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A variable-to-fixed length encoder partitions the source
string over anm-ary alphabetA into a concatenation of
variable-length phrases. Each phrase except the last one is
constrained to belong to a given dictionaryD of source
strings; the last phrase is a non-null prefix of a dictionary
entry. One common constraint on a dictionary is that it leads
to a unique parsing of any string overA. We will assume
that all dictionaries are uniquely parsable. It is convenient
to represent a uniquely parsable dictionary by a complete
parsing treeT , i.e., a tree in which every internal node
has allm children nodes in the tree. The dictionary entries
d ∈ D correspond to the leaves of parsing tree. The encoder
represents each parsed string by the fixed length binary code
word corresponding to its dictionary entry. If the dictionary
D is hasM entries, then the code word for each phrase has
dlog2 Me bits. The best known variable-to-fixed length code
is now generally attributed to Tunstall [3]; however, it was
independently discovered by Khodak [1], and possibly others.

Tunstall’s algorithm is simple to visualize through evolving
parsing trees in which every edge corresponds to a letter from
the source alphabetA: starting from a tree with a root node
andm leaves which together correspond to all of the symbols
in A). ForJ iterations we select the current leaf corresponding
to a string of highest probability and growm children out it,
one for each symbol inA. After theseJ steps, the parsing tree
hasJ non-root internal nodes andM = (m−1)J +m leaves,
which each correspond to a distinct dictionary entry. The
dictionary entries are prefix-free and can be easily enumerated.

To facilitate our analysis, we will focus upon another
construction of the Tunstall code that was invented by Khodak
[1]. Khodak independently discovered the Tunstall code using
a rather different approach. Letpi be the probability of the
ith source symbol and letpmin = min{p1, . . . , pm}. Khodak
suggested choosing a real numberr ∈ (0, pmin) and growing
a complete parsing tree satisfyingpminr ≤ P (d) < r for
d ∈ D. It can also be shown (cf. [2, Lemma 2]) that the
resulting parsing tree is exactly the same as a tree constructed
by Tunstall’s algorithm. The asymptotic relationship betweenr
and the resulting number of dictionary entriesMr was studied
in [2] and will be established here in a different way. It
follows that if y is a proper prefix of one or more entries
of D = Dr, i.e.,y corresponds to an internal node ofT = Tr,
thenP (y) ≥ r.

Assume a memoryless source over anm-ary alphabetA
generates an output sequence. Letpi > 0 be the probability

of the ith letter of alphabetA, i ∈ {1, . . . , m}, pmin =
min{p1, . . . , pm}, and pmax = max{p1, . . . , pm}. Given a
dictionaryD and corresponding complete parsing treeT , the
encoder partitions the source output sequence into a sequence
of variable-length phrases. Letd ∈ D denote a dictionary
entry,P (d) be its probability, and|d| be its length. Our focus
will be on the random variableD = |d|, the phrase length of a
dictionary string. One of our goals is to investigate the moment
generating function of the phrase lengthD = Dr in Khodak’s
construction of the Tunstall dictionary with parameterr.

Theorem 1:Let Dr denote the phrase length in Khodak’s
construction of the Tunstall code with a dictionary of sizeMr

over a biased memoryless source. Then asMr → ∞
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whereN(0, 1) denotes the standard normal distribution. Fur-
thermore, we haveE[D] = ln Mr

H + O(1) and
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for large Mr, where H is the entropy andH2 =∑m
i=1 pi ln2 pi.
As a direct consequence, we find asymptotics for the

average redundancy of the Tunstall code defined byRM =
ln M
E[D] − H .

Corollary 1: For a binary alphabet, letDr denote the dic-
tionary in Khodak’s construction of the Tunstall code of size
Mr. If ln p1/ ln p2 is irrational then
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In the rational case we have

RMr ∼ H

ln Mr

(
− H2

2H
− ln H + lnL − ln(eL − 1) +

L

2

)

whereL > 0 is the largest real number for whichln(1/p1)
and ln(1/p2) are integer multiples ofL.
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