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Abstract—We consider sequential regression of individual
sequences under the square error loss. Using a competitive
algorithm framework, we construct a sequential algorithm that
can achieve the performance of the best piecewise (in time) linear
regression algorithm tuned to the underlying individual sequence.
The sequential algorithm we construct does not need the data
length, number of piecewise linear regions, or the locations of
the transition times, however, it can asymptotically achieve the
performance of the best piecewise (in time) linear regressor that
can choose humber of segments, duration of these segments and
best regressor in each segment, based on observation of the whole
sequence in advance. We use a transition diagram similar to that
of [Willems "96] to effectively combine an exponential number
of competing algorithms, with a complexity that is only linear in
the data length. We demonstrate that the regret of this approach
is at most O(41n(n)) per transition for not knowing the best
transition times and at most O(In(n)) for estimating the best
linear regressor in each segment, where n is the total length
of the observation process. Lower bounds for any sequential
algorithm demonstrate a form of minmax optimality in certain
settings. We then extend these results to include a finite collection
of competing algorithms within each time segment, rather than
linear regressors.

I. INTRODUCTION

A common approach to applications in adaptive signal
processing is to take the viewpoint of turning the problem at
hand, such as equalization, prediction or some other sequential
decision problem, and turn it into an associated parametric
modeling or estimation problem. By forcing the problem
into this form, we then have to live with the associated
performance of the resulting parameter estimation problem,
which in general is worse, often significantly worse, than that
which could have been obtained by directly addressing the
problem at hand. Moreover, if the assumptions in the model do
not match reality, then the performance of the algorithm tuned
to the assumed statistical model may deteriorate considerably.

In this paper, we approach the problem of prediction from a
competitive algorithm point of view. By defining a competitive
framework, we try to achieve the performance of the best
algorithm from a large class of candidate algorithms, rather
than attempting to fit a given model to the data at hand. The
performance measure of interest is then defined with respect
to the best from this class, instead of the usual parametric
modeling error between the output of the modeling algorithm
and the desired signal directly. We will show that by not
forcing the algorithms to make hard decisions about a set of
parameters at each step, but rather permitting a competition
among many candidate models, we can obtain agorithms that
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compete well with respect to al candidate algorithms from a
given class such that they sequentially achieve the performance
of the best candidate that could have been chosen, given al
of the data in advance.

As an example, in [2] we investigated linear regression of
real-valued data under the square error loss. We presented
a regression algorithm whose accumulated error is asymp-
totically as small as the best fixed linear regressor for that
sequence, taken from the class of all linear regressors of
a given order. The algorithm is constructed by observing a
performance-weighted (Bayesian) combination of all linear
regressors with fixed parameters, as if working in paralld,
and selecting a prediction based on this “mixture predictor”.
The mixture approach is different than the classical “plug-
in” approach, which typicaly involves estimating the param-
eters of a linear regressor based on data observed so far
and plugging them in to a given model. These results are
closely connected with methods from data compression and
universal probability assignment. A similar approach is also
introduced in [4] to derive an agorithm that asymptotically
achieves the performance of the best linear predictor from a
finite set of linear predictors, for real-valued bounded data
The results in [4] are also in the same spirit and closely
tied to universal sequentia probability assignment. We call
these algorithms that asymptotically achieve the performance
of the best algorithm from a given class of agorithms (for
any observation sequence) static universal algorithms, since
the competition class contains a fixed set of predictors, and
performance is compared with the single best, fixed element
of the class for the duration of the sequence.

In this paper, we extend the results for static algorithms to
a framework where the underlying competition class has the
ability to switch among the various static elements. Here, each
competing algorithm can divide the observation sequence into
arbitrary segments, say k+ 1 of them, and fit each contiguous
segment with the best algorithm from a given class of static al-
gorithms, such as afixed linear regressor for that segment. For
k transitions, there exist k+1 segments. The loss incurred by a
class member for any such partition is the sum of the losses of
each fixed static algorithm associated with each segment. The
best partition is the one which gives the minimum total loss.
We can aso let the competing algorithm choose the number
of possible switches, k. A natural restriction for the number
of possible transitions (switches) is k& << n where n is the
length of the observation sequence, asfor £ = n aloss of 0 is



readily obtained, and clearly an unrealistic goal of a sequential
agorithm.

Unlike[2], [4], here wetry to exploit the time varying nature
of the best choice of algorithm for any given realization, since
the choice of best algorithm from a class of static algorithms
can change over time. Nevertheless, instead of trying to find
the best partition (possible best switching points) or best
number of transitions, our objective is simply to achieve the
performance of the best partition directly. The agorithms we
provide are strongly sequential such that they do not need the
number of transitions, time of these transitions or length of
the data in advance. However, they can asymptotically achieve
the performance of the best algorithm in the competition class
which can select any fixed number of transitions, locations
of these transitions and the best static algorithm for each
segment, based on observing the whole sequence in advance.
In this sense, we call these algorithms “universal switching”
algorithms.

One of the main contributions of this paper is making the
connection between certain results from sequential probability
assignment methods from universal source coding and sequen-
tial regression (or adaptive filtering) of individual sequences.
In this paper, we show that the performance weighting ap-
proach used in [1], [5] can be generalized to yield algorithms
that can efficiently compete with the best partition over all
partitions for more general loss functions. We demonstrate
that the universal probability assignment introduced in [1],
[5] can be effectively merged into the prediction framework
by using the methodology introduced in [2]. Although we
investigate the continuous class of linear regressors or that of
a finite number of adaptive filters as our competition class and
use the square error loss, the methodology introduced in this
paper can be extended to arbitrary competition classes, such
as that of certain nonlinear regressors considered in [6], [7]
or to more general loss functions as in [8]. Our methodology
of combining the resulting exponential number of agorithms
with linear complexity is in this sense, generic.

When the agorithms in the competing class can select a
different fixed linear regressor for each of the k£ + 1 segments
in a given partition of the data, from al linear regressors, the
sequentia algorithm introduced here (without knowledge of
k apriori) has a regret (excess loss) of A2(k + 1)In(n/k) +
4A%k1In(n/k) + O(k + 1) over the performance of the best
partition, for any bounded data sequence, that is bounded by
+A. For a partition with k£ + 1 segments, we aso provide
a corresponding lower bound on the excess loss of A%(k +
1)In(n/k) + O(k + 1) for the performance of any sequential
algorithm without prior knowledge of k or n. When, k =
0, i.e.,, no transition, these upper and lower bounds match.
We identify the terms in the regret to include a “parameter-
regret” of A2In(n/k) per segment for not knowing the best
regressor in each segment in advance, and a switching-regret
of 4A21n(n/k) per transition for not knowing the transition
times in advance. For loss functions other than the square error
loss, the parameter-regret would be loss-function dependant,
while the switching loss would remain the same.

When the class of algorithms to be used within each seg-
ment has a finite number of elements (asin [4]), this problem
has been investigated by a number of authors in computational
learning theory and has been referred to “tracking the best
expert” [10], [11]. In [10] the authors generalize Vovk's Ag-
gregating Algorithm (AA) and introduce an algorithm whose
additional loss over the performance of the best partition is
givenby O(kIn(M)+kIn(n/k)) for acertain classes of fairly
general loss functions, where k is the number of partitions, M
is the number of “experts’ (models in the class) and n is the
length of the data. When the loss is bounded (which is the
case for this paper for the sguare error loss with bounded
data) a bound of O(kIn(M) + kIn(L/k)) where L is the
total loss of the best partition is given in [10]. In [11], severa
randomized algorithms are introduced whose expected excess
loss over the performance of the best partition are of the
same order as those in [10]. Nevertheless, only in certain
cases (when the static class has finite size as in [10]) is an
explicit description of the algorithm given. In other cases the
algorithms are referred to as “infeasible” due to the difficulty
of combining a large number of agorithms. In both cases,
one needs to optimize certain parameters a priori for each
algorithm to yield tight upper bounds on the total excess loss.
For a finite competition class, we present algorithms whose
excess loss over the best partition are of the same order as
those in [10], i.e.,, O(kIn(M) + kln(n/k)) without the need
to optimize parameters apriori. We also provide corresponding
upper and lower bounds when the number of segments is
large, e.g., comparable to n. For linear regression, in [9], the
authors investigate tracking the best linear combination of a
finite class of predictors including a Gradient Decent (GD)
and an Exponentiated Gradient (EG) method to combine the
outputs of a finite class of agorithms. For the setup in [9],
the authors provide algorithms whose additional 1oss over the
performance of the best partition is O(L), where L is the total
loss of the best partition. Our bounds are with respect to the
performance of the best partition and our time averaged excess
loss over the best partition asymptotically vanishes.

We begin by studying the prediction problem when the
competition class is a specia case of linear regressors, i.e.,
al constant predictors, in Section 2. We continue with the
class of fixed-order linear regressors and derive corresponding
upper bounds. In Section 3, we investigate the case when the
static class contains a finite set of algorithms.

Il. PIECEWISE LINEAR PREDICTORS

In this section, we investigate the linear regression prob-
lem with the square error loss in a competitive framework
for deterministic unknown data. The real valued sequence
2™ = {z[t]}}~, and the vector sequence " = {y[t]}},
are assumed to be bounded but are otherwise arbitrary, in
that |z[t]] < A, for some A, < oo and |y.[t]] < Ay,
r =1,...,p for some A, < oo. For given sequences z"
and ™, a competing algorithm with a transition path 7,
with & transitions, represented by (¢4, ..., ), divides 2™ into
k + 1 segments such that ™ and ¢ are represented by the



concatenation of

{z[1],...,z[ti—1H{x[t1],. .., z[ta=1]} ... {x[tk],. - ., z[n]},
and
(il gl =g, - glta =1} A{GTte], - - glnl},

respectively. Given the past values of the desired signal z[t],

t=1,...,n—1 and the sequence of observation vectors ]t],
t=1,...,n, acompeting algorithm forms an estimate of the
desired signal in each segment as

&[t] = i gt]

Where w; = [wi,l,.. .7wi,p]T, w; € RP, t;_1 <t <t;i=

,k + 1. For simplicity we assume t; = 1 and tp4; =
n + 1. Given n and k, there exist (™,") such transition paths
Tiin-

We begin the discussion for the particular choice of y[t] = 1
for al t. In this case, the competing class contains al constant
functions in each segment, i.e. Z[t] = ¢;, ¢; € R, for each
sample of the sequence z[t] for t = ¢;_1,...,t; — 1. Each ¢;
can be selected independently for each region, i = 1,...,k+
1 where we denote constant predictors using the variable ¢
to avoid confusion with the scalar linear regression problem.
In determining the best algorithm in the competing class, we
attempt to outperform all such predictors, including the one
that has been selected by choosing the transition path 7 ,,, the
number of transitions & and the constants ¢; in each segment
based on observing the entire sequence x™ in advance. As such
we try to minimize the following regret

n k+1 t;—1

sup x[t] — &4[t])° — inf

{;( i tf%f;;;,;%a%?.’i} Z;Z
where #,[t] is the prediction at time ¢ of any sequential
algorithm. We will construct a sequential algorithm for which
thisregret isat most A2(k+1)1n(n)+4A42kIn(n)+O0(k+1)
for any of 7 ,, k or n with no knowledge of 7 ,,, K or n a
priori. We recognize the term A?(k+1) In(n) as the parameter
regret or additional loss due to the prediction problem with
k+ 1 parameters in each of the k + 1 separate regions and the
term 4A2k In(n) as the transition path redundancy due to not
knowing the best transitions times.

For the more general problem of linear regression al-
gorithms in each segment, a competing algorithm with &
transitions and a transition path 7. ,, forms its estimate or
prediction of z[n] in each segment as

&[n] = @ gln]
where w; = [’U.)i’l,...,’wim]T, w e RP and i = 1,...,]€+1,
git] = [ltl ... ylth?, Jit] € [—Ay, AP, |zn]] < A,

We again identify the best competing algorithm as the one
optimized by selecting the transition path 7, ,,, the number
of transitions k and the constants w; based on observing the

entire sequence z™ and ¢"
minimize the regret

{me — yf])? —inf

t=1

in advance. As such we try to

k41 ti—1
sup

T, gn

where &,[t] is the prediction at time ¢ of any sequential
agorithm and &,[t] = @/ yt]. In linear prediction, the
observation sequence gt] is formed by the past observations,
ie, ylt] = [z[t — 1],...,2[t — p]]”. We will construct a
sequentia algorithm for wh|ch this regret is at most A2p(k +

1)In(n) + 4A2kIn(n) + O (k + 1) with no prior knowledge
of Ty, k or n. We recognize the term A2p(k + 1) In(n) as
the parameter regret due to the prediction problem in k& + 1
regions and 442k In(n) as the transition path regret due to not
knowing the best transitions times.

A. Upper Bounds

The main results of this section are the upper bounds
contained in Theorem 1 and Theorem 2. Proofs of the
theorems are outlined here and provided in more detail in
[3]. The proofs are constructive, yielding the corresponding
universal sequential algorithms.

Theorem 1 : Let z[n] be a bounded, real-valued arbitrary
sequence, such that |z[n]| < A, for all n. Then we can
construct a sequential algorithm z,,[n] such that for all € > 0
and any k

k+1 t;—1
inf

Cl,--,Cht1€ER Z Z

1=t(<t;<..<tp<tpi1= —nt1 =1 1=t

satisfies
R.[n] <
206+ 1)) 4 aaz g o0 g <z) )
and
R.[n] < A2k + 1)ln(n/k)
+4A2((k+1)e+k)%+0 <z) 2

for any 7y, ,, representing transition path (¢4, .. .,¢;) and any
k, such that z,,[t] does not depend on 7y, ,,, k or n.

The upper bound in Equation (1) is better (tighter) when
the number of transitions is small, i.e., O(1). If the number
of transitions is closer to n, then the upper bound in Equation
(2) is better. Theorem 1 states that the average squared
prediction error of the universa predictor z,[t] is within
O((k + 1)n=!In(n)) of the best batch piecewise constant



prediction algorithm with & transitions (tuned to the underlying
sequence), uniformly, for every individual sequence x™.

For piecewise linear prediction, we have the following
result:

Theorem 2 : Let z[n] and y[n]|, be bounded, real-valued
arbitrary scalar and vector sequences, such that |z[n]| < A,
and |ys[n]| < Ay, s = 1,...,p, for al n. Then we can
construct a sequential algorithm Z,[n] such that for all
0>0,e>0and k>0

inf
wWy,..., W41 ERP
1=tg<t)<..<tn<tgyi=n+1

k+1 ti—1
( Y (alt] - & glt])? +5|1Ei||2) }

1

> (] - #[1)? -

t=1

R, [n] =

<.
I

satisfies
R, [n] <

n

pAz(k; +1)

®

ln(Ain/ 2 4A2(K + €) lnfln) +0 (k>

n

and

=

In(A2n/(kd))

w0 < a2 (e 4 1) 4

n

+4A§((k+1)e+k)hl(7;/m+0<fl)

for any 7y, representing transition path (¢4, ...,¢;) and any
k, such that z,[t] does not depend on 7y ,,, k oOr n.

The upper bound in Equation (3) is better when the number
of transitions is small, i.e., O(1). If the number of transitions
is closer to O(n), then the upper bound in Equation (4)
becomes tighter. Theorem 2 states that the average squared
prediction error of the universal linear regressor is within
O(p(k + 1)n~'In(n)) of the best batch piecewise linear
pth-order linear regression agorithm with & transitions (tuned
to the underlying sequence), uniformly, for every individual
sequence x™ and vector sequence ™.

Outline of the Proofs of Theorems 1 and 2:

The proof uses ideas from sequential probability assignment.
For each possible transition path 7, ,, representing (¢4, .. ., tx)
with & transitions and data length »n, we consider a family
of predictors, each with its own vector & = [cy,...,cpr1]”
where each ¢; represents a constant prediction for the
ith region. For esch pairing of 75, and ¢, a measure
of the sequential prediction performance or loss of
the corresponding competition algorithm is constructed,
ln(z,3c | &Tun) = SIS (2ft] — e)2 We then
define a function of the loss namely ‘the probability”

1
P(xn | alfkn) é exp <_2aln(xvi‘6 | a,];c,n)> )

which can be viewed as a probability assignment of a predictor
with transition path 7 ,, and with parameters ¢, to the data
z[t], for 1 < ¢t < n, induced by the performance of the
corresponding algorithm with 7;, ,, and ¢ on the sequence z",
where a is a positive constant. Our goa is to demonstrate a
sequential algorithm which achieves this probability given any
k and n, and without a priori knowledge of £ or n. We will
accomplish this result using a double mixture approach. First,
we will demonstrate an algorithm achieving the performance
of the competing algorithm with the best constant predictorsin
each region given any 7, ,,. Then we will show that a proper
weighted combination of all such agorithms over al 7, ,,,
g=1,...,n, can be used to find a sequential agorithm that
will achieve the performance of the best algorithm that can
choose k, 7, based on observing the whole sequence z™.
To do this, given a 7 ,, we first construct a sequential
algorithm with performance P( "|Ty.») that achieves the per-
formance of the best predictor given 7, ,,. We then construct
a universal estimate of the probability of the sequence z" as
a performance weighted mixture of the probabilities assigned
by all such sequential predictors over al possible 7y, ,, and k&

ZZ (Tun)P

k= 077c,n

2" [ Tn), ©®)

with a suitable prior over the partitions 7y, ,,, P(7y,,). For
any transition path 7y, ,,, the weighting or the assigned prob-
ablllty P(7;,,) should be nonnegative and should satisfy
Yoo ZT;C P(7y,,) = 1. Theuniversal probability obtained
hereis as Iarge as the probability assigned to the sequence by
the predictor with the smallest prediction error. We now must
relate this universal probability to an actual prediction by com-
bining the exponential number of such sequentia predictors.
We accomplish this with using a linear transition diagram as
used in [1]. The transition diagram effectively represents an
exponential number of transition paths with linear complexity
by grouping all paths 7, ,, together that share the same state at
any given time. B The proof of Theorem 2 follows a similar
course, where the regret within each region is obtained as in
[2] for the competition class of all fixed-order linear regressors
within each segment. B

I1l. PIECEWISE ADAPTIVE FILTERING

In this section, we investigate the case where we compete
againgt a finite set of static algorithms in each region. Given
a red valued, bounded sequence z[t], t = 1,...,n, we now
consider a class of only M agorithms producing estimates
Emlt], m = 1,...,M, t = 1,...,n. For an observation
sequence 2" = {z[1],...,z[n]} and outputs of these ago-
rithms 272, = {Z,[1],...,Zm[n]}, m=1,..., M in the static
class, atransition path 7, ,, with k transitions, represented by
(t1,...,tx), divides ™ and z7, into k + 1 segments such that
2™ and each 27, can be represented as concatenation of

(z[1],..., [t~ Hzlta], .. .. xlta—1]} ... {x[ta], ..., z[n]},



and

{Eml], s Emlts — 1} Admltr), -, 0]},

respectively. A “switching” class of competing algorithms
could then independently select a different algorithm from the
class of M algorithms for each segment.

Given any 7}, ,,, the best switching-based algorithm, i.e. the
one with minimum total sguare error, would choose within
each segment the algorithm of the A agorithms whose
total sguare error in that segment was minimum. Here, we
demonstrate a sequential algorithm with no knowledge of k,
Ty,» Or n apriori, that achieves the performance of

k+1 t;—1 ] k+1 t;—1
SN @l -E? =Y min > (o) - ()
i=1 t=t; 1 =177 t=t;
for any transition path 7 ,,, where #[t] is the best algorithm
for the ith segment such that 2¢[t] = &, [t] if

S (el - a2 < Y

t=t;—1

forj#£m,j=1,..., M.

Theorem 5: Let z[n] be a bounded, real-valued arbitrary
sequence, such that |z[n)] < A, for al n and &,,[n],
m = 1,...,M, are predictions of arbitrary algorithms at
time n. Then we can construct a sequential algorithm z,, [n]
such that for all e > 0

n k+1 t;—1
PREOEENC)ED D DECIEEA U=

2A4%(k+ 1) In(M) + 4A*(k + e)In(n) + O(k + 1),  (7)

and
n k+1 t;—1
Sel -z -3 Y @ )2 < ®
t=1 1=1t=t;—1
2A%(k + 1) In(M) + 442 ((k + L)e + k) In(n/k) + O(k + 1).

for any 7y, represented by (t1,...,¢;) and k, without any
knowledge of 7. ., k or n apriori, where x*[¢] is the prediction
of the best algorithm in the sense of Equation (6) and Z,,[t]
does not depend on 7y, ,,, k or n.

The proof follows from application of the mixture over al
transition paths, using the linear transition diagram approach
applied in Theorem 1 of this paper, and application of Theorem
1in [8] within each segment. A linear complexity lattice-filter
based agorithm [4] can achieve

n k+1 t;—1
D@l - =3 > @ ?
t=1 1=1t=t;—1

<4A%(k+ 1) In(M) +2A4%(k + €) In(n) + O(k + 1),

when the M algorithms are linear predictors of order 1 through
M.
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