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Abstract— As in every other network, nodes of a wireless
multi-hop network must be well connected. Unlike many other
networks, some wireless multi-hop networks (e.g., sensor networks), do not necessarily require full connectivity of all the
nodes of the networks. In this paper, we show the benefits
of replacing this usual requirement by that of a partial, ηconnectivity, where only a given fraction η < 1 of the nodes needs
to be connected to the network. This feature is found in models
neglecting interferences, taking interferences as noise or taking
a more information theoretic approach. The paper summarizes
and updates the results in [1].

I. I NTRODUCTION
Connectivity is the most critical property that any communication network must have. Similarly to wired and cellular
networks, this property is usually understood as the full
connectivity of the wireless multi-hop network: there is a
(possibly multi-hop) path that connects any pair of nodes in
the network. Full connectivity is however very expensive, as
it forces the maximal power to be large enough to connect
the most isolated node to the network, and yields rather
poor performances for large networks. We can relax this
requirement by declaring the network to be connected if a
given fraction η of the nodes are connected to each other,
which we will refer to as η-connectivity. Allowing η < 1
instead of imposing η = 1 brings indeed a considerable gain
in scalability for network connectivity [1], [2]. It is due to
a phase transition (percolation) that separates a sub-critical
regime where all clusters of connected nodes in the network
are small compared to the total number of nodes, and a
super-critical regime where a giant cluster emerges, which
contains a large fraction of the nodes. We can impose that
this fraction is at least a given value η < 1, even for networks
reaching an infinite size, because the phase transition occurs
for finite values of the parameters of the network (node density,
powers, lengths of the codewords). In contrast, if we request
that η = 1, we need to let at least one such parameter to
infinity when the number of nodes also tends to infinity. Full
connectivity is required in some scenarios, where all users
must be granted access to the network, but many applications
of sensor networks only need the network to cover a given
area of interest, with a sufficient number of sensors connected
to the base station. An η-connectivity metric is well suited to
this setting.
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We consider three different models: the simplest Boolean
model, with a circular connectivity range for each node
(Section II), a model with interferences, where nodes connect
if their signal to noise ratio exceeds some given threshold
(Section III), and a more “information theoretic” model, where
nodes connect if they can exchange data at a rate larger than
some given rate (Section IV). This shows therefore that the
high cost of full connectivity can be spared without prejudice.
On the contrary, trading full connectivity for a giant component makes it possible to construct a scheduling and routing
scheme that matches the upper bound on the transport capacity
of the network [3] and offers multiple paths between most
nodes (Section V).
II. T HE B OOLEAN

MODEL

The first and simplest model for tackling the connectivity
issue is the Boolean model. The main assumption is that nodes
have a connectivity range r, within which they can wirelessly
connect to their neighbors. We assume furthermore that the
range is the same for all nodes. Therefore, two nodes are
directly connected if the distance between them is less than r.
We take now a finite area, and model the node distribution
using a 2-dimensional Poisson point process of intensity λ (λ
is thus the average number of nodes per square meter).
As a first observation, it is clear that the probability that the
network is fully connected is always smaller than 1, whenever
the diameter of the network area is larger than r. Therefore,
full connectivity can only be an asymptotic property, in the
sense that this probability can only tend to 1. Moreover, if
one considers the (unrealistic) case where the network area is
infinite, then the probability that the network is fully connected
is always exactly zero.
However, in the case of a wireless network that requires ηconnectivity, one can say that a network is still well connected,
if disconnected nodes may exist but always represent a small
fraction (at most 1 − η) of the total number of nodes. We say
that a node is disconnected if it is not connected to the majority
of the other nodes. In fact, in the context of wireless multihop
networks, we would like most nodes to belong to the same
giant connected component (which forms the network itself).
Percolation theory addresses the case where the network
area is infinite, and the fundamental result is that if the node

density λ and the range r are such that πλr 2 > N ∗ , for a
special constant N ∗ ' 4.5, then the network is indeed formed
by a huge connected component (the network), plus a multitude of finite components (disconnected nodes). Moreover,
the fraction of connected nodes is a deterministic function θ
of the average node degree πλr 2 .
Therefore, this infinite network model is a good approximation for large networks. However, networks are never infinite,
and one needs more specific results for the finite case. Penrose
and Pisztora [4] showed that for a large but finite area, the
fraction of connected nodes is always close to the deterministic
function θ(πλr 2 ). If we let the area of the network tend to
infinity (and thus also the number of nodes), then the fraction
η of connected nodes tends to the constant θ(πλr 2 ). This result
matches the previous percolation result for infinite networks.
However, there is a slight difference between the two: in the
first one, we consider only an infinite network area, whereas
in the second one, we consider a sequence of finite networks,
and derive an asymptotic property when the number of nodes
tend to infinity.
The same approach can be applied for full connectivity. As
we only consider (larger and larger but still) finite networks,
full connectivity may occur with positive probability. Suppose
thatpthe area onpwhich the network is deployed is a square
[0, n/λ] × [0, n/λ], so that the expected number of nodes
in the network is n. Following Penrose [5] and Gupta and
Kumar [6], one can state that the network is fully connected
w.h.p. (i.e, asymptotically almost surely as n → ∞) if and
only if the range r(n) is such that πλr 2 (n) − log n → ∞.
Hence the average node degree must grow approximately like
log n, when the number of nodes in the network increases,
contrary to the emergence of a giant cluster that appears with
high probability as soon as the average node degree exceeds
N ∗ . Moreover, it is the most isolated node that determines
the critical range for full connectivity. When the network is
strongly super-critical, but not yet full connected, the nodes
that do not belong to the giant clusters are isolated with high
probability [5], [1]. The network becomes fully connected
when the last node joins the network. This means that full
connectivity is not really a global property of the network, but
rather depends on the “level” of isolation of the most isolated
node. This also explains why the range of the nodes has to
increase, even though the node density remains constant.
III. M ODEL TAKING I NTERFERENCES

INTO ACCOUNT

We now modify the Boolean model of the previous section
to account for interferences. We keep the Poisson distribution
of the nodes, but assume that two nodes are neighbors if
they can communicate despite the interferences from all other
nodes. More precisely, there is a link between Nodes i and j
if
P l(||xi − xj ||)
P
k6=i,j P l(||xk − xj ||)
P l(||xj − xi ||)
P
N0 + γ k6=i,j P l(||xk − xi ||)

N0 + γ

> β
> β,

and
(1)

where P is the emitting power of all nodes, l(d) is the
attenuation of the signal over distance d, which we assume
to have the form l(d) = min{1, d−α } with α > 2, N0 is the
ambient noise, γ is a coefficient that weights the efficiency of
a CDMA system (degree of orthogonality of the codewords)
and β is the minimal Signal to Noise and Interferences Ratio
(SNIR) required for successful decoding.
Since we take interferences into account, it is not enough
to increase the range (i.e. the emitting power) of the nodes to
keep the network connected. Increasing the emitting power P
would also increase interferences, and at the limit P → ∞,
one can see in (1) that the SNIR converges to a maximum.
However, it has been proven in [7], [8] that percolation can
still occur in this model, for appropriate values of λ, P , N0 ,
γ and β. We assume in the sequel that λ and N0 are fixed,
that P is a parameter, as well as either β or γ. Varying β
amounts to adapting the data rate, for example as in IEEE
802.11, whereas varying γ corresponds to changing the lengths
of the codewords in a CDMA system.
Let us consider the case where the network spreads over
the whole plane first, and denote by θ(P, β) (respectively,
θ(P, γ)) the probability that a given node belongs to an infinite
connected component (i.e. is connected to the network), when
γ (resp., β) is fixed. The following proposition can be inferred
from the results in [7], [8].
Proposition 1: (i) For any value of P , there exists a critical
value β ∗ (P ) such that if β < β ∗ (P ), then there is an infinite
connected component a.s., and θ(P, β) > 0.
(ii) If N0 = 0, then for any value of P , there exists a critical
value γ ∗ (P ) such that if γ < γ ∗ (P ), then there is an infinite
connected component a.s., and θ(P, γ) > 0.
Although it is not formally proven as in [4], we can also
reasonably conjecture that that for a finite network, the fraction
of connected nodes tend to θ when the network area grows.
For full connectivity, we must study more precisely the
shape of the functions θ(P, β) and θ(P, γ). Simulation based
evaluations of θ(P, β) are presented on Figure 1. Observe that
if β is fixed and P arbitrarily large, the fraction of connected
nodes θ(P, β) is bounded above by a constant θ(β) < 1.
In fact, letting P → ∞ is equivalent to let N0 → 0 in
(1). Therefore, at the limit, we obtain a purely interferencelimited network. It can be shown that such a network always
contain a non-zero fraction of disconnected nodes [8]. A
similar observation holds if we fix β and let γ vary instead.
Now, to have full connectivity of the n-nodes network, we
must have θ(P, β) → 1 when n → ∞. The only way to
achieve η = 1 is to have β → 0, as shown on Figure 2, or
vice-versa, to have γ → 0. The rate on each link has therefore
to decrease with the number of nodes.
Finally, instead of letting all nodes emit with power P at
all times, which results in strong interferences, we could use a
random TDMA scheme, where each node picks a time slot at
random, out of t time slots. Only a fraction 1/t of the nodes
are emitting at a given time, making the average interference
level t times lower. For fixed P , γ and β, one can now increase
the number of time slots t to improve the network connectivity.

but the node density λ, the network area A and the rate R.
We raise the same couple of questions as above. Is the
network is fully connected ? Does it contain a giant connected
component with most nodes? It turns out that the first question
leads to asymptotic results similar to those obtained for the
Boolean model:
Theorem 1 ([9]): For an attenuation function of
the form
α
2λ
l(d) = d−α , with α > 1, and if R(A) ≥ (logcλA)
α−1 where
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Fig. 1: The fraction of connected nodes, as a function of the emitting power
P , for a fixed β = 0.02, with fixed P ' 7.7 · 103 . The function
converges to a value θ(β) < 1.
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Fig. 2: The fraction of disconnected nodes, as a function of the SNIR
threshold β, with fixed P ' 7.7 · 103 .

This setting has also been studied in [7], and it has been
shown that the network can be made at least super-critical
(i.e. partially connected) by setting t sufficiently large.
But whether we decrease β or γ, and/or increase t, we
always end up by reducing the throughput per link. It turns
out in this model that increasing the emitting power does not
allow to reconnect the network. The only way to achieve full
connectivity is to reduce the throughput.
IV. I NFORMATION

THEORETIC CONNECTIVITY

In this section, we consider a slightly more sophisticated
(and more realistic) definition of connectivity: two nodes are
connected, if it is possible to transmit data from one node to
the other at rate at least R, all other nodes of the network
serving as relays. Nodes are still distributed according to a
Poisson point process of intensity λ over an area of size A.
This model has been first introduced by Liu and Srikant [9].
It has in fact many more parameters than the Boolean model,
like the maximum emitting power of the nodes, the attenuation
exponent or the ambient noise. Here, we assume them all fixed,

4
(1+ε)(2α−1)
c2 = 48P(1−ε)
for some ε > 0, the network is
α N (α−1)
0
disconnected w.h.p. when A → ∞.
We observe that when the network size A increases, the rate
must decrease to keep the network connected. Equivalently, if
we fix the rate, then the emitting power of the nodes should
increase. Again, this result is explained by a pure statistical
effect, as the probability to find an arbitrarily isolated node in
the network tends to 1 when A → ∞. This argument is used
in [9] to prove Theorem 1.
However, if we only require partial connectivity, with an
arbitrarily low fraction 1 − η of disconnected nodes, the
asymptotic behavior of R dramatically changes: R can be
kept constant when the network size becomes infinite. The
following theorem has been proven in [10], when the network
area A is infinite.
Theorem 2: (i) For any 0 < θ̌ < 1, there exists a rate R > 0
independent of n, such that a fraction at least θ̌ of the nodes
can exchange data at rate R w.h.p.
(ii) For any rate R > 0, the fraction of nodes that can send
data to some destination at that rate w.h.p.

 
θ̂ = P I ≥ N0 e2R − 1 /P ,
P
where I is the shot-noise defined by I = x∈N l2 (||x||), with
N a Poisson point process of unit density over R2 .
In other words, when the network size tends to infinity, a
constant fraction of the nodes have the property that a path
with throughput R can be established between any pair of
them, even the two nodes are far away from each other. The
converse says that for any rate R, there will be a non-zero
fraction of nodes that cannot communicate with any other node
with rate at least R. Again, with this model of connectivity, the
results have the same flavor: requiring full connectivity makes
the network performance drop when the number of nodes is
large. On the contrary, if we only require partial connectivity
(even with a very small fraction of disconnected nodes), the
network performance scales perfectly.

V. N UMBER

OF PATHS AND THROUGHPUT SCALING

The previous sections compared two metrics of network
connectivity, and showed that the price to pay for full connectivity is scalability. In this section, we show that a similar
trade-off exists in term of throughput scaling, when the traffic
matrix is uniform. In the previous section, we considered the
case where only one link is active at a time. Although this
assumption is realistic for lightly loaded sensor networks, it
is also interesting to consider the other extreme case, where
all nodes want to transmit data at the same time. In this case,
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Fig. 3: Number of vertex-disjoint paths in a Boolean model.

if all pairs of sending and receiving nodes need to be granted
the same minimal rate, it is known since Gupta
√ and Kumar’s
result [11] that the latter must decrease as 1/ n for n nodes.
On the other hand, if we only require that a fraction η of the
nodes (more precisely the nodes in the giant component in the
network) be granted a minimal throughput, the latter can be
much larger. In this context, the throughput is directly related
to the number of vertex-disjoint paths that can be established
in the percolation giant cluster, under the protocol model, as
defined in [11] and the model presented in Section III.
We
√ assume√that the network is deployed on a squared area
[0, n] × [0, n], with a node density λ = 1, and thus an
average number of nodes equal to n. We want to compute the
throughput that can be achieved from the nodes on the left
border to the nodes close to the right border of the square,
under a uniform traffic matrix for all other nodes in the square.
We start with the Boolean model, where each node has the
same connecting range r. We try here to find an optimal value
of r that maximizes the aggregate throughput from the left side
of the network to the right side. We know that if the range
r is too small, the network is sub-critical, hence we will not
find a path crossing the network from left to right. Therefore,
r has to be such that πλr 2 = πr2 > N ∗ . Furthermore, when
r increases, the connectivity graph becomes richer, and the
number of left-right crossings increases, as shown in Figure 3.
However, long ranges cause many interferences. To evaluate
their impact on throughput, we use the protocol model [11]:
each transmission occupies a footprint of area π(∆r)2 . The
maximum number of simultaneous transmissions cannot be
larger than n/π∆2 r2 λ. On the other hand, each transmission
can transport data at a distance at most r. Thus, the total
transport capacity is√n/π∆2 rλ. As the length of a left-right
crossing is at least n, the horizontal
throughput across the
√
network cannot be larger than n/π∆2 r.
Figure 4 sketches the shape of the throughput as a function
of r. For small average node degrees, no path is found, because
the network is sub-critical. Above the percolation threshold,
the number of vertex-disjoint paths (and thus the throughput)
slowly increases. This corresponds to the noise-limited regime.

For high node degrees, many paths are found, but they interfere
with each other, and the overall throughput decreases like
1/r, for the reason mentioned above. This corresponds to
the interference-limited regime. Therefore, there is an optimal
value for the range r.
Let us now move to the physical model of Section III, with
the random TDMA scheme with t time slots. In this model,
the SNIR is at least β on each link. Thus, the throughput on
each path is guaranteed, and it is enough to count the number
of vertex-disjoint path to estimate the throughput. However, if
we use TDMA, we have to divide the result by the number
of time slots t. Figure 5 shows the throughput obtained for
several values of t, with the other parameters of the model
being such that the network is sub-critical when no TDMA is
used (t = 1). This is the interference-limited case. When we
increase t, interferences decrease, making more links available,
and the number of paths increases. But when t becomes very
large, the interferences are so low that the noise N0 becomes
dominant, and the connectivity graph saturates (no more paths
are found). At this point, the throughput decreases like 1/t.
Similarly to Section III, an alternative strategy would be to
reduce the rate on the links (reduce β). As the required SNIR
would be lower, one would obtain more links, but with lower
rate. This strategy leads to a similar trade-off as the one of
the TDMA scheme [1]. If the threshold β is too large, the
network does not percolate, and no path is found. When the β
is sufficiently small so that l −1 (βN0 /P ) < 1, (1) yields that
the actual range of the nodes is bounded by

− α1
βN0
||xi − xj || ≤
:= r.
(2)
P
The connectivity graph in this model is thus a subgraph of
the connectivity graph in the Boolean model with the range r
defined by (2). Therefore, we can bound the number of paths
by counting the number of paths in the Boolean model.
We consider a slice of width r that cuts the network from top
to bottom. Clearly, in the Boolean model, each vertex-disjoint
path must have at least one node in this slice. The number of
left-right crossings of the square is thus limited by the number
of nodes in the slice, which increases linearly with r. Because
of (2), we know that r increases like β −1/α . Hence the number
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hand, if γ is very small, the rate on the links is also very small,
but the number of available links is bounded from above by
the Boolean connectivity graph that corresponds to γ = 0.
Therefore, the effective throughput also goes to zero. From
these two extremes, we conclude that there must be an optimal
value for γ, that optimizes the density and rate of the links.
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Full connectivity does not scale with network size, whether
we take the simple Boolean model, or the more sophisticated
information theoretic connectivity model. In contrast, if we
allow for a (possibly very small) fraction of disconnected
nodes, then the range (respectively the rate) does not need
to be adjusted when the number of nodes tend to infinity.
When several flows have to share the available bandwidth
and interferences are critical, full connectivity turns out to
be very costly in terms of throughput. In fact, keeping the
most isolated nodes connected consumes a lot of resources,
and affects greatly the overall performance of the network.
This situation leads to a trade-off between capacity and
connectivity. Under several models, keeping the connectivity
graph quite sparse leads to optimal throughput.
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