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Abstract— We give a new proof of the asymptotic upper bound
on the size of binary codes obtained within the frame of Delsarte’s
linear programming method. The proof relies on the analysis
of eigenvectors of some finite-dimensional operators related to
Krawtchouk polynomials.

I. INTRODUCTION

The problem of bounding the size of codes with a given
minimum distance is one of the classical topics of coding
theory. A powerful technique to bound M above as a function
of d that is applicable in a large class of metric spaces is
Delsarte’s linear programming method [3]. In particular, the
best known upper bounds on the size of codes in the examples
mentioned above are obtained by using linear programming.
We will be concerned with the case of large n. The best known
asymptotic estimates of the size of binary codes and binary
constant weight codes were obtained in McEliece, Rodemich,
Rumsey, Welch [5] and are called the MRRW bounds. Our
objective will be to give a new proof of these results that
relies on the analysis of eigenvalues of some finite-dimensional
operators related to orthogonal polynomials. Linear-algebraic
ideas that we follow were introduced in a recent paper by
Bachoc [1] in which a similar approach has been taken to
establish an asymptotic bound for codes in the real Grassmann
manifold.

II. NOTATION AND PRELIMINARIES

Let C' be a binary code of length n, size M and minimum
distance d = d(C). The maximum size of the code with a
given value of d can be estimated by Delsarte’s linear pro-
gramming bound as follows. Let {Kj(z),k = 0,1,...,n} be
the family of Krawtchouk polynomials orthogonal with respect
to the inner product (K, Kp,) = S prr (i) Ky (1) K (4),
where fuz7(i) = 27"("), and normalized so that ||Kj|? =
(K, Kg) = 1.

Theorem 2.1: [3] Let C be an (n, M,d) code. Let F(z) =
Z;:O F;K;(z) be a polynomial that satisfies
(a) FO >O;Fla"'7Ft 207
(b) F(j)<0,j=d,d+1,...,n.

Then M < F(0)/Fp.

This theorem is equivalent to a linear programming problem
whose variables are the coefficients of the distance distribution
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of the code C. For this reason, estimates obtained from this
theorem are called the Linear programming bounds.
The polynomials K, satisfy a three-term recurrence relation

(n—22)Ky(z) = /(n — k) (k + 1) Kjp1(2)
+V(n—k+1D)EKp 1 (z). (1)

We also have (see [3])
Ki(@)Kj(x) =Y pl jKy(x), 2)
k=0

where the numbers p¥ ; are nonnegative, and

K(0) = (Z) 3)

For a square symmetric matrix A we denote by Apax(A) its
maximum eigenvalue.

III. THE METHOD

Let Vi be the space of polynomials of degree < k consid-
ered as a subspace of the space V' = La(dup), i.e., the space
of functions on {1,2,...,n} with the inner product

n
=27" 1)g(7).
0= % () st
Below we use bold letters to denote operators acting on V' and
regular letters to denote their matrices in the basis {K;}. Let
E; be the orthogonal projection from V' to V. Consider the
operator

Sk:EkO(n—2LL’)Z V}g—>Vk,

i.e., multiplication by (n — 2x) followed by projection on Vj.
The argument that follows relies on the fact that this operator is
self-adjoint with respect to the bilinear form (-, -). Indeed, both
multiplication by a function and the orthogonal projection are
self-adjoint operators. Therefore, the matrix S, is symmetric.
Its explicit form is shown on the next page.

A p x p matrix A > 0 is called irreducible if for any
partition of the set of indices {1,2,...,p} = {i1,42,...is} U
{j1,J2,..., it} into two disjoint subsets with s +t = p,



0 Ji 0
N 0 2(n-1)

0 2m—-1) 0

S, =
* 0 VE=1Dn-k+2) 0
VE=1)(n—k+2) 0 k(n—k+1)
0 0 0 k(n—k+1) 0

a directed graph G with vertices {1,2,...,p} and edges (3, j)
whenever A;; > 0 is strongly connected). For instance, the
matrix Sy is irreducible.

In the next lemma we collect the properties of irreducible
matrices used below.

Lemma 3.1: Let A > 0 be a p x p irreducible symmetric
matrix.

(a) Its largest eigenvalue Ayax(A) is positive and has
multiplicity one. There exists a vector y > 0 such that
Ay = )‘max(A)y'

(b) Amax(A) < maxj<i<p Zj Azg

(c) For any y # 0, Amax(A) > %.

(d) If 0 < B < A for some matrix7B, or if B is a principal
minor of A, then |Apax(B)| < Amax(4).

Here claims (a),(b),(d) form a part of the Perron-Frobenius
theory, claim (c) is obvious and holds true for any square
matrix.

Theorem 3.2: Let C be an (n, M, d) code. Then

4(n—k) n
M —
N — Amax(Sk) (k)
for all k such that AmaX(Sk,Q >n—2d.

Proof: Let g = Zle g:K; € Vj,. Consider the operator
Ty : Vi — Vi defined by

Tig = Sig — (n — k)gu K 4)

and let 0, be its largest eigenvalue. Recall that T}, is the matrix
of this operator in the basis {f(l} (T is the same as .Sy except
that (7% )k+1.6+1 = —(n—k).) Let us “shift” the matrix T}, by
a multiple of the identity matrix I to make all of its elements
nonnegative. For instance, we have Tj, + (n —k)I > 0. By the
Perron-Frobenius theorem,

Amax(skfl) < 9k < )\maX(Sk)

because the same inequalities hold for the largest eigenvalues
of the shifted matrices. Moreover, the eigenvalue 6 is of
multiplicity one. Denote by f € Vj the eigenvector that
corresponds to it. By (4) we have

(n—22)f = Ok f + (n — k) i Kk + frarKyi1,

SO ~ ~
(n—k)Ki + arKp1
n—2x — 0

f=

Consider the polynomial F' = ((n — k)Ky + axKp41)f. By
Lemma 3.1(a), f can be chosen to have positive coordinates.
Therefore by (2), the coefficients of the expansion of F' into
the basis {f(z} are nonnegative. Next, if n—2d < Apax(Sk—1)
then F'(z) <0 for z > d.

Since multiplication by f is a self-adjoint operator, we
compute

Fy = (((n — k) Ky, + arKy11) f,1)
={(n— k)f(k + akf(k-&-la f)
=(n—k)fx >0,

and

(0 -0y + /(7))

n — 9k
Substituting a;, = /(k + 1)(n — k) we find

F(0) = W <Z> < m <Z)

provided that Ay,.x(Sk) < n. The claimed estimate is obtained
by using the polynomial F' in Theorem 2.1. [ ]

Remark 1. This result is close to the previously known
estimates obtained within the frame of Delsarte’s method. In
particular, Levenshtein constructed a sequence of polynomials
that are optimal in the Delsarte problem (with some qualifiers),
see, e.g., [4]. The results of [4] imply that the above estimate
does not improve the known bounds on M. The result of [5]
is also of the form similar to Theorem 3.2.

Next we compute the asymptotic behavior of the largest
eigenvalue.

Lemma 3.3: Let k < n/2, A\t = Amax(Sk). For all s =
2,...,k+1,

F(0) =

i

)\kzm\/(k—s-‘rQ)(n—k-f—S—l)

s
e <2v/k(n—k+1).
In particular,

lim ﬁ

n—oo, k/n—1 N

Proof: By Lemma 3.1(b)
Mo £ V/(k=1)(n—k+2) + Vk(n — k+1),

=2/7(1—1).




hence the upper bound. On the other hand, take y =
(0F=5+11%)t. Then by part (c) of the same lemma,

s—1

> 2 VP Frp ).
p=0

Since for k < n/2 the quantity (k—p)(n—k+p+1) decreases
as p grows, we can replace p with s — 2 in every term under
the sum. This implies the lower bound. Finally, taking s —
00, s = o(n) we establish the limiting behavior of A. [ |

Theorem 3.2 and Lemma 3.3 together lead to the following
asymptotic result (the asymptotic MRRW bound for binary
codes [5]):

%logM < h(1/2 - m)(l + 0(1))'

Indeed, let lim% = § and assume that § < 1/2. We need to
choose k so that n ! A\pax(Sk—1) > (1 — 26)(1 + o(1)) as
n — o0. In the limit, this amounts to taking 7 that satisfies
2y/t(1—7) >1—=20, or 7 > /2 — 1/§(1 — 0). The result

now follows by the Stirling approximation.

IV. CONCLUSION

In the full version of this paper [2] we state and prove the
a general form of Theorem 3.2 above that applies to a broad
class of polynomial metric spaces and consider the other main
examples of interest to coding theory (constant weight codes,
spherical codes). In this talk we have shown the working of
the method for the most well-studied case of binary codes.
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