of freedom. Nevertheless, thes

analysis in the previous section can still be used as
the analysis depended only on the distributior) 0f;.
Note that the distribution of >_, ¢; for the MIMO
channel is identical to that 02?:1 g; for the parallel
channel. Further, it can also be shown that

o0 1
/ d
0 1+Q1P

where ¢; is a Chi-squared random variable with 4
degrees of freedom. Hence, using the same idea as
in the previous section, it can be shown that

1
dgy = p~*
/¢41+QIP '

Writing the overall distortion asD = Doytage +
Dhrooutage, it €an be shown thaD,yage = p~ 4757
and Dyooutage = p~ 271, Equating the two expo-

nents and noting that, = (l — ﬁ) we get

q=p"

(22)

n

S4+1
ah}’brid(n) ) T 5 (23)
n 2
which coincides with (6) forM = 2

VIl. DISCUSSION

The main advantage of this scheme is that a space-
time code that achieves the optimal diversity mul-
tiplexing tradeoff and the associated decoding comt!
plexity is not required. However, a matched tandem
joint source channel code that achieves the optimd?]
slope of the quantization error and outage probabilities
is required. Using the fact that scalar quantizatiorns3)
provides the optimal slope at high SNRs [8], a possible
way to construct a matched tandem encoder woulgl]
be to first use scalar quantization to quantize dtne
source symbolS; in to u; whereR(u;) € p"=-PAM.
Let [wi1,..., Ui p,--.,u;r], WwhereL =rzlog p. The
bit sequencdu; ;}, for all 4, j can be encoded using
either a bit interleaved coded modulation scheme or
a multilevel codng scheme using a r&2& /T low
density parity check (LDPC) code and mapped on
to a total of T QAM symbols. The encoding and [7]
demodulation of the Alamouti code is computationally
easy. The main complexity is now in the soft demod-s]
ulator that produce®(u; ;) = 1|r), wherer is the
output of the Alamouti demodulator, which is that of
demodulation of QAM signals transmitted over a SISO
Gaussian channel. This could be smaller than that of

(5]
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Fig. 1. Simulation result3/ = 2, N = 2

(21) demodulation for a space-time code. The performance
of such a scheme remains to be studied in detail.

VIIl. SIMULATION RESULTS

The above HDA scheme was simulated for a 2x2
MIMO channel andn = 4/3, for which the optimal
values arer, = 0.375, r. = 0.75, and apypria(n)
1.75. Figure 1 shows a plot of MSE in dB versus signal
to noise ratio. An optimal matched tandem encoder
is assumed and, hence, the channel is assumed to be
in outage iflog(1 + (g1 + g2)p) < 0.75logp. The
distortion when in outage and when not in outage are
plotted separately. It can be seen from the figures that
the slope steadily increases and around a channel SNR
of 55 dB, reaches 1.685. A higher SNR would be
required to reach the optimal value of 1.75. Note this
is significantly better than what is achievable through
a separation based scheme.
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