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Abstract— We consider the separate source coding problem
of L correlated Gaussian observations Y;,: = 1,2,---, L. We
consider thecasethat Y;,i = 1,2,---, L satisfy Y; = X;+ N;,i =
1,2,---,L where X;,7 =1,2,---,L are L correlated Gaussian
random variablesand N;, ¢ =1, 2, - - - L areindependent additive
Gaussian noises also independent of X;,i =1,2,---, L. On this
coding system the determination problem of the rate distortion
region remains open. In our previous work, we derived explicit
outer and inner bounds of the rate distortion region. In this
paper we show that when Gaussian correlated sources satisfy
some condition, the outer bound coincides with the inner bound.

I. INTRODUCTION

Separate coding systems of correlated information sources
are a form of communication system which is significant
from both theoretical and practica point of view in multi-
user source networks. The first fundamenta theory in those
coding systems was established by Slepian and Wolf [1]. They
considered a separate source coding system of two correlated
information sources. Those two sources are separately encoded
and sent to a single destination, where the decoder reconstruct
the original sources. In this system, Slepian and Wolf [1]
determined the admissible rate region, the set that consists
of a pair of transmission rates for which two sources can be
decoded with an arbitrary small error probability.

In the above separate coding systems we can consider
the case where the source outputs should be reconstructed
with average distortions smaller than prescribed levels. Such
a dituation suggests the multiterminal rate distortion theory.
The rate distortion theory for the separate coding system
formulated by Slepian and Wolf has been studied by Wyner
and Ziv [2], Wyner[3], Berger [4], Tung [5], Berger et. a [6],
Kaspi and Berger [7], Berger and Yeung [8], and Oohama
[9]. This problem, in general, remains an open problem and
characterization of the rate distortion region has been unknown
yet except for special cases.

As a practical situation of separate coding systems, we
can consider the case where the separate encoders can not
directly access the source outputs but can obtain their noisy
observations. This situation was first studied by Yamamoto
and Ito [10]. They call the investigated coding system the
communication system with a remote source. Subsequently,
the separate source system with a remote observation or with

a incomplete source output was studied by Yamamoto [12]
and Flynn and R. M. Gray [11].

Oohama[17] considered the separate source coding problem
of L correlated Gaussian observations Y;,i = 1,2--- L. We
deal with the case that Y; satisfy V; = X;+N;,i =1,2,---, L,
where X;,7 = 1,2,---,L is a correlated Gaussian random
vector and N;,i = 1,2,---,L are independent additive L
Gaussian noises aso independent of X;,i = 1,2,---,L.
In the above setup Y;,i = 1,2,---,L can be regarded as
correlated Gaussian remote sources of X;,i = 1,2,---,L,
respectively. This coding system can also be considered as a
vector version of the Gaussian CEO problem [13], [14], where
X;,i=1,2,---,Lareidentica. In this separate source coding
system Oohama [17] derived explicit outer and inner bounds
of the rate distortion region. The above coding problem was
first posed and studied by Pandya et al. [15], and subsequently,
Zhang and Wicker [16] investigated this problem. They derived
inner and outer bounds of the rate distortion region. The results
of Ochama[17] are sharper than theirs. In this paper, we show
that the above inner and outer region coincides with each other
when Gaussian correlated sources satisfy some condition.

Il. PROBLEM FORMULATION AND RESULTS

In this section we state the problem formulation. Throughout
this paper all logarithms are taken to the base natural. Let
X;,i=1,2,---, L be correlated zero mean Gaussian random
variables taking values in real lines X;. We write a L dimen-
siona random vector as X ¥ = (X1, X5, -+, X) and use sim-
ilar notation of other random variables. We denote the covari-
ance matrix of X© by X xo. Let {(X1,, X2, -, X14)},-, be
a stationary memoryless multiple Gaussian source. For each
t=12,---, (X1, Xo4, -+, X1,+) obeysthe same distribu-
tion as (X, X»,---, X). Let arandom vector consisting of
n independent copies of the random variable X; be denoted
by X; = X;1Xi» --- Xi,. Furthermore, let X* denote the
random vector (X1, X2, -, X1).

We consider the separate coding system for L correlated
sources, where L encoders can only access noisy version Y;
of X;fori=1,2,---,L, that is,

where N;, i = 1,2, - -, L are zero mean independent Gaussian
random variables with variance o3,. We assume that X*
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Fig. 1. Separate coding system for L correlated Gaussian remote
sources

and N% are independent. The separate coding system for L
correlated Gaussian remote sources is shown in Fig. 1. The

encoder functions ¢; ,i = 1,2,---, L are defined by
wi A= M ={1,2,---, M;} 2
and satisfy rate constraints
%logMi <Ri+46 (3)

where ¢ is an arbitrary prescribed positive number. The
decoder function ¢ = (¢1, ¥, ---,11) is defined by

’l/)it./\/llX---XML—>X-”,Z':].,2,"',L. (4)

Denote by f}”)(Rl, Ry, -+, Ry) the set that consists of all
the (L + 1) tuple of encoder and decoder functions (¢1, @2,
-+, pr,1) satisfying (2)-(4). For X* = (X1, X5, -+, X1)
and its estimation
~ L ~ ~ ~
X =(X1,X2,-+,X1)
= (¥1(p1(Y1)),¥2(p2(Y 2)), -, ¥rlpr(Y L)),

define the mean squared error by

L byal - v (12

AXEXT) =~ ;EH& > o1l
where ||-|| stands for the Euclid norm of n dimensional vectors.
For a given D > 0, the rate vector R* = (R;, Ry, -+, Ryr)
is admissible if for any positive § > 0 and any n with
n > TL()((S), there exists ((,01,(,02, ce, 0L, 'gb) € ]"gn)(Rl,RQ

.,Ryp) such that A(X,X) < D + 4. Let R(D) denote the
set of al admissible rate vectors. We cal R (D) the rate
distortion region. Let the rate distortion region in this system
be denoted by R 1, (D). Our main goal is to determine Ry (D)
in an explicit form.

Here, we state the previous results on the above problem.
Pandya et a. [15] first posed and investigated this problem.
They dealt with the case that YX = AXL + N, where
A is L x L a positive definite authentication matrix. They
derived upper and lower bounds of the rate sum "~ | R; for
RY € Rz(D). Subsequently Zhang and Wicker [16] studied

the same coding problem derived an explicit inner bound of
R (D). The outer bounds of Oohama [17] which will be
stated in the next section was tighter than that of Pandya et.

al [15].
I11. INNER AND OUTER BOUNDS

In this section we state the result of Oohama [17] on inner
and outer bounds of R (D). To describe the result we define
severa functions and sets.

For r; > 0, =1,2,---, L, let Ni(ri), 1=1,2,---,L be
L independent Gaussian random variables with mean 0 and
variance o3, /(1—e™?"). Let ¥y (,.z) be a covariance matrix
for the random vector NX(r%). Let A = {1,2,---,L}. For
any subset S C A, we introduce the notation rs = (7;);es. In
particular ry = rX = (r, 72, - - -, 7). Fix nonnegative vector
P Let a; = a;(r?),i = 1,2,---, L be L eigen values of the
matrix £y, +Sy5 For S C A, and 6 > 0, define

(re)
-1 A -1
Ent(rse) T ENbirn)|, g
H 6727‘,'
1 ;
Js(rt,0) = Slog" | S :
277 | o5t + 2Rk |

where S¢ = A — S and log™ z = max{logz,0} . Let Br(D)
be the set of all nonnegative vectors r” that satisfy

fr {(2; + E;VlL(TL))_l} <D.

Let 9B (D) be the boundary of 5,(D), that is, the set of all
nonnegative vectors r that satisfy

tr {(zxi + EN}TL))A} =D.

Let ¢ be nonnegative number that satisfy

> {lg—a" ] +al} = D.

Define
L
AN

0(D,r") S [[{l6—ai'1" + i}
=1
Set
Ri(6,7") 2 {RY - Y R > Js (r",0)
€S
forany SCA.},
U Ri@®D,r"),r"),
rLleBr(D)

R (D) 2

R%’”)(D)éconv{ U Rz(e(D,rL),rL)},

’I‘LE(?BL(D)

where conv{A} denotes a convex hull of the set A. Oohama
[17] obtained the following result.



Theorem 1. (Oohama [17])

R{™ (D) € R (D) C R (D).

The definitions of R\ (D) and R{™ (D) are dightly
different from origina ones in [17]. There is no essential
difference between the present ones and original ones. The
present forms of Rf"t) (D) and R(Lm) (D) are useful for
examining their mathematical properties.

IV. COMPUTATION OF INNER AND OUTER BOUNDS

In this section we compute our inner and outer bounds to
derive sufficient conditions that the outer bound coincides the
inner bound.

A. The Case of Two Remote Sources

In this subsection we compare our inner and outer bounds
in the case L = 2. Considering a proper scale transformation
to Y1 or Y,, we may assume without loss of generality that
0%, =0k, = on. In the following we dea with the above
case of identical noise variances.

For simplicity of notation, we set

a; 2 A i=12

17p2)a'§(i ’

and assume a; > as. Furthermore, set

a2 ata pL _p 1 c2 1 1
2 ’ 1—p2 OX10Xo ’ (J'NE1 (J'NE2 °

Set
U; 2 Da; + Dc(1 —e 27),i =1,2

and transform the variable (ry,r2) into (u;,us). The range of
wi,i=,1,2 are
DaiSUiSD(ai_'_c)ai:]-;Z' (5)

Since

D(S + zjgg(wz)) =

U1 —Db
—Db Uz
The condition

—1 -1 -1
tr [(2X2 + b)) ] <D,
is given by
(w1 = 1)(uz — 1) > 1+ (Db)*. (6)

We consider the case

D(a+5%) <1l+4+/1+(Db)?, (7

D(ay +c)D(az +¢) —2D (a+ £) > (Db)*.  (8)
In this case, for each fixed u, with

2
1+ D((Db) <uz < D(GQ + C) s

a1+c)—l
we have )
1+ LB <y < D(as +¢). ©)

The equality in the first inequality of (9) implies (u1,us) €
0B2(D). Similarly, for each fixed u; with

2
1+ 522

TC)_1<’U,1<.D((111-|-C),

we have

14+ 2O <y < D(a +¢). (10)

The equality in the first inequality of (10) implies (u1, us) €
8B,(D). Define the function g(z) by g(z) = VI+ 22 + 2.
Our result is the following.

Theorem 2: Suppose that ay, a2, a, b, ¢, D are chosen so as
to satisfy (7) and (8). If ay,az,a,b,c, D further satisfy

ai—a c)2 aitc
g (VDQ (272 +5)" + (Db)Q) < pesgH
fori=1,2, (11

then, we have R\™ (D) = R (D) = R (D).
Next, we derive the rate distortion region explicitly in the
case a; = ay; = a. To describe our result, set

A 2
* o D
¢ (D,T'l,T'Q) = 3D(at¢) De(e-T1te-T2) °

Furthermore, set

Ri(D,r1,72)
2 {(R1,R2) : Ry > Jg1y(r1,82,0%(D, 711, 82)),
Ry > Jpoy(r1,12,0%(D, 71, 12)),
Ry + Ry > Jgy 2y(r1, 82,0%(D, 1, 82)),
for some sy > 1. } .
7@2(D,r1,r2)
2 {(R1,R2) : Ry > Jg1y(r1,72,0%(D, 71, 72)),
Ry > Jp2y(s1,72,0% (D, 51,72)),
Ry + Ry > Jgy 21 (s1,72,0%(D, 51,72)),
for some sy >ry. } .

and

A
R(D,ry,r2) = Ri(D,r1,72) UR2(D,r1,12) .

r*

1>

log

1 Dc
9 D(a+c)—\/1+(Db)2—1:| :
Then, we have the following.

Theorem 3. Suppose that a; = a2 = a,b, ¢, D satisfy (7)
and (8). If a, b, ¢, D further satisfy the condition (11) for a; =
a, that iS,

(12)

o (0" (5 +9)) < Bz,

then, we have R, (D) = R(D,r*,r*).



B. The Case of L. Remote Sources
Let a;;,i,j € A be (i, j) elements of £} and set

D
T(l —82“) ’i E A.
N;
To simplify our analysis we restrict our argument to some
class of Gaussian sources where ¥y and X . have identical
diagonal and nondiagonal elements, that is, for i € A,

Var[N;] = o, = o7, Var[X

U; é Da;; + (13)

7'] = 0'%(1 = 02 ?
and for i,j € A,i # j,
Cov[X;, X;] = pox,0x; = po?.

In this identical variance case, (i, j) elements a;; of ¥ 1L is
given by
1+(L=2)p

a“:{m'%”?:i
TAarHE T o2 17

For simplicity of notations we set

A A A
a:aii,b: —Qi5,C = ;g.

(14)

By the transformation (13), each % is mapped onto an element
ul = (uy,us,---,u’) of the set of direct L product of semi
open intervals given by D = [D(a),D(a + ¢))F. We first
derive an explicit form of the set B, (D) with respect to uX =

(uy,us,---,ur). To this end we use the following formula

(522(5 L 1
N — - (19

L
—8)<{1+4
Do ){ ! ;Z

) R
Using (15), the condition
-1
[(E—wa b) ]SD,

is explicitly given by the following:

(DY) Y espmtaTom
iZ£j

L
~(1+ DY) Y apion + 12 0.
i=1

Set
AN 1 1+Db
k1=5"73 "Db »
A L 14 Db\ 2 1
k2 = 3@- (H550)” — (DY)

Then, the above condition is rewritten as

2 (- sl

i#]

Let Ly be the solution of the following equation

L(L-1) (m —mf =K.

Ly is given by
Lo=1% [1+Db+ (1-Db)? + 45.3”} — Db.

We choose a, b, ¢, D, so that

L(L 1) (m - m)z > Ko (16)
(L=1) (w1~ ptzmy) (1~ pratvesy)
+(L—1)2 (m - my < Ko . (17)

The condition (16) is equivalent to D(a + ¢) > Lp. We set
D(a + ¢) = L + . Computing the difference L, — L, the
condition D(a + ¢) > Ly is given by

> 201 — 1) - (Db)?. (18)
\/(I—Db)2+4TDb+1—Db+2TDb
When L is large, the above condition becomes
e > 2= - (Db)?.
set A
L ram (L=1)*{r1—(D(a+b+c))~ 1}' (19)

(L=D{r1—(D(a+b+c))~"}

Under the above choice of a,b, ¢, D, we have the following.
For each ¢ € A and each fixed L — 1 values u;,j # ¢ with
u; € (v,D(a+ ¢)), we have

k1 — D(a+1b+c)

1
> K1~ Do

Ra=) ki (1= m)(fﬁ

> 143
= 1
Zj;éioﬁli ui—i-Db)

The equality of the second inequality in (20) corresponds to
the boundary 0B (D). Our result in the case of L correlated
remote sources is the following.

Theorem 4: Suppose that ¢,a,b,c, D are chosen so as to
satisfy (16)( or equivalent to (18)) and (17). If €,b, D further
satisfy

1
- u,+Db)

(20)

e+ (L-1)(Db) < 7L, (21)

then, we have R\™ (D) = R (D) = R\ (D).
Next, we examine a particular part of the rate distortion
region R (D). Define

L
A
= i R; > .
) RL;%&D){Z }

i=1

R (D (22)

The determination problem of Ry (D) was first investigated
by Pandya et. a [15]. They derived upper and lower bound of
R (D). Pandya et. a [15] also numerically compared those
two bounds to show that for some numerical examples the gap
between them is relatively small. In this paper we determine
Ry, (D) for some nontrivial case of Gaussian sources. Our
result is the following.



Theorem 5: We assume (16)(or equivalent to (18)) and (17).
If a,b,c, D satisfy the condition (21) of Theorem 4, we have

_ Li(Dec L(Db
RL(D) = $log (@) + Llog (1 - 422)

where
Ly =Ly + Db

§[1+Db+ (1-Db)? + 413”} .

V. PROOFS OF THE THEOREMS

In this section we state outlines of the proofs of Theorems
2- 5. The following lemma is a key result for the proofs of
Theorems 2 and 4.

Lemma 1. Let By (D) be aset of al nonnegative vectors
T{iye such that ryyeuqy € Br(D) for some nonnegative r;.
If we have the following two conditions
CL Forany i € A and any 7. € By (D) there exists

nonnegailve r; such that 7y € 0BL(D).
C2: Forrl € B(D) and fori € A,
%J{z} (rLa 0(D7 TL)) >0.
then R\""" (D) = RV™ (D).

We examine a sufficient condition for C2 to hold. Let n; =
n:(r*),i € A be L eigen values of D(3,} +ENL( Ly ). By
the transformation (13), we can regard 7;,7 € A as funct|ons
of ul. We consider the following regularity condition with
respect to n;,i € A.

C3: For i € A, the eigen vaues n; = n;(u’) are smooth
functions of u” and

%ZOforjeA.
Uj

The following lemma presents an important property of n; =
ni(uL)ai €A
Lemma 2: We assume C3. Then, for i € A, we have

8
ZaZJZ -

Using (15), we can see that when

uy, —Db...—Db
—Db uy ...—Db
D(E +ENL(TL)) : oo ’
—Db—Db... ug
n;,i=1,2,--- L are L solutions to the following eigen value
equation:;
L L
{H(UmLDb—n)} <1 — (Db)Z#M) =0. (23
=1 =1

Then, we have the following proposition.

Proposition 1: The L solutions n;, i € A to the eigen value
equation (23) satisfy C3.

Using Lemma 2 we have the following proposition.

Proposition 2. We assume C3. Let n = 7n(r) be the
minimum eigen value of D(X L+ ENL( L)). Let D be some

compact subset of [0, +o0)~. If we have

(“zJFC)

n(r') > L oo

onD,

then, 5
5t 4 (r",6(D,r")) >00onD.

From Lemma 1, Propositions 1, 2 and some analytical
arguments we obtain Theorems 2-5.
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