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Abstract—In current cooperative communication schemes, to
achieve cooperative diversity, synchronization betweeretminals
is usually assumed, which may not be practical since each /

terminal has its own local oscillator. In this paper, we firstpresent

a necessary and sufficient condition for the space-time tri$

codes based on the stack construction proposed by Hammonsan

El Gamal to possess the full cooperative diversity order whout

the synchronization assumption. The condition is that the mary Phase | bhase Il
System architecture.

generator metrices of the trellis codes are shift full rank SFR)
matrices, i.e., have full row rank no matter the shifts of ther gy 1
row vectors, where a row corresponds to a terminal (or transnit
antenna) and the length of a row vector is the memory size of

the corresponding trellis code on the corresponding termial. We . . . .
then present a simple construction of SFR for any number of diversity order in symbol asynchronous cooperative commu-

rows, whose number of columns, however, grows exponentigll Nications for any number of relays involved.
with the number of rows. We finally present some systematic ~ This paper is organized as follows. In Section I, the system
SFR matrix constructions including shortest, i.e., square SFR  model is described and the problem of interest is formulated
matrices. In Section Ill, the space-time trellis code family is consted.
It is shown that the construction of such codes is equivalent
|. INTRODUCTION to the construction of binary shift full rank (SFR) matrices

In wireless communication systems, to combat fading, mJf? this section, we also present a simple construction of a

tiple antennas may be equipped at the transmitter and/or P\’:}/gﬂly of SFR m:atrlces for any number O.f rela;;ss.ll?? Sect|_on
receiver, where multiple antennas may provide spatialrdite . ** we present other systematic constructions o eric

gain as well as multiplexing gain. However, in cellular syss including shortest SFR (SSFR) matrices that correspontaito t

or sensor networking systems, it may be hard for a mobfRace-time trellis codes with smallest memory sizes.
station or a sensor terminal to equip with multiple antennas
because of their limited sizes and also the cost. By regjizin !|- SYSTEM MODEL AND PROBLEM FORMULATION
that a cellular or sensor networking system usually hasimult Assume there aré/ + 2 terminals that communicate co-
ple users, the idea of making different users to communicatperatively. The system is shown in Fig. 1. We assume that
cooperatively to achieve the spatial diversity gain hasnbeé is the source terminal] is the destination terminal, and
proposed in, for example, [1] [2], and such spatial diversit R;, ¢ = 1,2,---, M, are the potential relays. As in the
called cooperative diversity analysis carried out in [2], we assume that there are twogshas

In most existing schemes, for example [2]- [6], synchronizauring the cooperative communication. In Phase | (Fig)1(a)
tion is assumed as am priori condition. However, the coop- .S broadcasts its information to potential relays, ¢ =
erative diversity is provided by different antennas inaliéint 1,2,---, M, and the destinatio®. In Phase Il (Fig.1(b))S
transceivers, so the cooperative diversity is asynchrenou stops transmission, and potential relays start to trandihére
nature. An approach to achieve the cooperative diversigra/h are two different transmission schemes for a potentiayi@h
synchronization between relays is not a required conditias  one isamplify-and-forward the other scheme idecode-and-
discussed in [7]. In [7], intentional delays are introduded forward. In this paper, we adomtecode-and-forwardDuring
different terminals. At the destination receiver, minimmman Phase |, each potential relay receives:
square error (MMSE) estimator is used to exploit the coopera
tive diversity. Although some diversity gain can be achéeire Yr(n) = har ()2(n) +wr, (n),
[7], full diversity order is not guaranteed, where full disi®y where we assume that the channel is quasi-static Rayleigh fla
order means that the diversity order equals to the numbading, &, ., (n) is the channel coefficient betweehand R;
of relays involved. Other approaches for the asynchronoaisd is Rayleigh distributed with unit power. We also assume
cooperative diversity can be found in for example [8]-[10that k., (n) is known at the receiverw,, (n) is the AWGN
The goal of this paper is to present a systematic constructist R; and has zero mean and varianceper real dimension.
of space-time trellis codes that achieve the full coopeegatiz,(n) is the transmitted symbol b§. During Phase I, firstly,

. . . _ .. R, demodulates the received signal and does CRC check to
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errors in their detected information. We u%&, to denote channel dispersion. We further assume that these relatiee t
the set of potential relays that can detect successfully teeors are known at the receiver but not at the transmitter.
source information during a packet/frame frgfnand assume The maximum relative timing error is assumed to be So
M = |Rs|. Then, thoseR; € R, will be enrolled in the the actual transmitted space-time code matrix is of dinzensi
transmission of Phase Il. It is usually assumed thét is M, x L', whereL < L' < L+ L.. In each row, totallyL.’ — L
a random variable [2]. As analyzed in [2], the protocol thatumb symbols are padded to the beginning and/or the ending
relays transmit space-time coded signals on the overlappdda packet/frame transmission. Similar to the conventiona
channels performs better than the protocol that relays jsgtace-time code design, to achieve good performance, vie nee
repeat their detected information on the orthogonal chianndgo have the fulldiversity orderand a goodiversity product
Therefore, in this paper, we assume that a space-time coded the difference now is that the rows in the space-time code
transmission is used during Phase II. In Phase Il, if thellstto matrix are not symbol-aligned. This is not easy to handle.
relays are symbol synchronized, the destination receives: For example, the delay diversity codes that are designed
to ensure full diversity order in the conventional spaceeti
ya(n) = Z hria(n)ar, (n) +wa(n). (1) codes [14] [11] do not have the full diversity property in the
1<i<M andr;er, asynchronous cooperative communication. Also, the exjsti

In the scenario of exploiting the user cooperative divgrsie SPace-time block codes, for example, orthogonal space-tim
usually assume that the channel is quasi-static. Assurhiag £0des and lattice based space-time block codes, do not have

packet/frame length i, equation (1) can be written in matrixthe full diversity order property when the transmission is
form as: not synchronized. The objective of this paper is to design

@ space-time codes with full diversity order in the asynclow

cooperative communication, i.eX? in (Il) has full diversity
wherey,; € C*E h, 4, € C*M: wy € C*L, and X, € order for any symbolwise timing errors within a maximal
CM:xL js the space-time coded signal matrix of dimensiorangeL..

Ya = hr,er + wy,

Mg x L:
en(1) 2 (2) - @ (L) -III. COF)E CONSTRUCTIOITI |
2y (1) 2y (2) oo @y (L) Our space-time trellis code construction is based on the
X, = . ) ) ) , stack construction by Hammons and El Gamal [12], When
5 : - 3 the source information bits are detected in a relgy i =
Trag, (1) @y, (2) o0 @y (L) 1,2,---, M, if they are correct during a packet/frame, they
and different rows inX, are transmitted by different relay@re passed through a tapped delay line with tapped coef-
terminals, andC is the set of all the complex numbers, i.e ficients [gio0, i1, . gi.], Whereg;q € F» £ {0,1} for
the complex plane. There are two major differences betwegén= 1,2,---,v, and v is the maximal delay. We denote
the conventional space-time codes and the space-time godes(D) = gio + giaD + - + i D" and Gy (D) =
the cooperative communication. One is that the row numbét (D), 92(D), -, gu(D)], where and in what followsD

M, in X, is a random variable instead of a constant in th@enotes the delay symbol. The coefficient matrixCdf; (D)
conventional space-time codes which equals to the number®gefined as:

transmit antennas in the co-located antenna array. The othe g0 911 0 91w
is that each row in matrixX,, may not be symbol aligned, 920 921 0 G20
and the relative timing errors between different relays may Gu = : : :
random. For exampleX,. can be equal toX, = gt g}\; . ot
* r, (1) @, (L) * * If the binary source information bits detected in the relays
* * orp(1) o an(L) in one packet/frame igi € Fy*“*, then the binary out-
: : : : : : put of the tapped delay lines is the sét = {C(u) €
T, (1) (D) ok ko ) | O@) = e (@), 2@, ear(@)T, W € Fhe),
) . %/vhereci(ﬂ) =
In the following, we callX? as an asynchronous version o
X,.. This is due to the asynchronous nature of the coopera- g0 gix - Giw 0 o 0
tive communication. In the abovasynchronous cooperative _ 0 gio 91 -+ Giw -+ 0
communication although the symbol synchronization is not’ % : : : :
required, we assume that each relay terminal is packetram O O Gio 91 9w )L iaan
’ ’ ’ wX (Ly+v

synchronized, i.e., the start and the end of each packe#fra
in different enrolled relays are aligned, which can be implé&Space-time code generated B, (D) is defined as the set
mented by using network signaling. When a relay termindl =

is waiting for a packet/frame synchronizing flag, the dum _ Mx (v+La — _ C@)mon 1(m
signalx igtransmﬁted. We also aisume that?he rgelative timi (@) € TR | (X (@) = (-1, C(@) € C).
errors between different relays are integers of the symbiihe above space-time codes have trellis structure. In this
duration and a fractional timing error can be absorbed in tleenstruction, if the maximum timing error range in one



packet/frame isL. and BPSK modulation scheme is usednatrix
when the information bits in one packet/framelig, the rate

of the space-time cod& generated fron@ s (D) is Ly, /(L. + 91 gro  gri o Giw
v+Le) bits/sec/Hz. For long packet/frame, the rate approaches (; ~_ e I B
1 bit/sec/Hz. The above construction in general is the same : : : : :

as the one obtained by Hammons and El Gamal [12]. In the T gMo 9Ma o GMw

following, we investigate conditions on the generating nirat
Gy for achieving the full diversity order in asynchronougre row permuted such that(g,) < w(g,) < --- < w(gy),

cooperative communications. whereg, is thei-th row vector of matrixGy,. If
Assuming that the relative timing error of rel&y is k;, i.e., o1
a i a H A _ _
X% in X%, the asynchronous version &f, k; dumb symbols w(Gy) > Zw(gi) 3)

* are padded to the left of th&h row of the matrixX in
X. If dumb symbolx = 1 = (—1)Y, then it is equivalent
to thatk; many0's are padded to the left of thah row of for k& = 2,3,--- .M, and Gy is used as the coefficient
binary matrix C' in C. These matrices can be generated byatrix of Gi/(D) to construct the space-time codg then
GY(D) = [¢¢(D), ¢4(D), ---,g%(D)], whereg?(D) = & has the full diversity order in the asynchronous coopeeativ
DF¥ig;(D). Correspondingly, to ensure the full diversity ordefommunication. In contrary, if

in the asynchronous cooperative communication, thereeare r b1

quirements for the tapped coefficiemts; fori =1,2,--- | M _ _ _ .

andd = 1,2,---,v, which are stated in Theorem 1 and the w(gk) < Zw(gi)’ k=34 M “)
proof is based on the stack construction in [12].

Theorem 1: [15] The space-time code generated byith M = 3, then there existéry, such that the space-time
Gu(D) = [gi(D),g2(D), -, ga(D)] has full diversity code generate_d b@_M(D) W|t_h coefficient matrixGy; does _
order in the asynchronous cooperative communication if afi@t have full diversity order in the asynchronous coopeeati
only if the coefficient matrixG¢, of any asynchronous ver- cOmmunication.

i=1

i=1

sion G4,(D) = [9{(D), g5(D), -, gi,(D)] = [D*1g1(D), Proof: See [15] u
D¥2gy(D),- -+, D*M gy (D)) of Gar(D): From Theorem 2, we can give a constructi@h,; easily.
For example, we can construGt, as:
g1 9to 911 0 9luiL. 1 0
" 93 950 921 0 93.4L. Gy = [ 1 1 } ’ (®)
M — . = . . . :
74 o o . G3 as:
M 9m0 9Mma IM,v+L. 100 0
. . . . Gs=1|1 1 0 0]. 6
has full rank, M, in the binary field F for arbitrary 3 (©)
1 1 1 1
/{1, kQ, s ,/{1\4, WheI'ELe = maxj)<i<M k;.
Proof: See [15] | For the construction from Theorem 2, the minimum require-
Clearly, in Theorem 1(74, is a row-shifted version o&,,;, ment of the weights is:
and for each row, ¢« = 1,2,--- , M, the shift amount; is 1
arbitrary. The importance of Theorem 1 is that, in order to L _
w(gy) = )_w(g;) +1,

construct space-time cod€ generated by, (D) with full
diversity order in asynchronous cooperative communioatio
we need to and only need to construct the generating matiix &£ = 2,---, M, from which we can easily calculate that
G (D) such that any row-shifted versiafi¢, of its coeffi- the minimum required number of columns 6% is 21,
cient matrixGy; has full rank. The difficulty of constructing which corresponds to the memory size of the corresponding
such a matrixG'y, lies in the fact that even whefi; satisfies space-time trellis code. We next present some constriectibn
the above requirement, i.e., its any row shifted versitfp is  such matrice€s»; with smaller and/or smallest sizes obtained
full row rank, adding a column t67,,, the resultingG’,, may in [16], [17]. For notational convenience, in the followimge
not satisfy the requirement anymore, which is differentrfro usen instead ofM to denote the number of rows.
the conventional full row rank matrices. We next presentesom
constructions of sucli /(D).
The following theorem gives a sufficient condition Gt
to ensure the full diversity order of the corresponding spac |n order to systematically construct the above matriées
time code in the asynchronous cooperative communication {gith smaller numbers of columns, we first inroduce some
a generalM/, i.e., a general number of relays involved. notations and concepts. Although the results below are over
Theorem 2: [15] Let w(v) denote the weight of binary the binary field, they also hold over a general communtative
vector, i.e., the number of’s in 7. Assume that the binary integral domain.

=1

IV. SHIFT FuLL RANK MATRICES



A. Notations and Definitions and the row permutation in a matrix does not affect its SFR

In what follows, we use small case bold font letters to denofOPErty,: matrices
vectors over the binary fielll, and small case letters to denote 100 0 01 01
scalars. For convenience, a horizontal coordinate syseem i Gj;=| 1 1 0 | andG5=|1 0 0 0 0
used to characterize the shifts of binary vectors in which th 1 01 01100

positiqn_of the comp_onent with thgt_a th Is unds_:r_neat_h dg'o%lre both SFR or neither is. With this observation, we give the
the origin and the right to the origin is the positive direatj definition of shift equivalence

such asv = 11001.. Furthermore(v), denotes the component Definition 6: Two matricesA = [aZ,aZ,--,a’]” and
of v on the coordinaté, 0 denotes the all-zero vector aid 5 _ b, bT,--- bT]T are called shift equivalent if there
denotes the single-component vectorFbr example, for the exist intle’ eis’. o such thatb.. — a% for i —
precedingv, (v)_; =1, (v)o = 1 and(v); = 0, etc. €11, 72, »Jn o) = N

Definition 1: The lengthi(v) of a binary row vectow is 1,2, ,n, whereo is a permutation on the se1,2,--- , n}.

3

: We denote this relationship by «~ B.
defined as the number of components between the most le et 7 denote the set of all the vectors with their most left

and the most right 1's i, including the two 1's themselves.l,S located at the origin, .67 — {---0labc--|a,b,c,--- €

e weor Wit 9 ). Obviously,0 ¢ 7 and (7,) is a commutaiive semi-
z p I ! weightw(v) group with the identityl.

v |s_def|ned as the number of 15, inas usual, Definition 7: We call a matrixG as ofstandard formif all
Since padding any number of 0’s to the two ends of a vect8]r its row vectors belong ta@”
doesn'’t affect its properties in the following discussiong :

q t diff tiate th F I treat vedttiol It is easy to notice that any binary matrix without any all-
0 not diiterentiate them. For example, we lreat vedt zero row is shift equivalent to a matrix of standard form. $hu
and vector00110010 the same.

-y R without loss of generality, we only need to study matrices of
Definition 2: For any vectow, v**i denotes the row vector

L ] o . - standard form for the shift full rankness. Given a vector
resulted from thej bits (coordinate positions) right shift of and a matrixG = [r7,¢7,--- . r7]7, we definev o G —
every component ofr and simultaneously padding 0’s to its[(V or1)T. (v ors)T 17 ?\; ) r,):?]T',
two ends if needed, where, whenis negative, it means the ’ B "
|7] bits left shift of v.

- . .. B. shift Full Rank Matrices: General Construction
Definition 3: For two vectorsu andv, their convolution is

denoted byu o v. For v, its ith power is defined as® = Given any initial SFR matrixz, with ny rows, we construct
vovo---ov fori>0 and we define® = 1. a matrix withng +n — 1 rows by
~——— _ -

i . . . Vn—1
As we know, convolution of two vectors is equivalent to =
Vp—10Vp-2

product of the corresponding polynomials. Similar to the

concepts of polynomials, we define divisions over binary Gfgﬁf{ = : ) 7)

vectors. We say divides v, denoted byu|v, if there exists Vn-19Vp_20---0Vy

anx such thatv = uox. Otherwiseu { v. Obviously, for any V5p—10Vp_20::-0V30V]

non-zero vectow, vol =v andv t 1 unlessv = 1. Also, | Vn10Vp_20---0vaovi oGy |

for given two vectorax andv, we can directly check whetherfor v, > 1, wherev; andv; can be any non-zero vectors such

u|v or ut v by using their corresponding polynomials. thatv; { v;, i = 1,2,--- ,n— 1. Thus,v; # 1. In particular,

Definition 4: A shift linear combinatiorof vectorsvy, va,  since any non-zero vector is an SFR matrix by itself, when

-+, vy is defined as Go = vo # 0, we haveny = 1, the matrix in (7) is then

denoted byGYe-Vi-Vi. The following lemma tells us that for
the construction (7), we only need to consider the case when
wherea; € F, andj; € Z, i = 1,2,---,n. Furthermore, Vi, Vi € 7 andGy is of standard form.
Vi,Va, -+, v, are calledshift linearly independerit ‘Theorem 3: [16] Any matrix GSoviVi constructed in (7)
R, 2. N with an initial SFR matrixG, of standard form ane;, v, € 7
ar vyt Fas vy 4o Fap vt =0 such thatv; t v;, i = 1,2,--- ,n — 1, is an SFR matrix of
standard form.
The basic idea of this construction is that from one known
SFR matrixGy, we can generate a new SFR matrix with one
ytn “ ina’ -
is called shift full rank (SFR) if all of its row vectors areifth ?nOJethré):v al?j}(/ji]crllr;ta (r:]g?‘\_/g Ieurgnrg(;)vi? (i/eb gfoil:] :hntﬁzf[\(j JF/ gcitnotr(r)

“r.‘e"?“'y independent, . . the matrix, i.e., the basic building block has the férm
Similar to vectors, since padding any number of all-zero

columns to the two ends of a matrix doesn't affect its SFR [ v } _
property, we treat them the same and will always focus on vo Gy
those matrices without all-zero columns at the two ends: Fur,_ o o _ "

ey 1t . For its generalization to a commutative integral donm®inthe condition
thermore, _becguse the shift linear mdependgnce_/depeedé_n v 19 is changed tov a - v for any 0 # a € D, whenD is not a field. If
n vectors implies the same property for their shifted versiom is a field, the conditionv + ¥ does not need to be changed.

R; R; Rj,
al'V1]1 +a2.v2j2+...+an.vn~7 R

if and only if ay = ax = --- = a,, = 0; otherwise, they are
called shift linearly dependent
Definition 5: A matrix formed asG = [rf,r], - I



Let us see a special case of the construction (7).(et= V. CONCLUSION
VizlandV1:V2:"':Vn,1:V#IGT,then

_ i ) In this paper, to consider the asynchronous nature of the
v; 1 v; and we denote the resulting matrices &Y, i.e.,

cooperative diversity, we constructed a family of spaoeeti

vO trellis codes that have full diversity order without the syoh
vl synchronization requirement. It is shown that to constsuch
Gy = . . (8) a family of codes is equivalent to construct binary shift ful
Vn:71 rank (SFR) matrices. We then presented several systematic

constructions of SFR matrices and shortest SFR (SSFR) ma-
trices that correspond to the space-time codes with theeshal
positive integem, the matrixGY, in (8) is an SFR matrix of memory sizes. Although due to the space limitation, the code
standard form and has sizex [(n — 1)I(v) — n + 2]. family in this paper is for BPSK signals, it can be easily

Theorem 4: [16] There exists at least a binary SFR matriextended [15] to general PSK and QAM signals by using the
of standard form with size. x m if and only if m > n. unified construction proposed by Lu and Kumar in [13].

Corollary 1: [16] For any vectorv # 1 € 7 and any

C. Shortest Shift Full Rank Matrices (SSFR)

For the general construction (7) from an initial SFR matrix1]
Gy of standard form with sizeig x mg andv;,v; € 7 such
thatv, t v; for i = 1,2,--- ,;n — 1, let r; be theith row of

G5, then we have 2]
max{l(rl), Z(I‘g), e al(rno-l—n—l)} >

(3]

l(vp—10Vp_g0--0ovy)+mg—1>n+mg—1

sincev; # 1. On the other hand, the number of rows equals

to the number of columns fo@fg;",;"_vf means that (4]
max{l(r1),l(r2), -, Wrngtn-1)} =n+no—1 < n+mo—1.
(5]

(6]

Hence,ng = mo andvy; = vo = --- = v, = 11 £ e
Thus, for a matrixG5 %" in (7) to be SSFR, it must have

the following form:v; = e and hence

eO OVp—_1
elov, o 7]
Go,vi, Vi __ A Go,e,v;
Gno-ﬁ—ﬁ—ll - - Gn0+n—11’ (9)
e" 2o 1 [8]
en—l ° GO

where Gy is an SSFR matrix of standard form angd € 7 9]

such thate 1 v;. )

Theorem 5: [16] The matrix f(?;v,;"_v{ in (7) is an SSFR
matrix of standard form if and only if it has the form oft0!
GSo%vi i (9), whereGy is an SSFR matrix of standard
form with sizeny x ng, andv; € 7 with odd w(v;) and
I(v;) <ng+ifori=1,2,--- ,n—1.

As an example, Let initial SSFR matri¥, = 1, i.e., the
single-entry matrix[ 1 |, in this example. If we lew; = 1
in (9), thenGGoeVi = G¢. Whenn = 1,2, G = 1 and

(11]

[12]

g_“ (1) , and whemn = 3,4, [13]

14

ooy reea] e
Gs=|[1 1 0| andGj§ = 101 0

Lot 1111 [15]

We can easily verify that the SFR constructed in Theorefrs)
2 is just a submatrix ofs5,,_, since theith row of G,, equals
to the2’~'th row of GS,,_, for 1 <4 < n. More results on all [17
classifications and properties of SFR and SSFR can be foun
in [16], [17].
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