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Abstract—In this paper, we define quasi-cyclic(QC) gen- property if
eralized Hadamard matrices and balanced QC generalized N. ifr=0
Hadamard matrices. Then we propose a new construction method R.(7) = ’
for QC generalized Hadamard matrices. The proposed matrices
are constructed from the balanced optimal low correlation

—1, otherwise.

zone(LCZ) sequence set which has correlation value-1 within The sequence.*) can be considered as the complex
low correlation zone. counterpart ofs(t). Throughout the rest of this paper, when
we mention a sequence with some correlation property, we
. INTRODUCTION interchangeably imply(¢) or w*® if no confusion is caused

by the context.
A cyclic generalized Hadamard matrix is defined as:
Definition 1 (Cyclic generalized Hadamard matrixiet
s(t) be a g-ary sequence of periodV. Let He be an
(N +1) x (N + 1) generalized Hadamard matrix defined by

A generalized Hadamard matrik/ (g, u) of orderu is a
u X u matrix over the set of complex-th roots of unity
satisfying H(q,u)H'(q,u) = wul,, where { denotes the
conjugate transpose ang is the identity matrix of ordem
[1], [2]. For brevity, we use the notatio interchangeably
H(q,u) if specifying ¢ andw is unnecessary. In other words, Ho(g, N +1) = (hyj)
the definition implies that any two distinct rows @{ are

orthogonal. For this reason, generalized Hadamard matri(%@ere}“j IS given as

have been studied for the applications in many areas such 1, ifi=0orj=0
as wireless communication systems, coding theory, and signal hij =9 siG-1) _
design[1] w0 otherwise.

In this paper, we define quasi-cyclic(QC) generalizeihen the matrixH is called acyclic generalized Hadamard
Hadamard matrices and balanced QC generalized Hadamastrix if s;(t) = s(t + ¢ — 1) where addition is computed
matrices. Then we propose a new construction method fmodulo V.

QC generalized Hadamard matrices. The proposed matrices O
are constructed from the balanced optimal low correlationLet 7* be theN x N submatrix of an(N 4 1) x (N +1)
zone(LCZ) sequence set which has correlation valligvithin ~ generalized Hadamard matri obtained by deleting the first
low correlation zone. row and the first column of{. Definition 1 implies that+*
is a circulant matrix and each row @{* can be considered

[l. PRELIMINARIES as some cyclic shift of a sequence of peridd with ideal
. . . _ . autocorrelation property.
In this se_;cuon, we introduce some _d_eflnl_tlons and notations. . s an(N + 1) x (N + 1) cyclic generalized Hadamard
For an integerg, let N’ be a positive mtege_r such thatmatrix completely characterizes a sequence with ideal auto-
= —1 modg ands(t) ag-ary sequence of periof. Then ., ojation of periodV, and vice versa. And in this sense,

the sequencesgtz) IS said t.odbe?a:]anced if the number of we may call this sequence as the sequence associated with the
occurrences of 0 In a period of the sequence Is at most Qg generalized Hadamard matrix, and vice versa.

less than the number of occurrences of any other symbols "Now, let us broaden this idea of association, i.e., a gener-

nonzero element of/, or some supgroup QF,. . alized Hadamard matrix associated with a set of sequences
Given ag-ary sequence(t) of period N, the autocorrelation jystead of a single sequence. In this context, we can define a

Rq(7) of the sequence at shiftis defined by quasi-cyclic(QC) generalized Hadamard matrix as follows.

N—1 Definition 2 (QC generalized Hadamard matrix)et S be
Ry(1) = WS —s(t+7) a set of M cyclically inequivalentg-ary sequences of period
=0 N. Let Hge be an(N + 1) x (N +1) generalized Hadamard

: - : matrix defined b
wherew is a primitive complexg-th root of unity. A g-ary y

sequence(t) of period N is said to have ideal autocorrelation Hoco(g, N +1) = (ci5)



wherec;; is given as andjr, = (5 — 1) mod L.

o ) Proof: What we are going to show is that each rowHn ¢
cij = 1, ‘ ifi=0orj=0 is orthogonal to every other row i1, all sequences &
w U= otherwise. appear exactly the same number of times as some rows of

If each of s;(t), 1 < t < N, can be expressed as a cyclicHsLC in the form of their cyclic shifts (including zero shift),

shift (including zero shift) of some member # then we call and they are balanced.

. o L .
Hoco aquasi-cyclic generalized Hadamard matassociated Since rows in; . are CYC“S shifts of the sequences in
with S. S, it is clear that all rows in/} . are balanced. From the

definition of h;y, it is manifest that all sequences & have
he same number of occurrences as rows{i..

Let v; be theith row of Hye, 0 < i < N. We have to
&how thatviv}; = 0 for all ¢ # k. Sincevy is an all one
sequence and eaeh, 1 < i < N, comes from some balanced

If the rows of Hf . consists of the same number o
cyclically shifted sequences of each member in the Set
we call Hoe a balanced quasi-cyclic generalized Hadamar

matrix sequence, it is clear thagv] = 0 forall 1 < i < N. From the
I1l. A CONSTRUCTION METHOD OF BALANCED structure ofH ¢, it is manifest that the rows;;;, through

QUASI-CYCLIC HADAMARD MATRICES ASSOCIATED WITH  vr47,0 <1 < M — 1, are the cyclic shifts of,**(*), And for

AN OPTIMAL LCZ SEQUENCE SET all1 <i< k<N, we can rewriteviv,TC as follows
In this section, we propose a new construction method of

balanced QC generalized Hadamard matrices associated with N-1

an optimal LCZ sequence set that has the correlation value v;v] =1+ Z woLG=/2) (AT =8 ey /2y (E47%)

—1 within low correlation zone. t=0

Definition 3 (LCZ sequence set [7]L:et S be a set ofM wherer; = i—1—|(i—1)/L|L andry = k—1—|(k—1)/L|L.

sequences of periofy. If the magnitude of correlation func- From the property of LCZ sequence set with correlation
tion between any two sequences Sntakes the values [€ss 5,6 1 within the low correlation zone, it is clear that

than or equal toe within the range—L < 7 < L, of the

. . N-1
?jf\ffs’izljtie)n‘? is called an LCZ sequence set with paranéeters Z wil-n L) EFT)=s ey (t+m) — 1

Tang, Fan, and Matsufuji [9] derived the lower bound on t=0
the size of an LCZ sequence set using the Welch bound [10]. a

Theorem 4 (Tang, Fan, and Matsufuji [9]ket S be an Using the optimal LCZ sequence set in [3] and Theorem 5,
LCZ sequence set with parametérs, M, L, ¢). Then, we have the following example.

N2 _ 2 Example 6:Let m and n be integers such thai|n. Let
M < {mJ (1) p be a prime andx a primitive element in the finite field

F,n with p" elements. Let(-) be a 1-form function from
where |z | denotes the greatest integer not exceeding F,m to F,, and f(z) a 1-form function fromF,. to F,~. Let
O S, be an optimalp?-ary LCZ sequence set with parameters
An LCZ sequence set achieving the equality in the aboyg™ — 1,p™ — 1, (p™ — 1)/(p™ — 1), 1) defined by
bound is called amptimal LCZ sequence seAnd if all the
sequences in the LCZ sequence set are balanced, we call it Sp={si(t) | 0<i<p™ -2}
a balanced LCZ sequence sé{ssociated with the balanced
optimal LCZ sequence set that has correlation vattievithin
the low correlation zone, we can construct the balanced QC {pf([v(a:fm_llix)]r)’ if apmri e F,

wheres;(t) is given as

generalized Hadamard matrix as in the following theorem. s;(t) = . o1, .
Theorem 5:: Let L, M and N be integers such that f([w(@)]") +pf([v(a?™"z)]"), otherwise.
N = ML. Let S = {s(t)} be the balanced optimal LCZ 1o \ye can construct @' x p" balanced QC generalized
sequence set with paramet€rs, M, L, 1). Supposg th.at.the Hadamard matrix
correlation value between any two sequencesSirwithin
the low correlation zone be-1. Then we can construct an Hro(?,p") = (hjr)
(N+1)x (N+1) balanced QC generalized Hadamard matrix o
whereh,;, is given as
N +1) = (h;
Hre(a: N +1) = (h) {1, if j=0o0rk=0
hji, =

whereh;; is given as wlG-1/e)(k=1471) - otherwise

L if j=0or k=0 and L = (p" ~ 1)/(y"" ~ 1) andj, = (j — 1) mod L.
Jk = e k—1+j i
wslG-n/e)(k=1+50) - otherwise O



As one of the simplest form of Example 6,16 x 16 qua- sequence sef, we can construct the optimalary LCZ set
ternary balanced QC generalized Hadamard matrix is showlp with parametergp™ —1,p™ —1, (p™ —1)/(p™ —1),1) as
below.

Example 7:Let o be a primitive element inF,.. Let S, Ly={Li(t) [0<i<p™—2and 0 <t <p" -2}
be an optimal quaternary LCZ sequence set with parametgfisqre li(t) is given as
(15,3,5,1) defined by

Li(t) = ci(tri ().

Using the LCZ sequence sé},, we can construct a balanced

Sp={si(t) | 0<i<2)

wheres;(t) is given as QC generalized Hadamard matrix
si(t) = 2ri(at), ifi=0 Hrpp,p") = (hjk)
' tri(at) + 2tri(at5%), if i =1or 2

whereh;, is given as

and ti(-) is a trace function fron¥ys to Fy. 1 if = 0or k=0
e e

Then the following matrixH (4, 16) is a balanced qua- ,
g o ) a witG-n/e)(k=145) - otherwise

ternary QC generalized Hadamard matrix.
andL = (p" —1)/(p™ —1) andjr = (j — 1) mod L.

o 0 0 o0 0 O0O0O0OO0OO0OO0OO0OO0OO0O0O0 0
8 8 8 g (2) 8 g g g g (2) g 3 ; 3 (2) Here is an example of 256 x 256 balanced QC Hadamard
00 2 0 0 2 2 0 2 0 2 2 2 2 00 matrix W|thp = 2, m = 4, andn =8 in Example 8.
02002 202022222000 Example 9:Letm(t) be the m-sequence of period 15 given
000 220202222000 2 as
cozrlzzos s 20 Ll m(t) =0,0,0,1,0,0,1,1,0,1,0,1,1,1, 1.
8 ? ; (2) g g g g g (1] i é ‘Z’ é g 3 From the result of [4], we can construct the column se-
02 033230113102 2 1 guence setS for a binary LCZ sequence set of period 255
0022320112 103313 as
6223201 12103313@O0 S = {si(t) | 0<i< 14}
023 201121033130 2
03201 121033130 2 2 wheres, (t) is given as
Lo 2 0 1 1 2 10331302 2 3|
so(t) = 1,1,1,1,0,1,0,0,0,0,1,0,0,1,1
O si(t) = 0,1,1,1,1,0,1,0,0,1,0,0,1,1,0
In fact, all the entriess € {0,1,2,3} in Hc should be se(t) = 0,0,1,1,1,1,0,0,1,0,0,1,1,0,1
(v/—1)* € {1, £5}. Nevertheless, we stick to the above form s3(t) = 0,0,0,1,1,1,1,1,0,0,1,1,0,1,0
(even if it is not right) simply because of the visual purpose. s4(t) = 1,0,0,0,1,1,1,0,0,1,1,0,1,0,1
Note that rowsy; throughv; come fromsg(t), ve throughwyg ss(t) = 0,1,0,0,0,1,1,0,1,1,0,1,0,1,1
from s (t), andwvy; throughvs from so(t). s¢(t) = 0,0,1,0,0,0,1,1,1,0,1,0,1,1,1
Here is another example for Theorem 5. s7(t) = 1,0,0,1,0,0,0,1,0,1,0,1,1,1,1
Example 8:Let m and n be integers such that|n. Let ss(t) = 1,1,0,0,1,0,0,0,1,0,1,1,1,1,0
p be a prime andf(t) a p-ary sequence of periog” — 1 so(t) = 0,1,1,0,0,1,0,1,0,1,1,1,1,0,0
with ideal autocorrelation. Leff;(t) | 0 < ¢ < p™ — 2} be swo(t) = 1,0,1,1,0,0,1,0,1,1,1,1,0,0,0
a set of cyclic shifts off(t), such thatf;(t) = f(t +1i), t = su(t) = 0,1,0,1,1,0,0,1,1,1,1,0,0,0,1
0,1,2,---,p™ — 2. From the result of [4], we can construct s12(t) = 1,0,1,0,1,1,0,1,1,1,0,0,0,1,0
so-called a column sequence sefor binary LCZ sequence s13(t) = 1,1,0,1,0,1,1,1,1,0,0,0,1,0,0
set of periodp™ — 1 as 514(t) = 1,1,1,0,1,0,1,1,0,0,0,1,0,0,1
S={s;(t)|0<i<p™—2} Let o be a primitive element iFys. Let ¢;(8%) = si(t),
where 3 is a primitive element inF,.. Using the column
wheres;(t) is given as sequence sef, we can construct the optimal binary LCZ set
. L, with parameterg255, 15,17, 1)
() = {FET 210, 0StS |
3 fi(t+(prn_1)/2)7 L;l-i-lgtgpm—z Cb:{lz(t)|0§Z§14and0§t<255}

_— ) ©) wherel;(t) is given as
Let a be a primitive element inF},.. Let ¢;(8") = s;(t),

where 3 is a primitive element inF,~. Using the column Li(t) = c;(trf(ah)).



Using the LCZ sequence séf, we can construct a balanced
QC Hadamard matrix

Hrep = (hjk)
whereh;;, is given as

1, if j=0or k=0

i = whG-n/ey(k=1+30) - otherwise
andL = (28 -1)/(2* —1) =17 andj; = ( — 1) mod L.
O
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