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Abstract— We consider a class of sources of quantum
information simply defined based on classical information
sources, and show that even for this limited class, certain
basic information-theoretic questions are hard to answer.

I. I NTRODUCTION
General definitions of quantum information sources
involve the language of quantum statistical mechanics,
C ∗ -algebras and dynamical systems, and are studied
by the tools of these mathematical disciplines, see for
example [1]–[3]. The literature on quantum sources is
seldom accessible to information theorists (and perhaps even to quantum physicists). Moreover, although
quantum counterparts of some important theorems (e.g.,
Shannon-McMillan’s, Sanov’s) have been established,
some other more basic questions (e.g., computation of
entropy, source memory) seem to be unaddressed. In
this paper, we will consider a class of quantum sources
that are in a straightforward manner defined based on
classical sources, and show that even for this limited
class, certain fundamental questions are hard to answer.
A discrete-time, finite-alphabet source of classical
information produces a sequence of random variables
taking values in a finite set called the source alphabet.
We will be concerned with quantum systems which map
classical source letters into quantum states for quantum
transmission or storage. In the simplest case, quantum
states correspond to unit length column vectors in a
d-dimensional Hilbert space Hd . Such quantum states
are called pure. When d = 2, quantum states are
called qubits. A column vector is denoted by |ϕi, its
complex conjugate transpose by hϕ|. A pure state is
mathematically described by its density matrix equal
to the outer product |ϕihϕ|. In a more complex case,
all we know about a quantum state is that it is one
of a finite number of possible pure states |ϕi i with
probability pi . Such quantum states are called mixed. A
mixed state isPalso described by its density matrix which
is equal to
i pi |ϕi ihϕi |. Note that a density matrix
is a d × d Hermitian trace-one positive semidefinite

matrix. A classical analog to a mixed state can be a
multi-faced coin which turns up as any of its faces with
the corresponding probability. This paper will consider
only sources of pure quantum states. We usually deal
with source sequences rather than individual letters. The
quantum state corresponding to a source sequence of
length n has a dn ×dn density matrix, equal to the tensor
product of density matrices corresponding to the letters
in the sequence.
Sources of pure quantum states whose underlying
classical sources are memoryless are well understood
[4],[5], but there are still some unanswered questions
about their mixed-state counterparts that are a subject
of current research [6]–[10]. This paper is concerned
with sources whose underlying classical sources have
memory. In Sec. II, we first review classical sources
in a way that makes defining quantum sources more
transparent, and then introduce quantum sources. For the
rest of the paper, we are concerned with quantum sources
whose underlying classical sources are Markov chains.
We first consider the case when the quantum alphabet
is composed of orthogonal states in Sec. III, and then
move to the general case in Sec. IV. We discuss the
nature of such quantum sources by looking into their nth order density matrices, the n-th order entropies and
the entropy rates, as well as the properties of classical
sources induced by measurements of the quantum source
outputs, which all indicate infinite memory when the
quantum alphabet is composed of nonorthogonal states.
This paper presents an extended outline of the general
ideas presented in [13].
II. I NFORMATION S OURCES
A. Classical Sources
A discrete-time, classical information source is modelled as a discrete-time, stochastic process, that is,
a sequence {Xn } = X1 , X2 , . . . , Xn , . . . of random
variables. We are concerned with finite alphabet processes where each Xi takes values in a finite set A.
A subsequence (Xm , Xm+1 , . . . , Xk ), m < k , will be

k . The process is characterized by the joint
denoted by Xm
distributions

Pr{X1n = xn1 } = µn (xn1 ), ∀xn1 ∈ An and n = 1, 2, . . .
where the n-th order joint distribution µn of the process
is a probability distribution on An . A sequence of
probability distributions µn on An , n ≥ 1, constitutes
the sequence of joint distributions of a process iff the
following consistency condition holds for each n ≥ 1:
X
(1)
µn (an+1
)
an1 ∈ An
µn (an1 ) =
1
an+1 ∈A

We shall consider only stationary processes, that is,
processed whose joint distributions do not depend on
the choice of time origin:
n+ℓ
Pr{X1n = xn1 } = Pr{X1+ℓ
= xn1 }

for every shift ℓ and for all xn1 ∈ An .
A process is memoryless if the Xi are independent
random variables, i.e.,
Pr{Xn =

xn |X1n−1

=

xn−1
}
1

= Pr{Xn = xn }

The simplest examples of processes with memory are
Markov chains. A sequence of random variables {Xn }
is a Markov chain if
Pr{Xn = xn |X1n−1 = xn−1
} = Pr{Xn = xn |Xn−1 = xn−1 }
1

holds for all n ≥ 2 and all xn1 ∈ Am . For a stationary Markov chain, transition probabilities Pr{Xn =
xn |Xn−1 = xn−1 } do not depend on n. Thus, such
process can be completely described by an |A| × |A|
matrix P defined by
Pab = Pb|a = Pr{Xn = a|Xn−1 = b}, a, b ∈ A,

known as the transition matrix of the chain.
Example 1: Let A = {0, 1}. A Markov chain with
two states is illustrated in Fig. 1. The stationary distri-
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Markov process [12]), that will be of interest in this
paper. Let A and S be finite sets. An A-valued process
{Y } is said yo be a finite-state process with state space
S if
Pr(Sn = s, Yn = a|S1n−1 , Y1n−1 ) = Pr(Sn = s, Yn = a|Sn−1 )

Note that while {Yn } is not a Markov chain, but the
pair {(Sn , Yn )} is; hence the name.
The n-th order entropy of the classical source {X} is
the Shannon entropy of X1n , defined as
X
µn (xn1 ) log µn (xn1 ),
H(X1n ) = −
n
xn
1 ∈A

and the process entropy rate as
1
H(X) = lim H(X1n ).
n n
The existence of the above limit for stationary processes
follows from the subadditivity of the Shannon entropy:
n+m
H(X1n+m ) ≤ H(X1n ) + H(Xn+1
)

= H(X1n ) + H(X1m ),

and the following result, known as the subadditivity
lemma (see for example [11]).
Lemma 1: If {bn } is a sequence of nonnegative numbers which is subadditive, that is, bn+m ≤ bn + bm , then
limn bn exists and equals inf n bn /n.
B. Quantum Sources
We have seen in Sec. II-A that a classical information
source is described by a consistent sequence of probability distributions {µ} = µ1 , µ2 , . . . , µn , . . . , and the
particular space on which random variables Xn are defined does not paly any role. By analogy, we will model a
discrete-time, quantum information source as a sequence
{ρ} = ρ1 , ρ2 , . . . , ρn , . . . of density matrices, that is,
quantum counterparts to the probability distributions.
When the quantum source alphabet consists of unitlength vectors in the d-dimensional Hilbert space H, then
ρn must be a Hermitian trace-one positive semidefinite
matrix on the n-fold product H⊗n . To preserve the
notion of time, we will express this n-fold product as
H⊗n = H1 ⊗ H2 ⊗ · · · ⊗ Hn . The only remaining
condition the sequence of density matrices has to satisfy
is (as in the classical case) the consistency condition:
ρn = TrHn+1 ρn+1 ,

Fig. 1.

∀n ≥ 1,

(2)

A Markov chain with two states.

bution of the chain is given by [π0 π1 ].
We now define one more type of process, known under
various names (e.g., finite-state process [11], hidden

where TrHn+1 denotes the partial trace over the space
Hn , and the operation is the quantum counterpart of the
probability marginalization. It is interesting to compare
the above expression with its classical counterpart (1).

The n-th order entropy of the quantum source {ρ} is
the von Neumann entropy of ρn1 , defined as
S(ρn ) = − Tr(ρn log ρn ),

and the process entropy rate can be defined by analogy
to the classical case as
1
S(ρ) = lim S(ρn ).
n n
The existence of the above limit for stationary processes
follows from the subadditivity of the von Neumann
entropy and the subadditivity lemma.
Suppose now that we have a classical information
source described (as in Sec. II-A) by its set of consistent
probability distributions {µn |n ≥ 1}, but have to use
quantum pure states for transmission or storage. Thus
each time the source outputs letter a ∈ A, the quantum
state |ψa i is produced. Each |ψa i is a unit-length vector
in the d-dimensional Hilbert space H, where we assume
d ≥ |A|. At time n, the density matrix of the source ρn
is given by
X
µn (xn1 )|ψx1 ihψx1 | ⊗ · · · ⊗ |ψxn ihψxn |.
ρn =
n
xn
1 ∈A

It is easy to check that when µn are consistent probability
distributions, then the corresponding ρn are consistent
density matrices, and thus we effectively have a valid
quantum source.
III. C HAINS

WITH

O RTHOGONAL S TATES

For the rest of the paper, we will be concerned with
the quantum source whose underlying source of classical
information is the binary source described in Fig. 1.
Each time the classical source outputs a 0, quantum state
|ψ0 i is produced, and each time the source outputs a 1,
quantum state |ψ1 i is produced. States |ψ0 i and |ψa i are
unit-length vectors in the d-dimensional Hilbert space H.
Formally, the corresponding source of quantum information can be represented as sown in Fig. 2. Generalization

We first consider the case when the states |ψ0 i and
|ψ1 i are orthogonal, This source is essentially classical,
and its von Neumann entropy rate is equal to the
Shannon entropy rate of the underlying classical chain.
We find an expression for the source density matrix of
the form which allows easy comparison with the general
nonorthogonal case.
A. The Density Matrix
We introduce the following diagonal matrix T to
describe transitions in the chain:
T = P00 |ψ0 ihψ0 | ⊗ |ψ0 ihψ0 | + P01 |ψ0 ihψ0 | ⊗ |ψ1 ihψ1 |+
P10 |ψ1 ihψ1 | ⊗ |ψ0 ihψ0 | + P11 |ψ1 ihψ1 | ⊗ |ψ1 ihψ1 |

Let I1 be the identity matrix on the d-dimensional
Hilbert space H, and Ik the identity matrix on the k fold product H⊗k . It is easy to see that
ρ1 = π0 |ψ0 ihψ0 | + π1 |ψ1 ihψ1 |
ρ2 = (ρ1 ⊗ I1 )T
ρn = (ρn−1 ⊗ I1 )(In−2 ⊗ T ) for n > 2.

B. The Entropy
The n-the order von Neumann entropy of this quantum
source is equal to the n-the order Shannon entropy of the
underlying Markov chain. It is enough to only consider
the third order entropy to indicate the difference with the
nonorthogonal case considered in the next section:
S(ρ3 ) = H(X1 , X2 , X3 )
= H(X1 , X2 ) + H(X2 , X3 ) − H(X3 )

(3)

In general, when the random variables X1 , X2 , X3 do
not form a Markov chain, the equality in (3) has to
be replaced with inequality, i.e., H(X1 , X2 , X3 ) ≤
H(X1 , X2 ) + H(X2 , X3 ) − H(X3 ), which is known as
the strong subadditivity of the Shannon entropy.
IV. C HAINS

WITH

N ONORTHOGONAL S TATES

We now consider the general case when the states |ψ0 i
and |ψ1 i are not necessarily orthogonal.
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A two-state source of quantum information.

to a non-binary case is straightforward.

When the classical source is in state 0, the density
matrix of the quantum source at time n = 1 is
ρc1 (0) = P00 |ψ0 ihψ0 | + P01 |ψ1 ihψ1 |,

and when the classical source is in state 1, the density
matrix of the quantum source at time n = 1 is
ρc1 (1) = P10 |ψ0 ihψ0 | + P11 |ψ1 ihψ1 |.

Similarly, the density matrices ρcn (0) and ρcn (1) at time
n can be found. Note that matrix ρc1 (i), i = 1, 2, (and
similarly ρcn (i)) consists of two terms, one corresponding
to the sequences starting from i and ending in 0 and the
other corresponding to the sequences starting from i and
ending in 1.
We use the following matrix T to describe transitions
in the chain:
·
¸
P00 |ψ0 ihψ0 | P01 |ψ1 ihψ1 |
T =
.
P10 |ψ0 ihψ0 | P11 |ψ1 ihψ1 |
Note that the i-th raw of T corresponds to the two terms
in ρc1 (i). We define a family of matrices An to describe
sequences produced by the source by the time n:
A1 = T
An = (An−1 ⊗ I1 )(In−1 ⊗ T )

Note that the i-th raw of An corresponds to the two terms
in ρcn (i), i = 1, 2.
We can now express the source matrix ρn at time n
in terms of matrix An :
· ¸
I
ρn = ([π0 π1 ] ⊗ In )An n
In
It is interesting to note that in the nonorthogonal case, ρn
cannot be expressed in terms of ρn−1 , which indicates
memory in the process.
B. The Entropy
Consider the third order von Neumann entropy of this
quantum process S(ρ3 ). We introduce the notion of three
quantum subsystems by denoting ρ3 by ρabc . By the
strong subadditivity of the van Neumann entropy,
S(ρabc ) ≤ S(ρab ) + S(ρbc ) − S(ρb ).

(4)

Only for quantum states with certain structure is the
inequality (4) saturated [14], [15]. The quantum states
ρn as defined above with nonorthogonal states |ψ0 i and
|ψ1 i do not have that structure in general.
C. Measurement Induced Classical Processes
The simplest model of quantum measurement is
known as the von Neumann’s measurement. Mathematically, this type of measurement is defined by a set of pairwise orthogonal projection operators {Πi } which
P form a
complete resolution of the identity, that is, i Πi = I .
For input |ψj i, the classical output Πi |ψj i happens
with probability |hψj |Πi |ψj i|2 . In a more general case,
the pairwise orthogonal projection operators {Πi } are
replaced by any positive-semidefinite operators {Ei }

which form a complete resolution of the identity. If each
quantum state coming out of the quantum source {ρ}
(as described in Sec. II-B) is individually measured by
employing a quantum measurement defined by operators
{Ei }, the output is a sequence of random variables, i.e.,
a classical source. We will say that this source is induced
by measurement {Ei } of quantum source {ρ}.
It is straightforward to show that the following holds:
Proposition 1: Let {ρ} be a quantum process whose
underlying classical process is a Markov chain {S} over
alphabet S . Let {Y } be a classical process induced by
measurement {Ei } of quantum source {ρ}. Then {Y }
is a Markov chain iff the quantum alphabet of {ρ}
consists of orthogonal states, otherwise {Y } is a finitestate process with state space S . The joint probability
distributions of {Y } are completely determined by the
joint probability distributions of {S}, quantum alphabet
of {ρ}, and measurement operators {Ei }.
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