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Abstract— In this paper we look at the outage capacity of the extract the maximal available diversity in the channelytaee
fading relay channel with half-duplex constraint in the low SNR  sub-optimal in terms of achieving the diversity-multighex
regime. When the channel state information (CSI) is available yageoff. Then in [5] more efficient cooperative transnussi
only at the receiver it was shown that a Bursty Amplify-Forward . .

(BAF) protocol is optimal and achieves the max-flow min-cut protocc_>ls were introduced. In particular, th,ey proposed. a
upper bound on the outage capacity of this network [11]. But dynamic decode and forward scheme that achieves the optimal
as the channel estimation is quite challenging in the low SNR diversity-multiplexing tradeoff in a range of low multiplieg
regime in this paper we focus on the scenario that neither gain.
the transmitter nor the receiver know the .chgnne.l state (r]on While at high SNR regime the main challenge is to use the
coherent). We show that the outage capacity in this scenario is d f freed fficiently. th ffici b
the same as before, hence the receiver does not need to estienat eg_rees of ireedom e .'C'en y, the energY efnciency eg)me
the channel to get the same rate as before. We also investigatethe important measure in the low SNR regime. Therefore in the
another extreme that the channel state information is available low SNR regime we should look for the cooperative schemes
at both the transmitter and the receiver (full CSI). We show that are efficient in the transfer of energy into the network.
that this additional information will just slightly increase the  niqreqver based on this intuition the behavior of all proteco
outage capacity while the communication protocol gets quite . . .
complicated. can be _summanzed in how they transfer energy in the network.
In this paper we focus on the outage performance at the
|. INTRODUCTION low SNR regime. There are two reasons to study the low

Cooperative diversity has been shown to be an effecti8\NR regime. First, the impact of diversity on capacity is
way of creating diversity in wireless fading networks [13],] much more significant in low SNR than high SNR. Second,
[3]. In the slow fading scenario, once a channel is weak dire energy-limited scenarios, the key performance measire i
to deep fade coding no longer helps the transmission. In thiee maximum number of bits per unit energy that one can
situation cooperative transmission can dramatically sapr communicate for a givem outage probability. So analogous
the performance by creating diversity using the antenngs[6] one can define the-outage capacity per unit energy or
available at the other nodes of the network. This obsemati€®.. It is easy to show that this capacity is achieved in the
leads to recent interest in the design and analysis of efficidow SNR limit and so our results on low SNR outage capacity
cooperative transmission protocols. In particular in [djrers directly translates to results on the outage capacity pér un
looked at different cooperative strategies for relay nekso cost.
applied two several wireless channels with different getloiee =~ The scenario that the channel state information is availabl
and fading conditions. only at the receiver was considered in [11]. In order to find

In this paper, the cooperative diversity scenario is medellthe outage capacity of that network first a max-flow min-cut
by a slow Rayleigh fading relay channel. We also imposebmund was stated to find an upper bound on thautage
practical constraint on the relay, which is the relay opesatcapacity of the frequency-division (FD) relay channel. Then
on a half-duplex mode and transmits and receives on differéhe outage performance of two classes of cooperative pistoc
frequency bands (so called frequency-division (FD) relayas investigated: Amplify-Forward (AF) and Decode-Forvar
channel). There are two regimes of interest that one can lo@x). It was shown that the AF protocol achieves the same
at for this channel : high SNR and low SNR. The desigoutage rate as when there is no cooperation and only the direc
and analysis of cooperative protocols at high SNR have bd@k is used. On the other hand the DF protocol exploits full
studied in [3] and [5]. In the high SNR regime, the mairmiversity gain. But still there is a gap between the outage
performance measure is thiversity-multiplexing tradeoff [9], capacity of DF protocol and the upper bound on the outage
which can be viewed as a high SNR approximation of thate of the relay channel. Then the performance of a new
outage probability curve. In [3] the authors looked at thprotocol called Bursty Amplify-Forward (BAF) protocol was
scenario that the channel state information (CSI) is onlgvestigated. It was shown that, somewhat surprisinglis th
available at the receiver and they introduced several imglimple protocol closes the gap and achieves the optimageuta
transmission protocols and analyzed the diversity-mieikipg capacity of the relay channel, in the limit of low SNR and
tradeoff achieved by these schemes. While these scherwes probability of outage. The summary of the results stated



Scenario Outage Rate(nats/s) and forwards the received signal. Therefore we can achieve
Non Cooperative ¢ SNRgq the same outage performance even in the absence of CSI at
Amplify-Forward (AF) € SNRyy the receiver.

Decode-Forward (DF) \/% € In the other extreme we look at the case that the CSI
Bursty Amplify-Forward (BAF) ,/25’;@% ¢ is available at both the transmitter and receiver (full CSI)
Upper Bound On the Outage Capacily \/2525512@:? . In th_ls case the source and the relay can beam-form to the

; SENRL SNESIR destination to obtain better outage performance. To utaiels
Outage Capacity \/ TSRy FSNRy € how beneficial this additional information can be, we derive
Outage Capacity per Unit Cost \/ Spagade the outage capacity in the interested regime. We show tieat th
TABLE | mixed protocol of bursty amplify-forward + beamforming is
THE RESULTS ON THE APPROXIMATE OUTAGE RATEENATS/S) aT Low  the optimal strategy in this case. We also show that for some
SNRAND LOW PROBABILITY OF OUTAGE c. typical cases the gain from this additional knowledge islbma

as the source tends to allocate less power for beam-forming
and more power to broadcast the information.

in [11] are shown in Table I. In this tablgq, g andgs, are Il. MODEL

the variances of channel gains from the source to destmatio In this paper we consider a simple relay network consisting
relay to destination and source to relay a®iR.q, SNR.y of a source (S), a relay (R) and a destination (D). We impose
andSNR,, are the average received SNRs from the source dQoractical constraint on the relay that does not allow theyre
destination, relay to destination and source to relay. ThBxmto receive and transmit signals simultaneously at the same
results are also stated in the following two theorems, time and the same frequency band, known as the half-duplex
constraint. There are two major models in the literature tha
satisfy this constraint: fixed and random division stragegi

In the fixed division strategy the relay receives and tratsmi

Theorem 1. In the limit of low S\NR and low outage probabil-
ity, the e-outagecapacity , C. of the FD- relay channel(in

relay

nats/s) is data on different frequency-bands/time-slots (frequedioy-
c _ |2SNRs4SNR¢SNRs; 1 sion/time division). In the random division strategy théaye
Erelay SNR,q + SNRq, € @ randomly decides to listen to data or transmit at each tiote sl

In this paper we consider the fixed division strategy and the
discrete-time frequency division (FD) model for the fading
relay channel with AWGN noise is shown in Figure 1. We
focus on the case that the channel from the source to the relay

And if we define thee-outage capacity per unit energy of and from the relay to the destination is split into two bands.
the FD- relay channel to be the maximum number of bits th@ihe path gainshe, h.q and hs, are subject to independent
one can transmit with outage probability per unit energy Rayleigh fading with variancesg., g4 and gs. respectively.
spent at the source and unit energy spent at the relay we hawe received signal at the relay at time- 1 is

where SNRyy, SNR,4 and SNR, are the average received SNRs
from the source to destination, relay to destination and source
to relay.

Theor'em 2.1n 'Fhe limit of low outage probability the e-outage Yr, = ha X1, + Zr,
capacity per unit energy, Ce reiqy, Of the FD- relay channel . ] ] o _
(in nats/s/d) is The received signals at timeat the destination from the first
and the second frequency bands are denoted’byand Y5,
Co ot & 29sdGrd s c (2) respectively, Wheréfli = hstl,; + Zl,; and }/27 = hrdXR,; +
R hsd X2, +Z3;. Also {Zg, }, {Z,, } and{Z,, } are assumed to be

where gu, grq and g, are the average channel gains fromthe independent (over fcime and with each. otheN’ (0, 1) noises.
source to destination, relay to destination and source to relay.  An average transmitted power constraint equaPtat both the

The noise variance of all channels have been assumed to be ~ Source and the relay is assumed. We also defMR := P/1
1 as the SNR per (complex) degree-of-freedom. Therefore the

average received SNRs from the source to destinafiiR(y),

However as the channel estimation is quite challenging jBjay to destinationgNR.q) and source to relaySNR,,) are
the low SNR regime in this paper we ask the following naturglyya| to

question: how much is the channel knowledge beneficial or

crucial in this regime? To address this question we look at tw SNRss = gsaSNR
extremes. One extreme is the case that neither the trapsmitt SNR,q = gsSNR
nor the receiver knows the channel. We show that the outage SNR, = g:sSNR
capacity in the interested regime is the same as before. The
optimal scheme in this case is to use bursty pulse positigve consider thelow fading situation where the delay require-
modulation (PPM) encoding at the source and the enerment is short compared to the coherence time of the channel.
estimator at the destination while the relay is just amgifieThus we can assume that the channel gains are random but



I%el?i);

hs

A? = 2LP. To decode, the destination will compute =

(yial® + ly211?/62, ..y, + ly2.u|?/62), wheres? is

h the estimated variance of the indirect path aag, andys .,
RD are respectively the projection of the first M elementsypf

andy, onto ¢, (m=1,..., M) :

Sourc§1 % Destination
2 HSD 2 p(l,...,M)¢,, m=1,....M 3)
= yoll,....,M)¢t,, m=1,....M (4)

Fig. 1. The frequency division communication model that sassthe half
duplex constraint.

The destination will decode the unique messagsf the

m — th component ofy is maximum. But for making the

fixed for all time. We also assume that the relay knows channe
gain hs, and the destination knows the channel gdigsand
hg. In this paper we compute the mutual information and rat
in nats/s.

arfalysis simpler we will use another decoding techniqué tha
requires the destination to pick a threshotd,and to decode
the unique message if the m—th component of is uniquely
farger than the threshold. It is obvious that the probability

of error using this genie aided scheme can not be less than
[1l. THE EFFECT OFCHANNEL KNOWLEDGE the first strategy (picking the maximum).
Channel estimation is quite challenging in the low SNR By symmetry lets assume that message 1 has been trans-
regime therefore it is important to understand how mudhitted by the source, then for fixed channel gains we have,

the channel knowledge is beneficial or crucial to the outage

capacity of the fading relay channel in the interested regim y, , Ahsg + 211
We study two extremes in this section. One extreme is the CN (Ahgg, 1)
case that neither the transmitter nor the receiver knows the <
channel (non coherent model). We show even without th&!.m Zm, L<m< M
channel knowledge available at the destination one camraehi CN(0,1)
the same outage capacity as before using a bursty pulse A2hg Ry Ahyyg
position modulation (PPM) scheme. On the other hand in the/! AP+ M A 1 27 Rt Al
other extreme that both the transmitter and receiver knaw th A2h heg A2y 2
channel (Full CSI model) we show that the outage capacity = 5'; T 5 7t 1)
can be increased slightly while the channel estimation feso A2|he[? + M [herl? +
very hard. We also discuss that the bursty amplify-forwar Al ZRm + 2 l<m<M
scheme combined with beam-forming can achieve the outage’m VA he |2+ M " . o
ca . 2|2
pacity in this case N, A2|hyg| 1
A. Outage Capacity of Non-Coherent Fading Relay Channel A?|hg [* + M

In this section we show that even without the channel
knowledge available at the receiver as well as the transmit h
we can achieve the same outage capacity as the case%
CSl is available at the receiver (1). The achievable scheame’i
using bursty pulse position modulation coding and the ampli
forward scheme at the relay. The detection at the destimatio
is based on energy detection, i.e. the position with highest
energy is decoded at the destination.

Let¢q,..., o be M orthonormal signals of the form; =
(0,...,0,1,0,...,0), which is a length\M vector with non-
zero value at the i-th position & 1,..., M).

To transmit messagen (m = 1,...,M), the source
will broadcast the message,, = A¢,, followed by zeros
in L > M time slots. The relay and the destination will
respectively receiveyp and y;. In the next L time slots,
the source remains silent and the relay will transmit the firs

ere zi 1, 21,2, 22,1, 22,2, 2r,1 and zg o are distributed like

There are two cases that the decoding fails:

2
|y2,1| <7 (5)

lyral? + Fo)

or there exists oné < 7 < M such that

2 |y2,i|2
y1,:” + 52 >T (6)

We select the variance estimator to be

M 2 2 2 2 2
M time unit of y that contains information (normalized 52 _ 2ui=1 [Y2il” M Large 2’4 |h2fd| A% he| Y41
by ,/m to satisfy the average power and remains M A?lha?+M" M @

silent afterwards and the destination will receiyg In or-

Now to make the probability of first event small we make

der to satisfy the average power constraint we should haware that the mean of the random variahle; |? + |y2,1]? /62



is far from . which is the same expression as the max-flow min-cut upper

E 2, ly21l? bound being greater than the rate that we try to communicate.
lral”+ =53] And if min{A2|hg|?, A2|hg|?} > M then
A her] | heg |
AQ‘h d‘2 + - + 4 2 2
’ A2|hsr|2+A2|hrd|2+M+7A4‘hsrj‘;‘h’dl2 A ‘hsr| |hrd| ~M (16)
4 2 2
A2|hgr|? + A2|hg|? + M A2|h5r|2+A2\hrd\2+M+%
A2|hgr|2 + A2|hg|? + M 4 2lsr Rl _ _ o
s e A4[h |2]|be1 2 and we can obviously satisfy (11). Therefore with this pcoto
> A?|hgy|? + or] 1T we can achieve all rates up to the max-flow min-cut upper

2 2 2 2 A% |her|?|hea|?
A2lhor[? + A2|hea|® + M + M bound of the network.

To make the mean of the random variabje ;| + %75\2 far

from = it is sufficient to have B. Outage Capacity of the Fading Relay Channel with Full

_— Al 2] s
7 << Al 4 A2|hg|2 + A2|hya|2 + M + At lhg |2 | by In this part we investigate the outage capacity of the FD-
i ' M (8) relay channel shown in Figure 1. The model is the same as
Before considering the second case we state a lemma, before except for the fact that channel state information is
) ) ) available at both transmitter and receiver (full CSl). Orighh
Lemma 1. If w and v are exponential random variables with ik once the transmitter knows the channel it can always

mean f, and p,, respectively then adjust the power such that no outage occurs, this is a valid
Plu+v>71}= Pu e Pv 9) idea if we can average the power on different realizations
M — Mo Ha — Moy of the channel. How ever in a slow fading scenario that the

Proof: See [12]. channel varies very slowly over time it is a practical conistir

The second r(]:ase of errofr consists \f — 1I evec?ts. Ea(;hbto have average power constraint during a single realizatfo
event occurs when a sum of two exponential random variablgs, channel. Therefore in this scenario the transmittemzan

A2 gl . AR :
(with means 1 angl = M;M“ < 1) is greater thanr. @void the outage and outage capacity if an interesting measu
Therefore by union bound and lemma 1 we have to look at. . .
) ) 1) The Upper Bound on the Outage Capacity: In this
P{3i: [y1.]? + ly2il" o< (M=1)P{ya® + ly2.2° 7} section we use the general max-flow min-cut bound for the
s 52 ’ 52 network shown in Figure 1 to find an upper bound on the

L mMer e — outage capacity of the FD relay channel with full CSI

1—pn using in the limit of low SNR and low Erobabili(t}/ of outage.
) . . The details can be found in [12] and the bounds are
Now in order to make the probability of this event small we
should have a large negative exponent, i.e. Cretay(hsd, brd, her) < Or<nﬁir<11 {|hsa2(B+ (1 = B)(1 — p2)) + |hs|?B
—1<p<1
InM << 10
" ! (10) hsal? + Iheal? + 2|hallhglo/T= BYP (17)
To be able to pick the thresholdto simultaneously satisfy
(8) and (10) we should have Also we have the following bound on the outage probability
with full CSI:

A4|hsr‘2|hrd|2

A2h’sr2+A2hrd2+M+w
| ‘ | | M (11) Pout,'rela,y > Oén[}rgll P{‘hsd‘Q(ﬁ + (1 _ ,3)(1 _ p2)) + |hsr|25

In M << A%|heg|?+

As we are interested in the regime that= 2 — 0, —1=p<l
P — 0 and % = 1;’%5‘,{’ — 0, we pick M and L large enough Nhsal? + Beal? + 2| hsal[Pealpy/1 = B < %}18)
such that:
InM << M << 2LP = A? (12)

2) The Achievable Scheme: BAF + Beamforming: Here we
show that for any choice of andp it is possible to achieve
Al [*] hrg|* o~ min{A%he 2, 22} the max-flow min-cut bound on the outage probability shown
A2|hst|? + A2|hyg|? + M 4 A Zlho2 in (18) in the limit of low SNR and low outage probability. To
(13) " achieve the bound we use the described BAF protocol (source
) , talks fraction of« of the time) with the difference that here the
and we can satisfy (11) if source uses both frequency bands to transmit the new data and
In M << A?|heg|? + A2 min{|he|?, |ha|?} (14) in the second frequency band some of the power is allocated
to beamform with the help of the relay.
or The idea is that for givem and p, we constructX; using
R InM InM random Gaussian code generation with po@;@r Now a part

Poorp- Az < |hsal? + min{|hs|*, [hea|*}  (15)  of X, should be used to transmit new data and a part of it is

Therefore as long asin{ A2|hs|?, A%|h,a|?} < M,
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IV. CONCLUSION

In this paper we looked at the outage performance of the
FD fading relay channel. We were able to find theutage
capacity and the-outage capacity per unit cost of this relay
channel in the limit of low SNR and low probability of outage.
We also showed that this optimal outage rate is achieved by
Bursty Amplify-Forward protocol.

As the channel estimation is quite challenging in the low
SNR regime we look at a non coherent scenario that neither
the transmitter nor the receiver know the channel state. We
showed that there is a scheme that uses bursty pulse position
modulation for encoding and a type of energy detection for
decoding and achieves the same rate as before (with the
same outage probability). Hence the outage capacity of non
coherent scenario is the same as the coherent scenariostVe al
investigate another extreme that the channel state infwma
is available at both the transmitter and the receiver (fi8I)C
We show that this additional information will just slightly
increase the outage capacity while the communication pobto
gets quite complicated. The optimal scheme in this case is
a combination of beam-forming and bursty amplify-forward
protocols.
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