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Abstract— Shaping encoders, or encoders which transform an We then revisit two effective shaping encoder construction
i.i.d. equiprobable process into a near-capacity achievigprocess, methods presented earlier in [1], [2], [10], and evaluatsrth
can be concatenated with an outer parity-check code to prode  agting divergence rates and compare them to the minimum

reliable communication at rates near capacity. Here, we exaine hievable. Such | d include th derioad f
the problem of designing shaping encoders for binary-input achievablie. such example encoders inciude those der r

partial-response channels by minimizing the Kullback-Lebler —constrained graphs for typical sequences [1], as well &s rat
divergence rate between the encoder output process and thel shaping encoders used in the near-capacity concatenated

target process. Fundamental limits in this case are relatetb the  coding systems of [2]. For completeness, we begin with a

capacity of channels with cost constraints. Previously imbduced brief review of the capacity for channels with cost constii
encoder constructions are then found to achieve arbitrariy low

divergence rates, such as those derived from constraint gphs
for typical sequences [1], as well as rate-1 encoders usedrfo |l. CAPACITY OF CHANNELS WITH COST CONSTRAINTS

near-capacity concatenated coding systems in [2]. . . . .
pacty 9 ¥ [2] A channel with cost constraints is a noiseless channel

. INTRODUCTION where each symbat, chosen from some finite alphabkt
The technique presented in [3], [4], [5] for accurately est|S assigned a nonnegative caesfz), and the entire sequence

mating achievable rates on binary-input partial-respahge- 'S constrained to have an average (per-symbol) cost of no
nels has led to interesting insights for constructing capac more tth_a}nW. For aﬂth-ord_er finite-memory co;t func_tlon
achieving codes. In particular, the mutual informatiorerarr  ¢/(%¢/X:=,), the cost of using a symbat; at time ¢ is
an independent and identically distributed (i.i.d) eqoiable dependentNu_pon the ﬁﬁ S},/mbOIS' -I;h? average cogt_f_or a
input process may be appreciably lower than capacity aS§aUence: is theniv 2= w(ze[x;—,,), where the initial
moderate-to-low signal-to-noise ratio (SNR), suggestinat cost for the fwstu t(_erms is predeflned. Such co_st funpuons
turbo codes and low-density parity-check (LDPC) codesalofa" Pe described with a labeled directed gréfby, in which
may not be suitable at lower SNRs. However, through a simpﬁg(:h_$tate corresponds 'to a sgtqluenCﬁ _eymbct)ls, and the
example, Gallager showed [6, p. 208] how capacity could H&nSitions between statés= (x,_,,) andj = (Xtt:;frl) are
achieved through the concatenation of an outer linearyparitaeled with the appropriate cost(i, j) = w(ws|x,—,).
check code (or coset thereof) with an inner transformer, or!f We defineSy (W) as the number of sequences of length
shaping encoderthat induces the capacity achieving distri/V With average cost less than or equaliq then the capacity
bution from an i.i.d. binary equiprobable process. Purguirf©r & given cost constraint is
this idea with the knowledge gained in [3], [4], [5], Ma, def .. 1
Varnica, and Ka®ic [7], [8] presented the first complete C(W) = limsup — logy [Sn (W) 1)
methodology for near-capacity concatenated coding system oo
on partial-response channels, including a novel desigrafor In [11], Justesen and Hgholdt give the maxentropic Markov
inner finite-state shaping encoder. Soriaga and Siege[4]], chain for a given average coBt. Incidentally, as we shown
later followed with similar concatenated coding systeme thin Appendix |, this Markov chain also achieves the capacity.
used less heuristic shaping code design methods, while Dd3oth of these results, summarized below, rely on tme-
and Narayanan [9] provided an alternative and simpler inngtep cost-enumerator matriX (s), with A4; ;(s) = s*(7), and
code design suitable for low SNRs. A, j(s) = 0 wheneverw(i, j) is infinite (i.e., whenever there
In this paper, we examine the problem of designing shapifggno transition allowed from to j).
encoders from the perspective of minimizing the Kullback- Theorem 1:(Justesen and Hgholdt [11, Theorem 1]) Con-
Leibler divergence rate between the encoder-induced psocsider a channel with cost constraints given by a finite-mgmor
and the target process. Specifically, we consider only targest functionw(i,j) and labeled grapliicost For0 < s <
processes which are finite-state Markov. By relating this let A(s) be the corresponding one-step cost-enumerator
problem to coding for channels with cost constraints, we aneatrix, with maximal eigenvalue\(s) and left and right
able to characterize the minimum achievable divergenee ragigenvectorsi(s) andv(s), respectively, whera(s)v(s)? =



1. For an average cost constraint of probabilities{q. }, and the labels of ali-step paths into each
statev equalx) (v); i.e.,

1 o
W(s) = — uiswi,'sw(”)vjs, 2 B
9= 5 OGN @ ) S o) Y g ). ©
veV e:o(e)=v

the maxentropic Markov chain has state-transition prdlizsi . .
More importantly, the average cost is related to the K-L

i = sV Dv;(s)/\(s)vi(s). (3) divergence rate by
and an entropy rate equal to w(Q) = H(Q) + D@ P). (6)

This leads to the following theorem.
Theorem 3:For any finite-order Markov process with dis-

Theorem 2:For a channel with cost constraints given by #ibution P, let
finite-memory cost functionu(i, j) and labeled grapkicoss D*(R) = Q_}}I(lg)l_RD(QHP)
the capacity of the channel with an average cost constraint ' B

W(s) is C(W(s)), as given above in equations (2) and (4)€¢ the minimum divergence rate over all random process
respectively. distributions@ that have an entropy ratd (Q) = R. D*(R)

Proof: See Appendix |. m can be represented parametrically (using Theorem 2) as

D*(C(W(s))) = W(s) = C(W(s)),

C(W(s)) = logy A(s) — W(s)log, s. 4)

I11. M INIMIZING THE KULLBACK-LEIBLER DIVERGENCE
RATE FOR FINITE-STATE MARKOV PROCESSES where the finite-memory cost functiom(xﬂ:vij}t) =

_ — t I
Recall that thekullback-Leibler (K-L) divergence ratbe- logy P(Xy = 24| X, =Xi_,).

t—p .
tween two random processes with distributidgpsand P is Proof. One can express the capacity 8XW) =

max H(Q) over all Q such thatw(Q) < . By duality, we

def,. 1 N q(xV) also have that? = minw(Q) over all @ such thatd (Q) >
DQIlP) = h]f,nj;lopﬁ > alx)log (M)’ C(W). From the monotonicity and concavity properties of
xqexy C(W), this is equal to the minimum over af) such that
Note that we do not necessarily halQ||P) = D(P||Q), H(Q) = C(W). Finally, using equation (6), we have that
and in some cases it has been shown ih@||P) = 0 implies W o= min @(Q)
@ = P [12]. These properties are analogous those for the Q:H(Q)=C(W)

divergence between two random variables [15, p. 18]. For a = D(Q||P) + C(W).
given shaping encoder, we might measire)||P) between
the induced encoder-output procegsand the target processTherefore, we can solve fab*(C(1W)), and using the result
P. This is a convenient criterion in that it has a closed-forif Theorem 2 we can represent this relationship paramérica
expression when both processes are Markov, or in some cad®®* (C(W(s))) = W(s) — C(W (s)). [
Markov-driven, and share the same state space. Additipnallotice that for invertible encoders with rate strictly leban
the near-capacity input processes we seek to induce are &l entropy rate ofP, the minimum achievable divergence
finite-state Markov [5], [13]. rate is nonzero. Interestingly, a non-invertible encodéhmn
When designing a shaping encoder of a given rate, it achieve an arbitrarily small divergence rate, but in thisecthe
interesting to characterize the minimum K-L divergence ragntropy rate of the encoder output may be actually less than
that can be achieved. This can be derived once we consitfé8 encoder rate. Examples for non-invertible and inviertib
the problem from the perspective of coding for channels wigncoders are given in the next section.
cost constraints. That is, considep#h-order binary Markov
process with distributio®, and define a corresponding finite-
memory cost function,

min
Q:H(Q)=C(W)

IV. INNER SHAPING ENCODERDESIGN

We now revisit two encoder construction methods developed
earlier in [1], [2], and prove that there are cases where each

w(a|z)”),) = —logy P(Xy = 2| X[~} = x| )). method can attain arbitrarily low K-L divergence rates with
respect to the target input process. (Full details for bdth o
If we let the initial cost of the firsp: symbols bewo(x}) =  these methods can be found in [10].)
—log, P(X} =x), we find that the total cost of a sequence _ o
xN is w(xY) = —log, P(XY = x). A. Shaping Encoders Based on Quantization
For a random process with distributio and an One simple approach to shaping encoder design which
entropy rate H(Q), the average costis @(Q) = generalized Gallager's construction [6, p. 208] was prestn

limsupy_,.o N 'E [w(X{V)], where the expectation is within [2], and led to near-capacity coding systems. Brieflyegia
respect ta). This can be expressed in closed form whenevaarget finite-state Markov process wiff states, the method

@ corresponds to a stationary Markov-driven process definednstructs an\/-state, ratek : n encoder by taking the:-

on some graphG with output labels{z(e)} and transition th power of the graph that describes the target process, and



-1,-1-1  (0.0484)
o

-1 B4 average cost (5) and the K-L divergence rate (6), we have
1,1,-1 (0.1473)
-1,-1,1 (0.0844) 1
111 0.0844 q
1t Eg‘%fégﬁs)) Q 9 D(Q|IP) = — Z Ty (Q) Z qe log, %a (8)
,, (0.0859) " veV e:o(e)=v DPe
1 (0.635) 1 (0.365) L A ) ] o )
C@CGD -111111,7’111 Egzzszé‘sz () where 7,(Q) is the stationary state distribution @. (A
o, 0 1o o) 70 o7 Similar expression can be found in [14], though we introduce

1
‘T Gy a slight generalization for. symbols per edge.) Note that
1

@9 (8) is always non-negative and well-defined for our situatio
@ ® because;. = 0 Wheneverpgn) =0.
Now for each state € V, let Af;") (v) be thed-typical set

) ERE iy et with respect taP [15, p. 51] and conditioned on an initial state
1,1,-1 (0.1250) -1-1/1-11 1,-1,-1/1,-1,-1 ) . _
1 oame LI (01350 G-l Lt v. Following the Shannon-McMillan-Breiman theorem [15, p.
20T (01250 @ 117111 Q 9 474], for any0 < ¢ < 1, there exists aiV, such thatP (X} €
IR X B Af;") (v)) > 1—6 for all n > Ny. Consequently, for any state
1aa gz Sia QAO v, we can bound the size of the typical set w}mg” (v)’ >
R G R (Ogs?) RV Lop i (1 — 6)2"(H=9) [15, Theorem 3.1.2], since we assumed the
it Lo Loh1/1me target Markov process was irreducible and aperiodic.
EEEEC) @ When applying Construction Method 1, this asymptotic
© equipartition property also allows us to closely approxena

(n)

pe | with a uniform distribution whem is large. That is,

Fig. 1. Construction Method 1 example for the target binagridv process assumingn > Ny, we find some subseB((;”) (v) C A((;n) (v)
in (a), with labels for symbols (and branch probabiliti€Sjep 1:Setk, n = 3. (n) def
(b) Step 2:Derive 3-step branch probabilities for target processStep 3: Of €ach statev € V' such thatlog, ’B(s (v)‘ = M =

Approximate to multiples of 1/8. (dptep 4:Tag 3:3 encoder with labels for LN(H _ 5) 4 1og2(1 _ 5)J _Then we assign

inputs/outputs.
_ [ 2M it xi(e) € B{Y (o(e))
e 0 otherwise

then approximating the-step transition probabilities with a gjnajly, for us to derive an encoder that induces this unifor

distribution in multiples of2=% (while ensuring that transi- distribution, we need to make sure that#t*) encoder input

tions which do not occur have zero probability). An enCOd%requences can be evenly distributed amongesequences

which induces such a distribution can then be produced P¥B§”>(U)- i.e., we neednR| > M. But because? is chosen

assigning each branch with input labels accordingly. WerrefSO thatR > H, we already have thatnR| > M for any

to this technique a€onstruction Method 1and a step-by-step; - 5~ ( Thus, the approach above yields an encoder which

example given in Figure 1. N . approximategp{™} and hasg. = 0 whenevep{™ = 0.
Theorem 4:Consider any target finite-order binary aperi- - Gjyen the encoder above, we can then calculate the diver-

odic and irreducible Markov process with distributiﬁha_nd gence rate between the two process distributi@rend P. By
entropy ratel. For anye > 0 and rateR > H, there exists g pstitution ofg. into (8), we get

a rate|nR| : n encoder generated by Construction Method 1
which induces a distributiod) such thatD(Q||P) < e, for D(Q||P)
sufficiently largen.

Y@ Y 2_Mlogzi(—n)

€

(n)
Proof: Let {p.} be the set of branch probabilities and =€Bs () _
G = (V,E, L) be the graph that together describe the target < 1 ZW”(Q) Z 2~MJog, %
u-th order binary Markov process with distributidh From n= € B (v) 27n
this, we can determine the-step branch probabilitieSpgn)}, 1 ’
and the power graplt™ = (V, E’, L'). In this power graph, = - (=M +n(H+9)).

each edge: € E’ has the output labek? (e), and for each ) ) ) i
each state € V, all of the p-step paths into that state havel N€ inequality reflects the fact that, since the edgestisfy

the same labex?_,(v). This allows us to write x}(e) € B_én)(v) c A", we havep!™ > 2-n(H+9) By
further noting thatM > n(H —§) +1log,(1 —6) — 1, we have

D(Q|IP) < 26 + 1 (1 —1log,(1 —4)). Since this last bound

holds for anyl > ¢ > 0 and all sufficiently large:, D(Q||P)

can be made arbitrarily small. |
From Construction Method 1, we know that the induced

Markov distribution from the encoder output can be repB- Graphical Representations for Typical Sequences
resented by the set of probabiliti€g,.} also defined on In [1] (see also [10]), another method for encoder design
this graphG™. Therefore, noting the relationship between thevas developed by exploiting the connection between tyjycal

p = P (X} =x{(e) | X}, =x}_, (o(e))) . (7)



More importantly, this implies that for any> 0,

‘11;7‘\: ‘I«‘_i“\\‘ "(_‘f\\‘ ‘I«‘i‘\\‘ ‘I«‘i‘\\‘ ‘I«‘i‘\\‘ ‘/(‘;\\\‘ . ‘I«‘ \\: k
WK e st e 0 D e U limsup D, 3y (Q[|P) < H — — +e.
-1 -1 ; A N—oo n
11N By similar arguments we can show that for any> 0 the
@ @ @ @ @ @ @ limit-infimum is bounded from below by — k/n — ¢, and so
i S the theorem is proved. [ |
-1 -1

V. FURTHER REMARKS

Fig. 2. Constraint graph which generates typical sequemgts respect Altemfrmvely’ (_)ne mlght deS|gn the inner code such that
to a binary Markov process distribution witR(X; = 1| X,_, = —1) = mutual information rate on the channel for the encoder-

P(Xy=1|X;—1 = —1) = s/(r+s). Such a graph is used in Constructionjnduced input procesi(}(; y), is close to that of the target
Method 2. input process,/(X*;Y). However, closed-form expressions
for these quantities are not yet known, so in this paper

and graphical representations of sequences. More spﬂyifica\l’ve adopted the more convenient criterion of minimizing the
for some target process with distributid® and entropyH,, divergence ratd)(Q)[|P). Although a vanishing)(Q)|| P) may

. . be sufficient if one desires an arbitrarily small gap between
it was shown that, for any > 0, a constraint grapld: could y gap

always be constructed such that the capacity of the graph : é(; V) and/(&; }), this condition is not actually necessary.

e analysis of [17] examines the set of necessary condition
greater than/ — ¢, and such that sequences generated from . S
. . . (N) and the construction methods of [8] are based on other ieriter
G were typical with respect td, i.e., Sy(G) C A¢ "’ for

.and still achieve rates very near capacity.

Ia_rge _eno_ughN. An example of such a constrr_:unt _gfaph IS Finally, since we related shaping encoder design to coding
given in Figure 2. Moreover, one could then derive flnltete;tafor channels with cost constraints, one might use another

encoders for typical sequences by applying the statetiaglit ethod to construct encoders which minimize the divergence

algorithm or other code design methodologies to these sraRbie such as that of Khayrallah and Neuhoff [18]
[16], and ultimately produce an encoder for typical seqesnc '

that has a rate of at least — ¢, for anyé > 0 [1]. By further APPENDIX |
examining this overall technique, which we te@onstruction PROOF OFTHEOREM 2

Method 2 we arive at the next theorem. To our knowledge, the relationship between Theorem 2 and

. o Theorem 1 (from [11]) has not appeared in the literature,
with entropy rateff, and letQ be the distribution of the output but the analysis we employ below arises in other problems

process for a raté: : n encoder generated by Constructlor;éuch as the computation of asymptotic weight spectra for

Method 2 driven by i.i.d. equiprobable binary inputs. TheEOnvqutional codes (e.g., see Pfister [19, Theorem 3.38],

D(Q||P) = H — k/n, and thus, the divergence rate betweepuroonces therein). Moreover, it is generally acceptet th

theb_ enqloder Ollljtpm process and target process can be "}ﬂgeresult in [11] is a lower bound to capacity even though
arbitrarily small. an explicit code construction is not given. Details for the

Proof: This can actually be proved without referring tqyraightforward code construction from typical sequerzs
the explicit details of the encoder graph. Thatis, 98k (£,v)  pe found in [10].

be the set of all length=NV sequences generated from state Proof: We need only show that the capacity of a channel

of a ratek : n encoderf obtained by Construction Method,;ith cost constraints can be upper bounded®yv (s)) <
2. Noting that& is an invertible encoder, it follows that10g2 A(s) — W(s)log, s, for 0 < s < 1, where B

1S, (E,v)] = 2FN. All of these sequences are equiprobable
when the encoder is driven with i.i.d. equiprobable binaryy .y — _% 9 A(s) = 1)Zu_(8)w(i j)sw(iv”vj(s)
)\(S - 1 ) .
2,3

inputs. This allows us to bound the K-L divergence for a A(S)%
sequence ofV blocks, i.e., 9)
v The lower bound follows from Theorem 1. (See [10].)
1 q(xi™) Let us begin by considering some fixed cost constréint
Dy P) = — )1 y g° _
() (@I1P) nNXS: c axi™) logy (x7) and for the setSy (W) let us define a cost-enumerating func-
TS () N tion B(N,W,s) = Y, cyn bns™, Whereby, is the number
_ Z 27 N Jog, 2 of sequences with total cost This enumerator can also be
1 —kN 2_kN B(N7 Wa S) = |SN(W)| Z ahsha
S o N Z 2 10g2 27(H+E)HN hSWN
xpNesS,n(E)
k where oy, is the fraction of sequences ifiy (W) with total

= H- n +e costh. For any0 < s < 1, as a consequence of Jensen’s



inequality (e.g., [15, p. 25]), we have

|Sn (W Z aps”

h<WN

> [Sn(W)] s>z ont

|SN(W)| SWNZIISWN Qp
|Sn (W) sWN.
)| SWN,

Thus, B(N, W, s) > |Sxy(W
Now it also follows that

Y [A()V],, = BN, W,s),

0,J [1]
because3 (N, W, s) only enumerates a subset of all sequences.
If we assume that the enumerator matrix is irreducible, i.e
for each(i, j) there exists ai such that[A(s)"L’j > 0, then
its largest (nonnegative) eigenvalug¢s) must have left and

right eigenvectors with strictly positive components; dhis
can be used to show that

> [A)N],, < A(S)NM = K\(s)Y

— min; v;(s)
as in [16, p. 1667]. Therefore, we can conclude that
ISy (W) sWN < B(N,W,s) < KX(s)¥

and thus

2
[3]

(4

(5]

(6]

C(W) = limsup L 1og2 |[Sn (W 7]
N —o0

Moreover, this upper bound can be tightened by maximizing
the right-hand side with respect foi.e., by taking derivatives [€l
and determining the extremal points. This results in a depen
dence of W on s corresponding to the middle expression in[9]
equation (9). Therefore, to complete the proof of the upper
bound it remains to be shown that

S 8 Zul

A(s) 83
Recall that the elgenvector&(s) and v(s) are assumed
to be normalized so thati(s)v(s)? = 1. Then, \(s) =

)| < logy Als) — W log, .

. 10
)s@ By, (s). 1ol

(11]

[12]

u(s)A(s)v(s)T = D u;(s)sW )y, (s). Taking the deriva-
tive we find ‘ [13]

as Zw )50y (s) + (10)
9 9 [14]

5w(B9) <v-(s)—ui(s) + ui(s)—v-(s)> :
; N 0s ds ’ [15]
Note that [16]

w(i,j 8 8 w(,7

izjs ( J)Uj(s)%ui(s) = ; (a—uZ s)) ;g @)y,(s) 7]

K2

Using this argument, the second expression on the right sld

of (10) becomes
Puls) ) () + (5ren)) i)

)\(S); ((gu

which equals/\( )a2 (u(s)v(s)™). But from the assumption
that u(s)v(s)”
conclude that equation (10) simplifies to

= 1, this derivative is zero. Therefore, we

w(l i)-

- St

v] (S)a

and the result in (9) readlly follows. Thus the upper bound is
proved.
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