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Abstract— Using M antennas at the base station can boost
the downlink throughput by a factor M (multiplexing gain),
even though the receivers have a single antenna and do not
cooperate. In this semi-tutorial paper, we discuss some low-
complexity alternatives to achieve a downlink throughput very
close to the optimal sum capacity. We review and compare
these alternatives and we show that, in the simple setting of
independently fading channels, conventionallinear beamforming
achieves the best tradeoff between performance and complexity.
This calls for a reconsideration of the emphasis that some recently
proposed non-linear downlink precoding techniques have been
given both in the research literature and in the technology
development. We address also the problem of joint downlink
procesing and scheduling in a packet data system (cross-layer
design) and compare recently proposed scheme that require very
simple CSIT feedback.

I. OPTIMAL DOWNLINK PRECODING

A downlink channel with one base station equipped with
M transmit antennas andK users with one antenna each
is the simplest form ofMulti-Input Multi-Output Gaussian
Broadcast Channel(MIMO-GBC), whose sum capacity and
more recently the whole capacity region have been fully char-
acterized in a series of recent papers (see [1] and references
therein). A time sample of this channel is characterized by

y = Hx + z, (1)

where x is the signal vector transmitted in parallel by the
M transmit antennas,y = (y1, . . . , yK)T is the vector of
signals individually received by theK users andz ∼ CN(0, I)
is an i.i.d. proper Gaussian noise vector. The matrixH =
[hH

1 , . . . ,hH
K ]H contains the channel coefficients from theM

antennas to theK users, where therow vectorhk ∈ CC1×M

is the channel of userk. The input is subject to the total
average transmit power constraint tr(E[xxH]) ≤ P

For each given channel matrixH, the largest achievable rate
region (capacity region)C(H, P ) is is achieved by “Gaussian
codes” and Dirty-Paper Coding (DPC). The maximum rate
sum (throughput), solution ofmaxR∈C(H,P )

∑

k Rk, is given
by

Rsum(H, P ) = max
q

log det
(

I + HHdiag(q)H
)

(2)

where maximization is overq ∈ R
K
+ such that

∑

i qi ≤ P .
The convex maximization in (2) can be solved by the simple
iterative algorithm of [2]. The solutionq⋆ of (2) is referred
to as dual uplink power allocation. Once q⋆ is found, the

corresponding optimal transmission scheme is obtained as
follows: 1) fix an arbitrary successive user ordering (e.g.,
K,K − 1, . . . , 1); 2) compute the transmit “beamforming”
vectorsfk = βkΓ

−1
k hH

k , whereΓk = I +
∑k−1

i=1 hH
i hiq

⋆
i and

βk is such that|fk|2 = 1; 3) compute the cross-talk matrixΦ
such that[Φ]i,j = |hifj |2; 4) compute the user SINRs

γk =
[Φ]k,kq⋆

k

1 +
∑

i<k q⋆
i [Φ]i,k

= q⋆
khkΓ

−1
k hH

k (3)

5) solve for the downlink power allocation

p⋆ = [I − diag(a)U(Φ)]
−1

a (4)

whereU(·) denotes upper triangular part, anda is the vector
with componentsak = γk

(1+γk)[Φ]k,k

; 6) obtain the downlink

transmit matrix asG = Fdiag(p⋆)1/2. DPC for the precoding
matrix G goes as follows: users are encoded in the reverse
ordering (in our case,1, 2, . . . ,K). The signalxk of userk
has variance 1 and is obtained by DPC treating the signals
already produced for users1, . . . , k−1 asnon-causally known
interference. This allows to completely cancel the effect of
these users on the receiver of userk, without paying in terms
of transmit power. The SINR realized at userk receiver is
given by

[Φ]k,kp⋆
k

1 +
∑

i>k[Φ]k,ip⋆
i

(5)

and it is equal toγk given in (3). The individual rate of
userk is given byRk = log(1 + γk) (nat/symbol). Although
the individual user rates and powers depend on the chosen
ordering, it can be shown that

∑

k Rk = C(H, P ) and that
E[xxH] = tr(GHG) =

∑

k p⋆
k = P for all orderings.

In packet data communications, information bits arrive
randomly at the transmitter with given arrival ratesλ =
(λ1, . . . , λK) and are locally stored intoK queues, each asso-
ciated to one user. The base station operates in SDMA/TDMA
mode: at each slott, a user subsetK(t) is selected. Data
bits from the queues of usersk ∈ K(t) are jointly encoded
and transmitted over theM antennas. The resource-allocation
policy formed by queue selection (scheduling) and the space-
time signaling strategy is referred to as a SDMA/TDMA
policy. In this case, the goal of a SDMA/TDMA policy
is to stabilize the queues of all users in the system, i.e.,
to achieve finite average delay for all users. Under mild
conditions, the maximum achievable stability region coincides



with the ergodic capacity regionC(P ) of the underlying
MIMO GBC [3], [4]. Furthermore, lettingSk(t) denote the
queue buffer length of userk in slot t, andRk(t) denote the
instantaneous rate supported by userk in slot t, the adaptive
policy that maximizes the weighted sum of the instantaneous
rates

∑K
k=1 Sk(t)Rk(t) stabilizes anyK-tuple of arrival rates

λ ∈ C(P ). Then, efficient maximization of the weighted
rate sum for a arbitrary channel matrixH and non-negative
weightsw1, . . . , wK is of paramount relevance to implement
the adaptive queue-stability SDMA/TDMA policy.

The following algorithm (see [5]) computes the dual uplink
powers for the weighted sum-rate maximization problem.
It can be shown that the solution is always given by the
dual uplink decoding orderπK , πK−1, . . . , π1 whereπ is the
permutation that sorts the weights in non-increasing order

wπ1
≥ wπ2

≥ · · · ≥ wπK

W.l.o.g. and in order to simplify notation we can consider
πk = k. The objective function is given by

f(q) =

K
∑

k=1

∆k log det



I +

k
∑

j=1

hjh
H
j qj



 (6)

where we let∆k
△
= wk−wk+1 ≥ 0 and we definewK+1 = 0.

Then, we have
Algorithm 1: Initialize q(0) = 0, For n = 1, 2, . . . do:

1) Water-filling step: letγ(n) be the solution of

γ(n) = arg max
γ≥0,

P

k
γk≤P

K
∑

j=1

∆j

j
∑

k=1

log(1 + γkα
(n)
k,j )

(7)
where, fork = 1, . . . ,K and j ≥ k, we let

α
(n)
k,j = hH

k



I +

j
∑

i=1,i 6=k

q
(n−1)
i hih

H

i





−1

hk (8)

2) Update step: letq(n) = 1
K (γ(n) + (K − 1)q(n−1)).

△
The “water-filling step” in Algorithm 1 is a convex opti-
mization that admits a unique solution of the water-filling
type that can be found by one-dimensional line search. Once
limn→∞ q(n) = q⋆ has been determined, the downlink scheme
is obtained via the steps outlined before, for the DPC succes-
sive encoding order1, 2, . . . ,K.

II. L INEAR PRECODING

Linear precoding (or “beamforming”) represents a low-
complexity simple alternative to DPC. In a linear precoding
scheme, the transmit signalx is given by

x = Gu (9)

where G ∈ C
M×K and the vectoru = (u1, . . . , uK)T

contains the user code symbols. The symbolsuk are indepen-
dently generated by channel encoders for usersk = 1, . . . ,K.
Assuming w.l.o.g. thatE[uuH] = I, the power constraint

imposes that tr(GHG) ≤ P . User k SINR under linear
precoding is given by

SINRk =
[Φ]k,kpk

1 +
∑

i6=k[Φ]k,ipi
(10)

whereΦ was defined before, withfi = gi/
√

pi, gi denoting
the i-th column ofG, andpi = |gi|2. Under Gaussian codes
and minimum distance decoding at the receivers, the user rates
Rk = log (1 + SINRk) are achievable.

The weighted rate sum maximization under linear beam-
forming is a non-convex problem that has escaped so far to
a simple solution. In [6], the constrained maximization with
respect toG is replaced by an unconstrained maximization
with respect toB, where the transmit signal is given by
x =

√

P
tr(BHB)

Bu. The algorithm proposed in [6] consists
finds (iteratively) a stationary point of the rate sum, obtained
by setting the gradient of

∑

k Rk w.r.t. B to zero. We shall
refer to this algorithm as “SVH” from the initials of the
authors of [6]. The SVH algorithm is plagued by possible
convergence to local maxima. Improvements (at the expenses
of complexity) are obtained by combining the basic SVH
algorithm with some global maximization strategy, such as
differential evolution(DE) (see [7] and references therein).

Another option consists of combining the basic SVH algo-
rithm with the following general purposegreedy user selection
strategy. For a fixed transmission scheme, denote byR(K)
the achievable throughput obtained by restricting the system
to users in the subsetK ⊆ {1, . . . ,K}.

Algorithm 2: Let K0 = ∅ andR(∅) = 0. Fork = 1, . . . ,K,
do:

1) Find
ik = arg max

i/∈Kk−1

R(Kk−1 ∪ {i})

2) If R(Kk−1∪{ik}) < R(Kk−1), let K = Kk−1 and exit.
Else, if k = K let K = {1, . . . ,K} and exit. Else, let
Kk = Kk−1 ∪ {ik}, and go to 1.

△
The greedy user selection of Algorithm 2 can be combined
with the SVH algortihm, or with zero-forcing (ZF) linear
beamforming with water-filling (WF) power allocation (briefly,
ZFWF). The resulting “greedy-ZFWF” has been proposed
in [8]. It is wortwhile noticing here that the greedy-ZFWF
yields, by definition, equal or better rate sum than the greedy
algorithm presented in [9], as well as of any greedy user
selection based uniquely onH. In fact, any algorithm that
adds one user at each step and does not re-process the set of
already selected users (greedy), under the same beamforming
optimization, cannot outperform Algorithm 2. Furthermore,
both greedy-SVH and greedy-ZFWF can be easily modified
in order to take into account arbitrary weighted rate sum
maximization [10].

III. N ON-LINEAR PRECODING

Seeking a tradeoff between the performance of DPC and
and the low complexity of linear precoding, several non-linear



precoding schemes have been proposed. In general, a non-
linear precoder produces the transmitted signalx in the form

x =
1√
ρ
G(u + d − λ) (11)

whereG is some transmit matrix such that tr(GHG) ≤ P , d is
a randomdithering signal assumed known at the transmitters’
side andλ is a data-dependent lattice point, i.e.,λ is a function
of u andd. The normalization coefficientρ is defined by

ρ =
tr(GHGE[(u + d − λ)(u + d − λ)H])

P
(12)

where expectation is with respect to the data vectoru and the
dither vectord.

In order to allow independent decoding at the receivers,
λ is restricted to take values in aK-fold Cartesian-product
lattice ΛK , where Λ denotes a one-dimensional (complex)
lattice (typically,Λ = τZ[] for some scaling factorτ ).

Each userk “sees” the single-input single-output channel
given by

yk =
1√
ρ
(hkgk)(uk + dk − λk) + ηk (13)

where ηk is noise plus residual interference. The receiver
subtracts the known dither componentdk and, after appropriate
scaling, applies a modulo-Λ operation1 in order to remove
the data-dependent lattice pointλk. In general, the resulting
modulo-Λ channel at receiverk is given by

y′
k = uk + ζk mod Λ (14)

For an appropriately designed dithering signald, ζk anduk are
independent oralmost independent. Under the independence
assumption, the achievable rate of userk can be lower-
bounded by

Rk ≥
[

log Vol(Λ) − log
(

πeσ2
ζ

)]

+
(15)

where σ2
ζ = E[|ζk|2] and where we used the fact that the

differential entropy of the output of the modulo-Λ channel is
maximized by the uniform distribution Uniform(V), whereV

denotes the Voronoi cell ofΛ [11], of volume Vol(Λ). A simple
choice for the dither signal is to letdk with real and imaginary
parts i.i.d., uniformly distributed in the interval[0, κ], for some
κ ≫ 1.

We examine two well-known non-linear precoding schemes.
The first is a modified version of the classical THP [11]. In
this case, the component ofλ are computed in sequence, for a
given encoding order (w.l.o.g., assume1, 2, . . . ,K). Using the
DPC transmit matrix and power allocation, it can be shown
that the modified THP achieves the sum rate lower bound [11]

Rthp
sum(H, P ) ≥

K
∑

k=1

[log(1 + γk) − log πeG(Λ)]+ (16)

where G(Λ) is the normalized second moment ofΛ (equal
to 1/6 for the Gaussian integer grid). Assuming that all the

1We define[a] mod Λ = a−QΛ(a) whereQΛ(a) = argminλ∈Λ |a−λ|
is the minimum distance lattice quantizer based onΛ.

terms for whichγk > 0 in (16) get positive rate, it follows
that the THP incurs a penalty oflog πeG(Λ) nat/symbol per
active user with respect to DPC (this is roughly 0.5 bit/symbol
per active users in the case of the Gaussian integer grid). This
loss might be significant. Hence, we propose to combine the
modified THP with the greedy user selection of Algorithm 2
in order to limit the number of active users to at mostM users.
The resulting scheme shall be referred to as “greedy-THP”.

The second non-linear precoding scheme is the vector
precoding (VP) introduced in [12]. VP choosesλ according
to the instantaneous transmit energy minimization

λ = arg min
λ′

∈ΛK

|G(u + d − λ)|2 (17)

This amounts to a closest lattice point search to find the point
of the latticeΛ′ = GΛK closest to the vectorv = G(u+d),
that can be efficiently implemented by using universal lattice
decoding algorithms known as “sphere-decoders”.

In [12], a VP scheme is proposed in conjunction with ZF
precoding or with a regularized pseudo-inverse precoding,and
uniform power allocation (this shall be referred to as the
ZFVP algorithm). We generalize this idea and examine VP
when the matrixG is designed according to different criteria.
In particular, forG designed according to the greedy-ZFWF
scheme (referred to as the greedy-ZFWFVP algorithm), we
obtain the achievable sum rate lower bound

Rzfwfvp
sum (H, P ) ≥

∑

k∈K

[log pk − log(ρπeG(Λ))]+ (18)

wherepk is the waterfilling downlink power for active user
k and K is the set of users selected by Algorithm 2. A
disadvantage of both the ZFVP and the greedy-ZFWFVP
algorithms is that the transmit matrixG is designed a priori,
without taking into account the fact that the effective noise
variance with VP is decreased from 1 toρ ≤ 1. As an
alternative, we have examined an iterative optimization of
G under the VP strategy such that, at every iteration,ρ is
computed for givenG using (12) and Monte Carlo average,
and thenG is re-optimized for the new equivalent noise
variance equal toρ [7]. Furthermore, when computingG, we
directly optimize the modulo-Λ channel rate sum, based on the
lower bound (15). This yields a modified waterfilling solution
that allocates equal downlink power to all usersk ∈ K.
This scheme shall be referred to as the “modified greedy-
ZFWFVP”.

We observe the following important facts. 1) The THP
makes use of “inflation factors”αk = SINRk

1+SINRk
in order to

achieve user ratesRk = log(1 + SINRk) − log πeG(Λ) [11].
On the contrary, VP must useαk = 1 and therefore it can
achieve user ratesRk = log SINRk − log(ρπeG(Λ)), where
SINRk denotes the “pre-modulo”Λ SINR of userk. 2) On the
other hand, THP achieves alwaysρ = 1, while VP achieves
generallyρ ≤ 1. Hence, it is not a priori clear which one
of the two schemes yields the best performance. 3) The VP
scheme is significantly more computationally demanding than
THP since it needs an|S|-dimensional sphere encoder at the



transmitter, while THP computes just a sequence of (complex)
scalar quantizations.

For the realistic case whereK is significantly larger thanM
(Fig. 1), the greedy linear precoder finds easily a good subset
of users with almost mutually orthogonal channels. No non-
linear scheme beats the SVH with DE for any range of SNR.
The non-linear gain is not sufficient to compensate for the
modulo-Λ loss. Furthermore, the greedy-SVH and the greedy-
ZFWF for K ≫ M yield performance almost identical to the
SVH with DE at much lower complexity, in agreement with
the result of [9].

IV. SCHEMES WITH NON-PERFECTCSI

While the general case of non-perfect CSIT is yet to be
solved in an information theoretic sense [13], several schemes
have been proposed in order to limit the amount of required
CSIT feedback while achieving good performance. A popular
scheme consists of quantized channel state information (via
noiseless feedback) [14]. Another possibility is to use random
beamforming (RB) and SINR feedback, opportunistically allo-
cating users to the beams where they achieve their best SINR
[15].

Here we consider another option, that easily incorporates
the relevant case where the channel changes in time and the
feedback has a delay. Hence, CSIT is outdated even in the
case of ideal noiseless channel state feedback. Each receiver
estimatesexactlytheir channel vectorhk(t) and sends it back
without coding and quantization (we referto this scheme as
“Analog Feedback” [16]). Due to a delay ofd slots and to the
noise feedback link, the trasmitter at timet has a sequence of
delayed and noisy observations of the channel matrix process
{H(t)}. Finally, the CSITα(t) at time t is defined as the
MMSE predictionof H(t) given these observations. Assuming
that the channel evolves according to a Gauss-Markov process,
the MMSE prediction can be computed efficiently using a
Kalman filter.

We consider a newly proposed greedy beamforming algo-
rithm for weighted rate-sum maximization [10]. Following
the formulation in [17], letΣk = E[hkh

H

k |α] denote the
conditional channel covariance given the CSIT and define an
“average SINR” conditionally on CSIT as

SINRk(α) =
bH

kΣkbk

tr(BHB)/P +
∑

j 6=k bH
j Σkbj

∀k (19)

where bk ∈ C
M×1 (k-th column of the matrixB) is the

unnormalized beamforming vector of userk. This definition
of SINR does not correspond to any achievable rate. Never-
theless, it is widely used in the signal processing literature and
enables us to formulate the weighted sum rate in a tractable
way (it is therefore an heuristic approach). The new objective
function is given by

f(B) =

K
∑

k=1

wk log

(

1 +
bH

kΣkbk

tr(BHB)/P +
∑

j 6=k bH
j Σkbj

)

(20)

The gradient off with respect tobk is given by

∂f

∂bk
=

wk

dk
Σkbk − tr(D)

P
bk −

∑

j

[D]j,jΣjgk (21)

where[D]j,j denotes thej-th diagonal element ofD given by

D = diag

(

wkb
H

kΣkbk

dk(dk + bH

kΣkbk)

)

(22)

anddk denotes the denominator ofSINRk. We proposed [10]
the following iterative algorithm in order to maximize the
weighted sum-rate in (20).

Algorithm 3: Initialize B(0) = αH√
tr(ααH)

. Forn = 1, 2, . . .

do:

b
(n)
k

=
wk

d
(n−1)
k

0

@

tr(D(n−1))

P
I +

X

j

[D]
(n−1)
j,j Σj

1

A

−1

Σkb
(n−1)
k

and updateD(n+1) correspondingly. △
This algorithm can be included into the greedy user selection
Algorithm 2.

As a term of comparison, we consider a RB scheme with
SINR feedback, where the feedback link isnoiseless(the index
of the best beam and its strength is sent back quantized and
encoded over the feedback link). Thus, the only suboptimality
in this case is due to the delay in the feedback. We feel that
this is a fair comparison and reflects the fact that RB needs
somehow less feedback: for every user, it needs only the index
of the random beam over which the user achieves the best
SINR, and the corresponding SINR value. However, we shall
see that the delay in the feedback, alone, is able to prevent the
RB scheme to work properly, as it ends up scheduling users
in the wrong beams.

Fig. 2 shows averaged delay vs. the sum arrival rate for
DPC (optimal) and linear schemes (greedy-ZFWF and greedy-
SVH). We evaluate also the average delay performance of the
SDMA/TDMA policy of Algorithm 3 and of RB as a function
of the mobile speedv by letting the total arrival rate fixed to
6.0 bit/channel use. We consider a 20-user system withM =
1, 2, 4 antennas (M = 1 refers to a single-antenna TDMA
system). The downlink SNR is set to be 20dB. For the analog
feedback scheme, the uplink SNR is also assumed 20dB. Fig. 3
and 4 show the average delay vs. the mobile speedv km/h.
The overall superiority of the newly proposed Algorithm 3 is
clearly demonstrated.
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Fig. 1. Average throughput for aM = 4, K = 20 system.
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