Multi-terminal Source Coding With Unreliable
Sensors

Ozgun Bursalioglu and Ertem Tuncel
University of California, Riverside, CA 92521, USA. E-maflozgun erterh@ee.ucr.edu

Abstract— The problem of multi-terminal source coding with  of Y™. Similarly, the side decodey, outputsX™, an indirect
unreliable sensors is studied. In this scenario, two correlated |ossy reconstruction ofX™, and Y™, a direct lossy recon-
discrete memoryless sources are separately encoded. There are gir,ction of Y. The outputs ofy; and g, are obtained using

three decoders at the receiver; a central one for lossless decoding v the bit ived f thé d tha”
and two side decoders for reconstructing the sources with only the bits received trom “Sensor an ~Sensor,

prescribed distortion levels when one of the sensors fails. Single- respectively. The “central” decodegy, is a regular Slepian-
letter achievable and converse rate-distortion regions are derived. Wolf decoder, i.e., it outputéX™, Y™) which is a noiseless

Although these regions do not coincide in general, in the special reconstruction of X™, V™) with probability approaching 1 as
setting where only one sensor is unreliable, a complete single-
letter characterization is successfully derived by strengthening

the converse. According to this characterization, there is no rate ~ While Chen et al. [2] studied the rate-distortion perfor-
loss incurred on the system if the unreliable sensor expends a mance of a system with unreliable sensors, their framework
sufficiently low rate. is different in that sensors are observing noisy versions of an
underlying source which is to be reconstructed at the decoder.
This is sometimes referred to as “indirect coding” in the

Consider a sensor network with two sensors and one cenfi@drature. In contrast, we analyze direct coding, where it is
receiver, where the sensors (or equivalently, the links be“Ne?('Kt,Yt)}fil to be reconstructed, either losslessly or in a
the sensors and the receiver) are unreliable. It is desiradgsy manner.

o obta|r_1 a lossless reconstruction of both sensor da\_ta e derive a single-letter achievable rate-distortion region,
the receiver whenever the sensors operate properly. This ¢ane|| as a single-letter converse. Although the achievable
be achieved through Slepian-Wolf coding [4], i.e., randomq the converse regions do not coincide generally, the only
assignment of typical vectors to bins and decoding using tR@tarence between the two is a long Markov chain in the
joint typicality principle. However, when one of the sensor§ pieyaple region versus two shorter Markov chains in the
fails, the corresponding bin index is permanently lost and eV@ . erse. We then consider a special case where one of the

n — 0.

|I. INTRODUCTION

the data of the other sensor cannot be recovered. sensors, say the(-sensor, is very reliable. Thusy™ and
Y™ need not be reconstructed. In this setting, we are able
XN R, 4>)A(n to strengthen the converse and obtain a complete single-letter
— = 9 L eyn characterization of the achievable rates and distortions. Fur-

thermore, it turns out that this rate-distortion region coincides
) with the Slepian-Wolf region wheRy- is sufficiently low (but
X" still higher thanH (Y| X).) Thus, we do not necessarily have

- % v to pay extra rate because of the proposed mpdificatipn on the
Slepian-Wolf scheme when only one sensor is unreliable.
yn R, X"
— fY > 92 A
> YN Il. RESULTS

Fig. 1. Multi-terminal source coding with unreliable sensors. . . .
Definition 1: The region A consists of 6-tuples

. . . Rx,Ry,Dy, Dy, Dy, Dy ) such that there exists encoders
In this work, we analyze the rate-distortion tradeoff of ES x:fty, Dy, Dx, Dy, Dy)

modified Slepian-Wolf scheme, where both sensor data can

still be recovered within prescribed distortion levels when fx A" —{1,2,..., Mx}
one of the sensors fails. This source coding phenomenon is fr + Y —A{L2,...,My}
illustrated in Figure 1. The sensor dafdX,;,Y;)},~, are

independent copies of a pair of dependent random variablgsd decoders

(X,Y) that take values in the finite sefs, ), respectively.
The rates at the encoder outputs dg and Ry. All the " n
encodings and decodings are r?erformed in blocks of length go = {12, Mx}x {1’?’ . 'LMY} —ATXY
The outputs of the “side” decoder are X™, a direct lossy 91 : {1,2,..., Mx} — X" x "

reconstruction of{", andY™, an indirect lossy reconstruction ¢g» : {1,2,...,My} — X" x Y"



satisfying long Markov chainV —Y — X — U versus two short Markov
chainsV —Y — X andY — X — U.

1
~logMy < Rx e (1) Theorem 1:4;, C A.
1 Proof: We use standard random coding arguments. We
- logMy < Ry +e () also employ strong typicality and use the notation of Csiszar
Eldo(X™ X7 < D. 3 and Karner [3].
{d( . ~n)} = Pxte 3 Assume that(Rx, Ry,Dg, D, Dy, Dy) € Ajy. Then
E{dg (X a{( )} < Dx+e (4)  there exist auxiliary random variabld$ and V, and deter-
E{dy (Y™, Y")} < Dy +e (5) ministic functionsX (U), X(V), Y(V), andY (U), satisfying
E{dy (Y™ Yy < Dy +e (6) V-Y—-X-U, (8)-(11), and (15)-(17). Randomly create
3 —_ n- M/ ny: M/ . .
Pr{(X", V") # (X", V")] < e ) {U"™(i1)};, L, and {V_(zQ) i1 by picking vectors frpm
Ty and Th, respectively, independently and according to
for any e > 0 and arbitrarily largen, where uniform distribution. Next, forl < j < M%,1 < k <
on yrn n n Ny,1 <1 < M, and1l < m < Nj, create vectors
X"Y = X Y X — — Y = = Y
( . ~n) 90(fx n)’fy( ) {X"(klj)} and{Y™"(m|l)}, respectively fromly, and Ty,
({( ’}f ) = alfx(X") independently and according to uniform distri utign. Essen-
(X™Y") = gofyr(Y")) tially, the collection oL/vectorsBX(j) = {X"(k|j)}2%, and
and dg, dg, dy, and dy are all single-letter distortion By (I) = {Y"(m[l)},,X,; can be considered as randomly
measures with respective maximum valugg ., dg . .., createdbins. Inform the encoder and decoder about the vectors
dy oo @nddy . 7 7 {(U™(i1)}L, and {V"(i2)};.2, and the resultant binning
We next define two single-letter regiondoyt and A;,, and  structure.
show that X-encoding:Find anyi; such that
Ain © A€ Aout. (X", U"(ir)) € Tiy o - (18)

Definition 2: The regionA;, consists of the convex closure¢ ng gychi, is found, seti, = 1. Also find any (j, k) such
of 6-tuples(Rx, Ry, D¢, Dx, Dy, Dy) such that there exist 1,4 Xn(k|j)
auxiliary random variable®’ and V' forming a Markov chain
V —Y — X — U and deterministic functionsX (U7), X(V), 1 1
Y (V), andY (U), altogether satisfying - log M + - log M .

= X". Setj = 1 if no such j exists. Transmit
(i1,7), expending a rate of

E{dg(X,X(U))} < Dy (8)  Y-encoding:Similarly, find anyi, such that
E{dx(X,X(V))} < Dx () (Y™, V(i) € Ty - (19)
E{dy(Y, }f(V))} < Dy 10) 1t o suchi, is found, seti; = 1. Also find any({,m) such
E{dy(Y,Y(U))} < Dy (11) that Y"(m|l) = Y". Setl = 1 if no such! exists. Transmit
HX|Y)+IY;U) < Rx (12) (i2,1), expending a rate of
HY|X)+I(X;V) < Ry (13) llogMQ, N llogM{V '
HX,Y)+I(U;V) < Rx+Ry. (14) ) oon n L
Remark 1:Due toV — Y — X — U, (12)-(14) can alterna- _ Side decodingAt decoderg_l, upon receivingi,, output
tively be written as Xt([{t(ll'l)) a(;‘d Yt(gUt(il)) at t|r~n? m(stz;ntt, LO[ % S(t))ﬁf”-
Similarly, at decodety,, output X, (V;(i2)) andY;(Vi(iz)) for
HX)Y,UV) 4+ I(X;U) < Ry (15) popen ye CHPER T AnE e
HY|X,UV)+IY;V) < Ry (16) Expected distortion at side decoder3he distortion at
I(X;U)+I(Y;V)+ H(X,Y|U,V) < Rx+Ry. decoderg; may occur either because ng satisfies (18),

(17) or due to the distortion betweex; and Xt(Ut(il)) and
betweenY; and Y;(U;(i1)) for an i, satisfying (18). Define

In proving that 4, C A, (15)-(17) is easier to employ X" (i;) = {X,(U;(i1))}7—,, andY ™ (i1), X" (iz), andY " (iz)

compared to (12)-(14). However, (12)-(14) sheds more ligktmilarly. If (18) is satisfied, we readily have

on the extra rate expended on top of traditional Slepian-Wolf A & R

coding. de(X™, X"(i1)) =3 dg(Xe, Xo(Ui(in)))
Definition 3: The regionAgyt consists of the convex clo- [

sure of 6-_t_up|es{RX, Ry, DX’ Dy, Dy, Dy) su<_:h that there E{d¢(X, X(U))} +¢€/2

exist auxiliary random variable& and V' forming Markov Dy +e¢/2

chainsY — X — U andV —Y — X and deterministic functions X

X(U), X(V), Y (V), andY (U), altogether satisfying (8)-(13) for ¢ > 0 and large enoughn. Otherwise, we have

and (17). dg(X™, X"(i1)) < dg 0y NOW, choosingM/{ such that
Remark 2:1f (17) is adopted instead of (14) in the definition 1 ,

of Ajp,, the only difference between;, and.Aoyt becomes the —logMy > I(X;U) +¢/4 (20)
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the probability of finding ani; satisfying (18) approaches 1
asn — oo. With this choice ofM], we then achieve

E{d4 (X", X™)} < D4 +e.
Similarly, at decodey,, with the choice of

1
“log M} > I(Y;V) +¢/4 (22)
n

the probability of finding ani; satisfying (19) approaches 1
asn — oo, yielding

E{dy(Y",Y™")} <Dy +e¢.

SinceY — X —U -V, andPr[X" = 2", Y™ = y"]| =
[Ti, p(z¢, ye), it follows from the extension of the Markov

lemma in [1] that when (18) and (19) are satisfied,
€

2

for n sufficiently large. This implies with high probability that
(Y™, U"(ix)) € Tl 1y) and (X", V" (i2)) € T{x v, and thus

Pri(X™, Y™, U"(i1), V™ (i2)) € Tix yuv)) > 1= 5 (22)

E{dg(Y",Y")} < Dy +e¢

and
E{ds(X", X™")} <Dg +e.

Central decoding: Decode (U™ (i1), V"(i2)) first. Then
output any(X™(k|5), Y™ (m|l)) € Bx(j) x By (l) satisfying

(X7 (k|7), Y™ (m|l), U™ (i1), V™(i2)) € Tixyovy - (23)

Probability of error at the central decoderAs long as
there existsk* and m* such thatX" = X"(k*|j) and
Y™ = Y™ (m*|l), which will be guaranteed with probability
approaching 1 if

€

H(X)‘i‘iz 13

1
—log M\ N5 > H(X) +
12 ™ n

and

€ >
t52
(22) implies that with probability more thah— §, (X™,Y™)
itself constitutes a pair inBx(j) x By (l) satisfying (23).
Hence, it suffices to show that the probability of findiag-
other (X™(k|4), Y™ (ml|l)) pair, i.e., with(k,m) # (k*,m*),
satisfying (23) is less tharj. Below, we upper-bound this
probability by separately analyzing three cases:

i) Let p denote the probability that a randomly chose
pair from T}] X T[’;] satisfies (23). Also lef’; denote
the probability that there exists at least oikem) with
k # k* andm # m* such that(X™(k[j),Y"(m|l)) €
Bx(j) x By (l) satisfies (23). It easily follows from
standard arguments that

T 0 (U7 00, V" (2)|

T | |1y

2n[H(X,Y|U,V)+E/12]

1
H(Y) ~log My Ny > H(Y) + 15 .

IN

on[H(X)—e/12]9n[H(Y)—¢/12]

for large n. Using the union boundP; can be upper-

bounded as
Pro< (Nx = DNy —1)p
. 2n[H(X,Y|U,V)+E/12]
= NXNY on[H(X)—e/12]9n[H(Y)—¢/12]
onH(X) onH(Y) on[H(XY|U,V)+5¢/12]
- My M, onH(X)onH(Y)
Thus if M) and M{, are chosen such that
1 1
H(X,Y|U,V)+ f—; < —log My + —log My, (24)
n n

P; — 0asn — oo.

Denote by P, the probability that there exists at least
one (k,m) with k k* and m # m* such that
(X" (k|j),Y™(m|l)) satisfies (23). Using similar argu-
ments as above, one can show

i)

Tn

vixo v (X U (i), V7 (i2))

P, < Ny

Ty
, 2n[H(Y|X,U,V)+E/12]
Y on[H(Y)—e/12]
2nH(Y) 2n[H(Y|X,U,V)+E/4]
M,

Thus, one needs to choose

IN

onH(Y)

1
H(Y|X,U,V) + i < —log My, (25)

in order for P, to vanish for largen.

Finally, denote byP; the probability that there exists at
least one(k, m) with k # k* andm = m* such that
(X™(k|), Y™(m|l)) satisfies (23). We similarly have

ii)

Ty (Y™, U™ (i), V' (i2))
Py < Nk
Tz
2n[H(X|Y,U,V)+E/12]
< N

on[H(X)—e/12]
2nH(X) 2n[H(X|Y,U,V)+E/4]

My
and it suffices to choose

1
H(X|Y,U,V) + i < —log M (26)

tolet P; — 0 asn — .

Q‘omparing (20), (21), (24), (25), and (26) with (15)-(17), we
conclude that\f], M}, M’ , andM, can be chosen such that

1 1
—logM; + —logMy% < Rx-+e
n n
1 1
—logMj+ —logM;, < Ry+e.
n n

Thus 4;, C A.
Theorem 2: A C Aout.
Proof: Let Sx = fx(X™) andSy = fy(Y™). Also de-
fine U; = (Sx,Y{/™") andV; = (Sy, Xfl) and observe that
U, — X —Y; andV, — Y, — X,. Further,X; is deterministically



related toU;, i.e.,f(t :}Q(Ut), and similarlyf(t = f(t(Vt), Let us further lower-bound the first mutual information in (30).
Y; =Y (V;), andY; =Y (Uy).

Now, assume thatRx, Ry, Dy, Dy, Dy, Dy) € A. We I(Sx; X ’}; ) . .
then have for any > 0 and arbitrarily large» that = H(X",Y")-H(X",Y"|Sx)
= H(X:,Y;) — H(X;,Yi|Sx, Xt vt
n(Rx +¢) > H(Sx) ;[ (3, ¥9) — H(Xe, Yl X375, Y]
> I(Sx; X", Y™ n .
= I(Sx:Y™) 4+ I(Sx; X"Y™) = ; [H(X:,Yy) — H(Xy, Yi|Up, X17)]
I(Sx:Y™) + H(X"[Y™) .
—H(X"|Sx,Y™) > ) [H(X:,Yy) — H(X:, Yi|Up)]
(@ =1
> I(Sx;Y")+ H(X"|Y"™) -
- I(X,,Ys: U,
_H(Xn|Sx,Sy) ; ( ty 1t t)
(®) n
> I(Sx;Y")+ H(X"|Y™) = Y I(Xi;U)) (31)
—H(X"[g0(Sx, Sy)) =1
> I(Sx;Y")+ HX"[Y™) where (31) follows fromlU, — X, — Y;. Similarly,

where (a) and (b) follow since H(A|B) < H(A|f(B))

_H(XannLgO(SXaSY)) n
I(Sy; X" Y™) > Y 1(Y; Vi) (32)
t=1

for an arbitrary functionf and random variablegl and B. Combining (30), (31), and (32), we obtain
Defining P, = Pr[(X",Y") # ¢go(Sx, Sy)] and using Fano’s

inequality

1+nPlog|X[|Y]| = H(X",Y"|go(Sx,Sy))  (27)

1 n
Rx + Ry +2¢> ~ S (X U) + 1Y Vi) - (33)
t=1

Using (27), we also observe

together withP, < ¢, we obtain for large: and a constant; 1+ nP,log|X||Y]
that > H(X",Y"|go(Sx. Sy))
1 > H(Xn,Yn|Sx,Sy)
Rx +kie > E[I(SX;Y")+H(X"|Y")] n
1 . . . = ZH(Xt,YtWX,SY,Xf*l,Yf*l)
= C[HEY") - HY"|Sx) + HX"[Y")] P}
= lz [H(Xt|Yt) = H (X, Yi|Up, Vi) (34)
= t=1
FH(Y:) — H(Y|Sx, Vi) Thus, (33) and (34) yields
n RX + RY + k2€
= IS meav) v HEY) - U] 1y
n = 2 EZ[I(Xt;Ut)""I(Yt;Vt)+H(XtaYt|Utth)]
n t=1
1
= S HX) FI0GT)] . (28) (35)
t=1 for largen and some constarit. By (3), (4), (5), (6), we also
have

From symmetry, this also implies

L Dyte > DS Bly(X, %) (36)

Ry +kie> EZ[H(YHXQ +I1(Xi; V)] - (29) til
- Di+e > 13 Blds(Xu X)) @)

We also have =
Dyte > ~ S B (nT00) (@9

n(Rx+Ry+2e) > H(Sx)-l-H(Sy) i3
> I(Sx; X", Y")+ I(Sy; X", Y::zd) Dy +e > %ZE{df,(Yt, Yi(U))} . (39)

t=1



Thus, (28), (29), (35), and (36)-(39) imply that is outer- and

bounded by the arithmetic average of points in the region 13
we define asdoyut. Since Aoyt is by definition convex, we Rx +Ry +e> H(X,Y) = -~ ZH(Xt, Yy) .  (47)
conclude thatd C Aoyt [ | t=1
We next analyze the special case whereXheensor is very By (3) and (6), we also have
reliable. More specifically, assume thyat (X™) will always be 1& R
received, whereagy (Y") can be unavailable sometimes. In Dg+e =2 — > B{dg (X, X(Uh)} (48)
that case, there is no need for a side decgdeEquivalently, t=1
we can setD; — oo and Dy — oo, and analyze the cross- i 1 & i -
section ofA corresponding tg achievablé?x, Ry, D¢, Dy ). Dy +e = n Z E{dy (Y2, Yi(Un))} - (49)

We denote byA that cross-section, and present in the next =t

theorem a complete single-letter characterizationAor Finally, it is obvious thatt; — X, — (X,,Y,) forms a Markov
Theorem 3:4 = A*, whereA* consists of the quadrupletsCha'n- This, together with (45)-(49) implies that is outer-

(Rx, Ry, Dy, Dy) such that there exists auxiliary randonPounded by the arithmetic average of points in the region we
variablesX andY forming a Markov chainy — X — (X }7) define as4*. SinceA* can easily be shown to be convex, we

satisfying conclude thatd c A*. [ ]
E{dg(X,X)} < Dy (40) Ry
E{dy(Y,Y)} < Dy (41)
H(X|Y)+I(Y;X,Y) < Rx (42)
HY[X) < Ry (43) H(Y) .
H(X, Y) S RX + RY . (44) \\ No rate loss
Proof: The direct part, i.e., that* c A, follows from
Theorem 1. More specifically: for aer,Ry,DX,Dy)~€
A* and correspondingC andY satisfyingy — X — (X,Y) (YY)
and (40)-(44), seU = (X,Y), X(U) = X, Y({U) =Y,
and V' to be a constant. With this choice, (8)-(14), as well R

asV —Y — X — U, are automatically satisfied. Thus, from H(XIY) H(X)
Theorem 1,(Rx,Ry,Dg, Dy ) € A.
Conversely, for anyRx, Ry, D, Dy ) € A, following the

same steps in the proof of Theorem 2, we obtain Fig. 2. Comparison of the rate cross-section4f (indicated in bold) and
the Slepian-Wolf region (dashed lines).

Ry (D>A<, D\?)

1
Rx +kie>—[I(Sx;Y") + HX™|Y" . .
X == [I(Sx ) (XY™ Now, we compare the rate cross-section4sf, obtained by

fixing Dy, Dy, to the Slepian-Wolf region. Define

RX(DX, Df,) = min{RX : (Rx, Ry, DX’ Df;) S .A*} .
According to Theorem 3, the single-letter characterization of
Rx(Dy, Dy) is given by

for some constant; and large enough. Continuing,

1 .
Rx +kie > —[I(X",Y";Y")+H(X"|Y")}
n

1 [H(X"|Y") FHY™) - HY"|X", Y")}

’fzn:[ Rx(Dg, D) = min {H(X|Y)+I(Y;X,Y)} (50)
- H(X:|Y;) + H(Y?)

where the minimization is over allX,Y) satisfyingy —

X — (X,Y), (40), and (41). Thus, the region of achievable
(Rx, Ry) pairs is as indicated in Figure 2. Note that when
. Ry is low enough, there is no rate loss incurred on the system
[H(thYt) + H(Y;) — H(Y;| X, Yt)} compared to the Slepian-Wolf scenario.

n

_H(}/tpzn’ i/n’ }/11571)}

v
Sim
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