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Abstract—We consider ergodic coherent MIMO channels,
and characterize the optimal input distribution under geneal
distributions of the fading matrix. We describe how symmeties
in the fading matrix distribution and the constraint set, described
naturally with group structures, imply the symmetric properties
of the optimal input distribution. We use this approach to give
a general condition under which the white Gaussian input is
optimal, and to compute the optimal input for MISO Ricean
channel. In contrast, we also investigate the Kronecker mael, in
which case we show how an asymmetric structure in the problem
is also preserved in the optimal input, leading to a new water
filling solution.

|. INTRODUCTION

Vector fading channel of the form (1) has been studied

thoroughly in the recent years. The optimal input distidout

of = is, however, only characterized in some special caséS
In this paper, we try to strengthen the known results ol

the capacity achieving input distributions by exploitifnget
symmetric properties of the channel.

y=Hx+n ()

We assume in (1) that € X = C!, andy € Y =

Cr, wheret and r are the number of transmit and receivéN

antennas, respectively. We assume that at each tjnike
r x t matrix H; is drawn from an ergodic process havin
marginal probability measurey. In this paper, we will focus

on the case wherél; is perfectly known at the receiver, i.e.,
the coherent communication model. We assume the additlle
noisen is drawn i.i.d from a complex circularly-symmetric

gaussian (C.C.S.G.) random variable of covariance mafrix
independently from thél;’s.

Moreover, the input§z;} are constrained in the following
way. If we want to use a codé = {c(1),...,¢(M)} C A",
n > 1, then the code has to satisfy that for evéryy m < M:
LS e(m)ic(m); € Dy, whereD, C H,(t) is a given
compact set — we us& (n) to denote the set of hermitian
positive definite matrices of size.

A particular example of such a constraint is when one

considerD, to be {A € H, (t)[trA < P}, for a given
P € R. This is equivalent to ask foEX*X < P and
is called thetotal power constraint An individual power
constraintcan also be considered, i.e. wh&hXi|?> < P;,
for given P, € R, 1 < ¢ < t, then the setD; would be
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{Ae Hi(t)|Au < P, 1 <i <t}

Let C' be the capacity of this channel under this general
constraint. Then, denoting by a random vector (r.ve.) in
Ct, we know from standard information theoretic arguments
that

C(pm, D) = I(X;Y,H)

max
X:EXX*eDy¢

Under the coherent assumption, the optimal inputxof
is alway Gaussian. The optimal covariance matrixaofis
however not characterized for the general cases. In theadpec
case thatH has i.i.d. C.C.S.G. entries, with a total power
constraint of P, it is shown in [1] that the optimal input
variance matrix is whitef X X* %It, and the capacity
increase linearly withmint¢,». The proof of this statement
es the concavity of the mutual information function, as
ell as the symmetry of the channel. In a nutshell, since
any rotation of the input distribution would not change the
resulting mutual information, the optimal input has to be
isotropically distributed.

The main questions addressed in the current paper is how to
address the symmetry of a vector channel, and how does the
symmetry in the channel affect the optimal input distribati
e argue that group structures are the natural tool for this

task. Using the notion of groups, we can charaterize a number

é’f different symmetries offered by the vector channel, nodst

which are weaker than the special case in [1]. We explore how
does such symmetric structures translate into the symmetry
iDathe optimal input. In particular, we prove a more general
condition, than [1], for the optimal input distribution teeb
white Gaussian.

Moreover, we also present some partial results when such

symmetric property is absent from the channel.

Il. GENERAL EXPRESSION OF THE CAPACITY

Definition 1: We define the optimal inputs by

Xopt (prr, Dy) = arg max I(X; HX + N, H),
XeCy

whereargmaxxcc, f(X), for a real functionf, denotes
the set of the elements satisfying f(x) > f(y), Yy € Cx.
We now use the assumptions we made on the channel to give
a more specific expression for the capacity and the optimal
inputs. The fact that the gaussian distribution maximites t
entropy under a covariance constraint lead to the following
result.



Proposition 1: Let 3) AfunctionV¥ : D — Ris G-invariant if D is invariant in
G-conjugation and ift (¢Qg~!) = ¥(Q),VQ € D, g €

Y:Q €Dy — EF logdet(I + K 'HQH*) € R,  (2) a
which we call the mutual information function. Then, accord\ote that only subgroups of unitary matrices are of our ger
ing to previous definitions and assumptions, we have regarding our MIMO channel setting, because the mutual in-
formation function evaluated & depends on the distribution
Xopt (1, De) ~ Net (Qopt) s of HQH*. Examples of functions which are invariant @
conjugation for unitary subgroups are all functions of thef
where : :
x ~ Ef(MxzM*) wheref is any measurable function add
Qopt(p11, Dt) = arg max w(@) is a random matrix that i€-invariant on the right. The reason
and for which a “conjugation” invariance for unitary subgroups

relevant in our MIMO settings is a consequence of the fact

Clpm, De) = fgne%i »(@). that we are working with second order moment constraint,

n D;. We can also argue that we can restrict the domaivhich implies that the mutual information has precisely the
of maximization todD;, since the derivative ofogdet(/ + above described form (cf. (2)). Finally, examples of groimps
K~'HQH*) with respect to any entries @ is monotone )7, (C) arel(n), which is the largest group we will consider,

(by concavity of@Q ~ logdet(I + K~'HQH™)). and its subgroups(n) and II(n) (with the usual matrix
multiplication), defined as:
[1l. SYMMETRIES 1) U(n): the unitary group of size,

2) II(n): the group of permutation matrices of size

A. Quantifying symmetries 4 . ) .
... 3) X(n): the diagonal matrices group withand—1 of size
Assume that the channel has the same output distribution

when sending any inpuk or a permuted version of it, say,

PX, whereP is a permutation matrix. We now gave a definition to quantify symmetries in the

problem, throughthe group of invariance of H and D, or
Y=HX+N <Y =H(PX)+N. equivalently ofy, the question is then: how do we use this

. invariance in order to get knowledge on the optimal input?
Then, we talk about aymmetry of the channelith respect |, the next section we will see that this is done through the
to that transformatior. But from previous equivalence, this.ommutant.

is to say that
(d)

HP ~ H. B. Exploiting symmetries
Remarks: Definition 3: The commutant of7 is defined by the algebra
Ggomm(G) = {A € M,(C)|[Ag = gA,Vg € G} = {A €

o (d) M,(C)|A = gAg~",Vg € G}.
assume you have the mvananéélz): H for a set e start with a trivial observation linking the commutantian
of matricesP;, then clearlyHP,P; ~ H and if P; is G-invariant functions.

d .

invertible H P! (:) H. Thus this invariance still holds Lemma 1:Let G C M,”(C). be a group and)_ < M"(C,)‘
! Let ¥ : D — R a G-invariant function having a unique

for the group generated by this set. -
2) In order to comparé and PX, we need to ensure thatMaXIMIZerQop:. ThenQop; € Comm(G) mfl)'
Proof: We havey(Qopt) = ¥(9Qoptg™ '), Vg € G. We

PX is satisfying the considered contraint too, i.e. its _ .

covariance matrix?(EX X*)P* has to belong t®; as conclude by th_e uniqueness of the maximizer. -

well. No_te that the bigger is the.group the smalle_r is the commutant
3) Other group than the permutations might be of intereé’Y,h'Ch is what we expect in order to exploit symmetries.

for example if we want to consider situation where the

symmetry is expressed by keeping the channel equia- Symmetries in MIMO

lent whether we send an inpat or a modified version e rewrite one last time the previous observations for our
of it where some component’s signs have been flippeliMO channel context.

1) This type of invariance has a natural group structur

then the group of diagonal matrices with 1 and is  Proposition 2: Let a MIMO channel as defined in the
the appropriate group. introduction and leG' be a subgroup of/ (). If
These remarks motivate the following definitions. « the constraint seb, is invariant inG-conjugation,
Definition 2: Let G be a group inM,,(C). « the fading matrix distribution.s is G-invariant,
1) A random matrix is G-invariant (on the right) if then
e H vy e, Qopt € Comm(G) N Dy.

Also note that ifG1, G, are two groups irU(t) and if D, is
invariant in G;-conjugation whereagy is Go-invariant, then

Qopt € Comm(G1 N Ga) N Dy.

2) A set of matricesD C M,(C) is invariant in G-
conjugation ifgQg~!' € D, VQ € D,g € G.



We will now see some specific applications of previous IV. ASYMMETRIES INMIMO

proposition. The cases that we will consider are dealing wit . . N
the following commutants: Let us consider now the following specific channel.

) ) . ] Definition 4: The Kronecker channel
Comm(X(n)) is the set of diagonal matrices i/, (C), We consider the constraint s&, = {Q € H. (t)[tr(Q) <

Comm(TI(n)) = {al, + BJy|a, 3 € C}, where.J, = 17", P} andH = AWB, where

e A€ M,.(C) non-zero,
Comm(U(n)) = {al,|a € C}. .« B€ Mtg(cg non-zero,

Corollary 1: Total power constraint o Wis ar x t random matrix beind/(t)-invariant on the
For a givenP € R, we considerQ € D, = {Q € right.
H_(t)|tr(Q) < P}. If uy is invariant inG-conjugation for a Question: do we still have some symmetries for such a
subgroupG of U(t), then@. € Comm(G) N D;. channel? Any matrix multiplication on the right éf will be

Simply observe thaD, is invariant in U (t)-conjugation. first acting on the fixed matrix3, therefore our invariance
Two interesting cases of subgroups Bf¢t) are II(t) and properties seem to be compromised. But before facing the
X (t). From what we saw in the examples of the commutargsymmetric structure of this channel, let us bring back some
if we consider a distributionuy invariant underx(¢), then symmetries in the problem.

Q. is diagonal and if it is invariant unddi(¢), then@.. will

have the same value for all components inside the diagonal

§ if one works inD,) and also the same value for allA. Bringing back the symmetries

elements outside the diagonal, as long as it stays a positive . . L . .
definite matrix. Examples oE(¢)-invariant random matrices As we just saw, in some situations, & symmetric structure is

are matrices with independent symmetric entries (symmetHOt cIe_arIy existing. But W_'th appropnate transformafione
(d) can bring some symmetries back into the problem. We now

means thatH;; ~ —H;;) and examples ofl(¢)-invariant gjve an example of how to carry out such a procedure for the
ones are matrices with i.i.d. entries or jointly gaussiatties Kronecker channel. One can also tackle the Ricean channel
having a covariance matrix of the form/,; + 3. defined byH = A+ W, whereA is a deterministic matrix, in

) o ) _ a similar way. For both cases, the following simple obséovat
Corollary 2: Still consideringQ € Dy, if H is II(t)X(t)- s used.

invariant, which is for example the case wheéf; are i.i.d. Lemma 2:Let ¥ : D — R with a unique maximizet)op;
(d) ' ' o°

andH,;; ~ —H;;, V1 <i<r/1<j <t thenQ.= ?It. and such tha is invariant inG-conjugation. Then, for any
Note that we did not assume that the entriestbfare M € G, we have

gaussian (which would be a particular case of this) in order t

get £1, as a maximizer. Also note that the grolift) could M*QoptM = argglgg‘l’(MQM*)-

be replaced byC(), the group of cycling permutations, andgecause we are now dealing with the Kronecker channel, the

we would get the same conclusion. Generally, this will bgytual information function) is given by

true as long as we have a group of invariarf¢esuch that

Comm(G) is reduced to the multiple’s of the identity. Q € D+ (Q) = Elogdet(I + K 'AWBQB*W*A*).

Corollary 3: Local power constraint We now denote the SVD aB by B = Ug diag(b)V};, where
If X is constrained byE|X;|* < P; for given P, € Ry, V1 < Up, Vg € U(t) andb € RY.. Using our previous lemma, we
i <t,and if H is X(t)-invariant, thenQ. = diag(P,..., ). can chooseél = V3, in order to get that

The constrainE| X;|?> < P; implies thatQ € D, = {Q €

H, (1)|Qsu < P;,V1 < i < t}, now we no longer have that VEQoptVe = argmaxy(VeQVp) 3)

D, is invariant in U(t)-conjugation, but we still have, for @ep

example, invariance ix(t)-conjugation. The advantage of getting to the last maximization problem is
that

Conclusion: As it has been illustrated in previous example, VOV

the problem of symmetries should be generally approached in Q~ ¥(VsQVp)

the following way: first identify the invariance property tfe
domainD, in which we are working (we saw examples of tot
and local power constrain (see corollaries 2 and 3), seve
intermediary cases are possible), then identify the iavene
property of the fading matrix distributiops;, once we have Remark 1:the eigenvectors af),: are the right-eigenvectors

aF a X (t)-invariant function and thus we can restrict our max-
|m|ization to matrices being diagonal (with trace smallerth
. In other words, we showed the following observations:

these two groups of invariance, we know that we can restriot B and its eigenvalueg,,. = (¢;*",...,¢*") are given by
our search of@. to matrices commuting with these groups
and staying inD;. Which means thathe commutant is Qopt = arg max Elogdet(I

summarizing the information given by the symmetries in 1qeR+ st 25:12‘5’3 ,
the problem. +K 7AW diag(q1 by, . .., ¢:by)) W™ AY).



B. Asymmetries for the Kronecker channel The first part of the proposition is proved in the previous

Suppose that the matriB in the Kronecker channel is section, let us now look at the eigenvalues. We have

diagongl, i.e.B :_diag(b), wi_th_b E_Ri. Then we know that Qopt = arg max Elog det(I
the optimal covariance matrix is diagonal but we do not know q€Ry st 331 ai<P

what are the value of the diagonal elements. I_\low assume that +AW diag(qi1b?, . .., q:b2))W* A*).
b1 <...<b,, can we then expect that the optimal covariance _ _

matrix should preserve this ordering in some sense? Thus we will consider from now on

We will now analyze these kinds of questions. We will present . 2 2 .
two propositions that will help describe the optimal inpat f Vg~ Elogdet(l + AW diag(qby, ..., g:b)) W™ A7).
the Kronecker channel. We know that if the random makfix N observe that ib; = b; thenv is TI(t);;-invariant, where

were replaced by the deterministic matfs the optimal input 1I(t);, is the subgroup of permutations keeping the diagonal

- A t - ! HH ” g
covariance has eigenvalugs’ given via‘water-filing” on glements different than and j invariant (transposition), thus
the singular values ob (cf. [1]). Two particular properties of |\ get from proposition 2 thajfpt — Pt

- . . q
the “water-filing” solution are the following. Now let P’ = P — Zt &P, such tr']]atqopt 4Pt — P
’ - =3 47 1 2 - .

1) Monotonicity: if b; > b, theng™ > ¢5** (with equality \we will show that ifb; > b, then for anyd < P’ < P,
it b; = b))

2) On/Off threshold: if b, is sufficiently bigger tharm,, &;W(q)\(p_f A qulﬂ(q)](p_ Bt govty)
then we might end up by sharing the whole poufeon s ' T '

thet — 4 biggest components @t which, by the COﬂC&Vity Of/], lmplles that
We will see in the next two propositions that these two q;)pt > qut.
properties are preserved in the Kronecker model.
We start with the monotonicity result. By symmetry of the problem, this clearly implies the result
Proposition 3: We have for any components andj (other than 1 and 2).
Qopt = VB dlag(QOpt)Vg We have

. g t
Wheredop: satisfies b(q) = Elogdet(I + 3 qib2 Awy(Awy)*)
¢ =0, Y ¢ =P, =
qut > q;?Pt it b; > b;, andq?pt — q;’Pt if b; =b;. wherew; is thei-th column ofW. For an invertible matrix\/,
' we have the formuld,,,; logdet(M) = (M '), therefore
Note: If B = I, and uy is G-invariant on the right with we have
G < U(t), thenQopy € Comm(G) N Dy. 9, (g) =
Remark:This proposition says that the eigenvectorsibf, a; Y\) = 1
are the right-eigenvectors aB (which has been shown in b?IEtr(I+Z§:1 Qib?Awi(Awi)*) Aw;(Aw;)".
previous section) and that its eigenvalues are monotdyical
distributed with respect to the singular valuesif Let us denoteX; = Aw;(Aw;)”, which are hermitian positive
semidefinite matrices, as well a9 + Z’;Zl ¢;b?X; ) which
In order to prove this result, we need a preliminary lemm in addition positive definite and invertible. We defige=
Let Ay (M) < ... < X\,(M) denote the ordered eigenvalue$~! . ¢;b?X; and Zop = > 14 ¢ *b? X;, we then rewrite
of any matrixM € H(n) — we useH (n) to denote the set

jir

1

of hermitian matrices of size. 0p¥(q) = BIEtr(I+@biXy1 + @b3Xo+2Z)  Xi(4)
" Ler;:ma 3iletn > 1, P € Hy(n) and H € H(n). We 0pt(q) = BREtr(l +qb?X, +q2b§X2+Z)_1X2
en have,

— BEtr(I + b2 X + b3 X1 + 2) ' X41(5)
Me(H + P) > Me(H), YVk=1,...,n.
Proof of proposition 3The initial expression of the mutua
information function for this channel is

IWhere in the last line we interchanged the random matrices

X, and X5, asW is II(t)-invariant. To conclude the proof,

we have to show that if; > b,

¥(Q) = Elogdet(I + K 'AWBQB*W*A*). , , 1
B2E tr (I + B0 X+ 203X, + Zopt) X,

First note thatA affects the function) in the same way as / / -1

K1, in other words, we could consider one of this two matrix = ngtf(I + 50X + S HX + Zopt) X1,

to be the identity, for example, assume i.i.d. components fo ,

the noise and sefl = K—3A. If B = I, any invariance forany0 < P < 1. This is clearly verified in the scalar case

properties on the right fopy, will be preserved forAW, (r = 1). In the matrix case, more steps (using the previous

thus the note after the proposition is a direct consequehce/@mma) are required to show that the result hold.

proposition 2. We now present an On/Off threshold result.



Proposmon 4:Let by < by <
r=1,w; A "Ne(1),V1 < j <t Then,forallj =1,...,t,
there exists(b,) > 0 such that

if bjr1 > b(b;) thengi® =0, Vi=1,.
a(Pb%)

CommentsWe will see that one can tal«{bj) =\ =5,
wherea is given by the reciprocal of the functioia —1, with
F(a) = Eﬁ which is also known as thEi or exponential
function. The previous result says the following, if theseai
valueb;; such thatPb?,, is bigger thana(Pb?), we then
know that the opt|ma41Opt are zero fori = 1,...,7. In other

words, if some of these “gainsb{s) are two small compared
to some others, we switch off the corresponding antennas.

Proof: In this setting we have
t
U(g) =Elog(1+ P qidiX;),
i=1
with b2 = d;, X; "% £(1), V1 <i<tandqge O) = {z €

IEQ Siori=1} LetZ; =1+ Py, .., ¢:Xi. We then
ave

Pd; X;
8 . = J<d )
qﬂﬁ(Q) Zj + deXj + de—l—lXj-f-l
Let0 <7 <1 andp'¥) be a vector Witfp§{21 =T, P,E-'j) —0
and thusy_, . ., p?) — T. From the concavity ofp, if

5qj¢(Q)|q:p<j> < aqg'ﬂw(qnq:p(j)’ VO<T <1, (6)

theng™ =0,Vi=1,...

Z+TPd;X;
Z + Tde+1Xj+1

,j. Now, (6) becomes

<1, YO<T<1,

soif forall z > 1 and0 < T <1 we have

Z+TPdJXJ Z/T+PdJXJ

=E <1,
Z+ Tde+1Xj+1 Z/T+ de+1Xj+1

we are done. Last inequality is equivalent to

1 1
< )
Z+de+1Xj+1 Z—|—Pd

Vz > 1.

Let F(a) = Eqo, a;41 = Pd;;1 anda; = Pd;, we now
wonder when
1
F(a; —, Vz>1
(051/2) < g Vo2

For a given € Ry, Iet a(B) be the smallest number

satisfying F(a(8)) < 1+ﬁ Then if for any possibles;,
a(a;) = sup,>; zafa;/z) < +oo, We deduce that fot; >

a(aj;), we satisfy F(aj+1/2) < 1+ , Vz > 1. One can

. < b;. We assume that which implies thata(a;) = sup,~, za(a;/z) = a(a;). And

_ a 2
we conclude by setting(b;) = @.

|
The functionb?(-) is continuous convex and increasing with
b(0) = 0, a derivative of 1 at 0 and of 0 at infinity.
In the following graphic, the inverse of the functidd is

plotted. Let us now look at some numerical example, we
2 P=1
bi \
4 -
3
! 2
b:
o y o i+1
0 2 4 6 8 10 12
Fig. 1. Inverse ob?, P = 1.

assume that we have= 6 receiving antennas ant = 1. If

for exampleB is such that its singular values have squared
given by (b3,...,b23) = (1,1,2,3,4,11), it can be seen
from figure 1 thatbg exceeds the On/Off threshold @
and thus the optimal power allocution (g, ..., ¢"®*) =
(0,...,0,1), i.e. in this case we solved the problem. If we
had (b%,...,b3) = (1,1,2,5,6,8), then the previous situation
does not hold anymore, bm exceeds the On/Off threshold
of b3 and we are reduced to a half-dimensional optimization
problem for the values df,, b5 andbg.

Conclusion: The optimal power allocation is not achieved
in the same way than for the case of a deterministic fading
matrix B, but still we preserve the same properties, indeed
the monotonicity and the on/off threshold (with more specifi
hypotheses).
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check thatn is convex and that it is a contlnuous increasing

function with a(0) = 0. Therefore
alaj/z) = ala;/z+0(1 = 1/2)) < afa;)/2 +0

and thus

zafa;/z) < ala;), Vz>1



