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Abstract— Oversampled A/D conversion is traditionally studied
using statistical approach. In this paper we review results of
deterministic analysis of oversampled A/D conversion which
revealed some surprising facts about its actual accuracy and
rate-distortion characteristics and lead to the construction of a
single-bit oversampled A/D conversion scheme which attains an
exponential rate-distortion characteristics.

I. INTRODUCTION

Analog-to-digital (A/D) conversion involves discretization
of an input analog signal in time, implemented by means
of regular sampling with an interval =, followed by ampli-
tude discretization using uniform scalar quantization with a
quantization step ¢g. An A/D converter is illustrated in Figure
1. If the input signal is bandlimited, and 7 is smaller than
the Nyquist sampling interval, 7, then the signal can be
perfectly reconstructed from its samples. On the other hand,
the amplitude discretization introduces an irreversible loss of
information. Precise mathematical characterization of this loss
of information, i.e. the accuracy of A/D conversion, remained
evasive for many decades. To cite R. M. Gray, “Deceptively
simple in its description and construction, the uniform quantizer
has proved to be surprisingly difficult to analyze” [1].

Traditionally, quantization error is modelled as an iid pro-
cess, uniformly distributed in the (—g/2, ¢/2) range [2]. This
approach leads to the following result about the mean square
error between an input bandlimited signal f and a signal f.
reconstructed from quantized samples of f by means of linear
filtering:

B0 — fP) = LT 1
(1f:(0) = FOF) = T3 - M
The conclusion drawn from this formula is that by means of
oversampling the accuracy of A/D conversion can be increased
beyond the limits imposed by the precision of the quantizer.
From the rate distortion perspective, it was traditionally be-
lieved that this approach to attaining high conversion accuracy
was suboptimal since the bit-rate R increases linearly with
the oversampling ratio » = 7 /7, leading to a rate distortion
characteristics of the form

¢ 1
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whereas, if the accuracy is increased by refining quantization,
the error decays exponentially in the bit-rate.
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Fig. 1. Block diagram of simple oversampled A/D conversion followed by

classical linear reconstruction.

Still, due to the costs involved in the production of high-
resolution quantizers, high accuracy of modern techniques for
A/D conversion is achieved through oversampling.

However, even an elementary deterministic analysis reveals
that the statistical approach is very misleading about the actual
accuracy of oversampled A/D conversion. In particular, the
error between f and its reconstructed version f,., obtained at
some finite 7 by means of sinc® interpolation (ideal low-pass
filtering) is given by

e (t) = f(t) = f(t) = 7Y _(f(n7) = fU(n7))sinc(t —n7) ,

where f(nT) is the quantized version of f(n7). When 7 tends
to zero, the error signal converges toward

e(t) = lim e, (t) = /oo (f(s) — f(s))sinc(t — s)ds (4)

T—0 — o

which is not the zero function. The discrepancy between the
expression in (1) and this observations about the asymptotic er-
ror behaviour is due to the fact that the statistical model is not
valid for high oversampling ratios when correlations between
quantization errors are more pronounced. And contrary to what
could be expected from this negative result about the accuracy
of oversampled A/D conversion, many classes of signals can
actually be reconstructed with a higher accuracy than predicted
by (1), but that requires more sophisticated methods than linear
filtering.

In this paper, we review some relatively recent results of
deterministic analysis of oversampled A/D conversion [4],
[3], which established some surprising facts about its actual
accuracy and rate-distortion characteristics and lead to a con-
struction of a single-bit oversampled A/D conversion scheme
which attains an O(7?) error behaviour and exponential rate-
distortion characteristics [5], [6]-

1We use the notation sinc(t) = sin 7t /mt.
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Fig. 2. Quantization threshold crossings of an analog signal f and its
consistent estimate f. If f goes through a certain quantization threshold at
a point =, then f has to cross the same threshold at a point y, in the
same sampling interval. The error amplitude a the point x, is equal to

|f(zn) = f(zn)| = [Flyn) = F(wn)l.

Il. DETERMINISTIC ANALYSIS OF OVERSAMPLED A/D
CONVERSION

Consider oversampled A/D conversion of signals in the
space of w-bandlimited functions in L?(IR). We shall denote
this space by V.. Let f € V, be at the input of an A/D
converter with a sampling interval 7 and a quantization step
q, as shown in Figure 1. The question which we are trying
to answer is: how accurately f can be reconstructed from the
sequence of its quantized samples (f[n7])nez. To this end,
consider a signal f € V, which is a consistent estimate of
f, that is a signal which at the output of the A/D converter
produces the same sequence of quantized samples as f. Since
fi[n7] = f9[n7], Vn € Z, if f has a quantization threshold
crossing at some time instant ¢ = x,,, then f must cross the
same quantization threshold at some instant ¢ = y,, which
lies in the same sampling interval with z,,, and vice versa, as
illustrated in Figure 2. This implies that the difference between
fand f at t =z, is proportional to 7, in particular

(@) = @)l = |Fyn) = Fl@a)| < f'(&)T ()

where &, is a point in the interval between z,, and y,, (see
Figure 2). As = — 0, for any consistent estimate f of
f. the difference |f(z,) — f(z,)| is progressively smaller,
and in the limit when 7 = 0, f(z,) = f(zn) at every
quantization threshold crossing z,, of f. Does this imply that
in the limit f(t) = f(t), Vt € IR, and that any sequence of
consistent estimates converges in L2 sense to f as 7 — 0? The
answer depends on the sampling properties of the sequence of
quantization threshold crossings (,)necz in Vr.
There are three possible scenarios.

1. (zn)nez is not a sequence of uniqueness [7] in V. In this
case, even in the limit, 7 = 0, when f(z,) = f(zn), Y&, f
and f can be arbitrarily different at other time instants.

2. (zn)nez is a sequence of uniqueness but not a sequence

of stable sampling in V. For 7 = 0, in this case f(t) =
f @), Vt € IR, however for any finite 7, even though f and f

are close at all ¢ = z,,, there is no guarantee that they would
be close at other time instants.

3. (zn)nez 1S a sequence of stable sampling in V; [7]. When
the stable sampling condition is satisfied, any sequence of
consistent estimates converges in L2 sense to f at a rate
established by the following theorem [3].

Theorem 2.1: Let the sequence of quantization threshold
crossings (x,,)nez Of asignal f in V., be a uniformly discrete
sequence of stable sampling in V... There exists a 6 > 0 such
that for all < &, any consistent estimate f of f satisfies

1= £ <esllfIP2, (6)

where ¢ is a constant which depends on (z,),cz but does
not depend on 7 or f.

Hence, there exist signals for which the accuracy of over-
sampled A/D conversion cannot be improved by increasing
the oversampling ratio, and there are also signals for which
the error converges to zero as 7 —, and if that is the case the
error decays proportionally to 72 rather than 7. While some
intuition about these two classes of signals was given in [3],
which demonstrated that both classes comprise significant sets
of bandlimited signals, their precise characterization is very
intricate.

The stronger error bound of Theorem 2.1 has quite ap-
pealing practical implications, however the constant cy in (6)
depends on a particular signal, hence the 72 accuracy is not
uniform on sufficiently general sets of bandlimited signals.
Another important issue is finding practical reconstruction
algorithms which attain the accuracy asserted by Theorem 2.1.

The reconstruction can be approached as the problem of
interpolation of a bandlimited signal from an irregular se-
quence of samples (f(z,))ncz Where each z,, is known with
some finite precision, 7/2, whereas f(z,)’s are known with
infinite precision since they are equal to corresponding quan-
tization threshold. For good numerical properties of practical
algorithms for reconstruction of f from this information, the
density of (z),cz needs to be greater than 1 [5] (above
the Nyquist rate), however, it turns out that the density of
quantization threshold crossings of a signal in V, cannot be
greater than 1 [3].

Let us now reconsider the bit-rate of oversampled A/D
conversion. Observe that the sequence of quantized samples
(fq[nT))nez of f is completely specified by the corre-
sponding sequence of quantization threshold crossings [4]. To
encode the sequence of quantization threshold crossings, we
first partition the time axis into consecutive segments of length
T > 7. Then we represent the m-th quantization threshold
crossing on a given segment 7' as (i, lm), wWhere i, is the
position of the sampling interval in which the crossing occurs
within 7', and [,,, is the level of the corresponding threshold.
Since the bit-rate needed for encoding levels [,, does not
depend on 7, and the bit-rate needed to encode indices i,
increases as log,(T'/7), the overall bit-rate of this encoding
scheme is

R=Cy +Cy 10g2(T/T) , @)



where C; and Cy are constants which do not depend on 7
[4]. Finally, if the error converges to zero as established by
Theorem 2.1, with this encoding scheme the rate-distortion
characteristics of oversampled A/D conversion becomes

IF = FII? < e g2 R (8)

where ¢,y and ay are constants which depend on f but do not
depend on 7. Similarly, even with the linear reconstruction, for
moderate oversampling ratios for which the statistical model
of the quantization error is valid, it follows from (1) that the
rate-distortion characteristics of oversampled A/D conversion
with the quantization threshold crossings encoding is

E(|f;(t) = f®)%) < o p2700 72 ©)

The considerations in this section reveal both the poten-
tial of oversampled A/D conversion to achieve a superior
accuracy and rate distortion characteristics than suggested by
the traditional point of view, as well as its limitations and
problems that need to be solved in order to guarantee a
uniform O(72) error behaviour and exponential rate distortion
characteristics on broad classes of bandlimited signals. These
lead to the construction of a single-bit A/D conversion scheme
[5], described in the following sections, which resolves all
the problems involved by introducing a deterministic dither
function.

I11. A DITHERED A/D CONVERSION SCHEME

We shall consider signals in the set C = {f : f €
Ve, [|[fllc < 1}, that is, the set of m-bandlimited signals
with finite energy and amplitude bounded by 1.

The single-bit dithered A/D converter is defined by means
of a dither function d and a parameter A > 1. We shall assume
that the dither function satisfies conditions which ensure that
the composite signal f + d changes sign on every interval
I, = (n/X—1/(2)\),n/X+1/(2))), for every f in C. In
particular, we shall require that d is a C*-function that for all
n € Z satisfies

n 1
_ _ >

o)) --wkG-2)]

An example of an appropriate dither is the sine func-
tion, d(t) = vsin(Art). The sequence |(f + d)(n/X +
1/(2X))| , n € Z, therefore alternates in sign, hence, there
must be at least one zero-crossing of f + d in every interval
I,. We can then select one zero-crossing t,, in every interval
I,,, forming a sequence (t,)ncz Which is sufficiently dense
to form a sequence of stable sampling in V. This motivates
the following definition [5].

Definition 3.1: Let d be a bounded C*-function satisfying
(10) and (11), and let A > 1 be a fixed parameter. The single-
bit dithered oversampled analog-to-digital converter, Diir, is

(11)

defined as the operator D‘/{’T :C — £°°(Z) given by

(D‘/{,Tf)[n] =min{m: m € Z,mr € I,
sg[(f + d)(m)] # sgn[(f + d)(m7 + 7)]} — pn

where p, = |n/A7].

The output of the converter is a sequence of indices of
sampling intervals where zero-crossings of f + d occur; one
zero-crossing within each interval I,,. For simplicity, in the
definition of the converter we choose this to be the first zero-
crossing in I,,, but any other selection algorithm would work
as well.

The bit-stream produced in this conversion allows for point-
wise reconstruction of any signal in C with O(r) accuracy,
uniformly in time and on C, as asserted by the following
theorem [5].

Theorem 3.2: If f, f € C satisfy D¢ _f = D¢ _f, then

If(t) = f@)| < er,
uniformly ont, where ¢ is independent of 7, f, or f.

The bit-rate, R, of this conversion scheme is determined
by the number of sampling intervals within each interval I,,
of size 1/X. Here A will be kept fixed, and 7 will typically
be significantly smaller than 1/\. Thus the bit-rate needed
for specifying the location of one data change within 7,, with
precision T satisfies

R < —Alogy(TA) +1.

This result on the bit-rate along with the result of Theorem
3.2 then imply that there exist a positive constants ¢; such that
for any conversion consistent estimate f of f

lg(®) = F(D)] < 277,

uniformly in ¢, and uniformly for f in C.

Let us now focus on explicit local-reconstruction algorithms
that attain the accuracy asserted by Theorem 3.2. Observe that
for every interval I,,, the Df’T(f) gives us the value of a
time instant s,, , = k7 + n/X such that sgn((f + d)(sn,x)) =
—sgn((f +d)(sn,k+1)),2 implying that ( f +d)(t) must be zero
for some ¢ € (sp,k, Sn,k+1)- Let us define,

(12)

tn = Snk + 7/2; (13)

since | f'(t)| < «||f]| < = for all ¢ ( this follows from f € V,,
see [10]) and |d'(t)| < ||d||cr =: A, it follows that

f(tn) = —d(tn) + €, , where |ep| < (A+m)7/2 . (14)

The bit sequence Dﬁ’r(f) thus specifies the sampling se-
quence (t,)necz and, within an error proportional to 7, the
values of f at these sampling points. The sequence (t,)necz
is uniformly discrete, i.e. inf,, ycz nzk |tn — tx| > 0. More-
over, the lower uniform density of (¢,).cz equals A > 1.
Therefore, (t,)ncz constitutes a sequence of stable sampling
for all the spaces V,,, for all < A [7], [9], and thus for
V. and C. Hence, any function f in C can be reconstructed

2We assume, for simplicity, that 7 divides 1/\.



from its samples (f(tn))nez in @ numerically stable manner.
In our case, these samples are, however, known only at a finite
precision. The following theorem asserts that there exist C'>°
functions 4),, such that

Cn
¥n(t) < T
(where Cy are constants that do not depend on f), which
can be linearly combined to reconstruct f from its quantized
samples with O(r) accuracy [5].

Theorem 3.3: Let DY be a dithered A/D converter, as de-
scribed in Definition 3.1, and let f be a function in C. Define a
sequence of time instants (tn)nez as

tn = (un + (DS Hln] + %) T

where pu,, = [n/AT|. There exist functions v,, of fast decay, as
specified by (15), such that the approximation f of f, given by

for all ne Z, te R,N >1, (15)

f(t) = Z d(tn)¢n(t - tn) (16)
neZ
satisfies }
If(t) = fO) < CA+m)T, 17

for all t, where C' does not depend on f or .

The significance of the fast decay of functions ,, is
that it guarantees local reconstruction with a small accuracy
degradation. In particular, consider reconstructing f at some
te (k/A—=1/(2\),k/A+1/(2))) as

k+L

fapp:L(t) = - Z d(tn)wn(t - tn) :

n=k—L

Then the overall reconstruction error satisfies

N -1 \L

forall t € (/X —1/(2X),k/A+1/(2))) and for all N > 2,
where constants v, A and C'y are as defined in the above. This
bound does not depend on & and is uniform in f on C.

N—-1
vu»—AWiUNSch+ww=+%“CN(3)  (8)

IV. RECONSTRUCTION USING FINITE INTERPOLATION

The results presented in the previous section prove the O(1)
accuracy of the proposed single-bit A/D conversion scheme.
In this section we consider a practical reconstruction algorithm
which comes very close to the O(7) accuracy. The approach
we take is to interpolate between the quantized samples
(f (tx))rez, as specified by (13) and (14), to estimate samples
(f(n/A))nez, and then synthesize f using an appropriate
function ¢ of fast decay as

0= 31 (%) (1)

For that purpose one can use any function ¢ such that its
Fourier transform ¢ is C*°, and satisfies |@(w)| = 0 for |w| >
AT, (W) = o= for |w] < 7, and 0 < g(w) < 5= for

7 < |w| < Am (see Figure 3). If the samples f(%) in (19) are

(19)

»
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Fig. 3. w-bandlimited signals can be reconstructed from their samples taken
atn =n/\ n€Z, A>1asf(t) =, f(n/A)p(t —n/X), wherep
is any function such that |p(w)| = 0 for |w| > Am and $(w) = 1/v/2x for
|w|] < 7. That alows to design ¢p(w) so that it is C*°, which makes ¢ decay
faster than any inverse polynomial in the time domain.

replaced by perturbed values fx = f(R) + e,, With |e,| < €
for all n, then the resulting sum approximates f within an
error proportional to e, uniformly in ¢

1 . n € n

(G S oACHIES

Consider now estimating samples (f (n/A))nez from quan-
tized samples (f(t.))nez uUsing Lagrangian interpolation.
Without loss of generality, we focus on interpolating f at
t = 0 from f(tx), k = —L,—L +1,...,L. Observe that
since the dither function has maximum amplitude v > 1, C!
norm A := sup |d'(¢)|, and attains either v or —~ between
each two zero crossings, then t,,’s must be separated by at
least § := Q(A"’—;;) — 7. Let fapp:(0) denote the approximation
to f(0) computed by Lagrange interpolation from f(¢;) with
[{| < L. In general, the Lagrange interpolation gapprox, & () of
a function g that is K times continuously differentiable, based
on the values values g(z1),---,g(zk), satisfies the bound

K
1
19(2) = gapp.xc(2)| < 5 suplg™ )| TT It~ tal
Y k=1

In our case | £ (t)| < 7!, because f is in V, and |f(t)| < 1.
It follows that [5]

2L+1
£ (0) = fO)appl < VI (55)

This error decreases exponentially as L increases. However,
as explained earlier, our reconstruction does not use the exact
f(tz), but approximate values that are within (A + 7)7/2
of the true f(t,). We therefore also need to estimate the
error between fapp:r, and fapp:r, Which is the Lagrange
interpolation between the approximate values of f(¢,). The
explicit form of the Lagrange interpolation formula allows us
to bound this as [5]

(21)

F A+
1 Oapprt = FQappez] <0 BEDT 2 (9
A0
Combining the two estimates, we find
F o\ 2L+t (A +m)TL?
1O = FOupz| < VI(55) Bl



Hence, the error has the form |f(0) — fapp:z(0)] <
arLVe L 4 aprLP, where a = 2|log(n/2\)], v = 1/2
and 8 = 2. We select the interpolation order L so that the
interpolation error is kept below the quantization error; in
particular, a;e~®F < ap7r!te for some € > 0. It follows that
for

1 1
L>~log® + 210 1] (23)
« ai «
the approximation error can be bounded as
|£(0) = f(0)app:z| < car|logest|? . (24)

If £ is now synthesized from interpolated samples according
to (19), the error bound is provided by (20), with ¢ =
ca7|logesT|P. The error of local reconstruction, when f is
synthesized using finitely many expansion terms around a
point of interest, exhibits the same fast decay in the number
of expansion terms as the truncation error given in (18).

Observe that for Lagrangian interpolation to be effective, in
the sense that the interpolation error can be reduced to a level
below the quantization error one needs A > 7/2. Lagrangian
interpolation also causes accumulation of the quantization
error according to a power law in the interpolation order that
ultimately causes degradation of the overall conversion accu-
racy by a factor O(|log 7|°). Another practical reconstruction
scheme which is valid for any A > 1 and improves the overall
accuracy over the Lagrangian approach from O(7|log cs7|?)
to O(7) was proposed in [6]. A particularly elegant and
accurate reconstruction scheme can be used if the dither is
the cosine function d(t) = ycosAnt with A > 3 [6]; that
scheme is reviewed in the following section.

V. RECONSTRUCTION FOR COSINE DITHER WITH A > 3

In the case of cosine dither d(t) = 7 cos(Ant) with A > 3,
~v > 1, f can be reconstructed from its samples taken at zeros
of f+d as if they are regular samples. In particular, f can be
represented as

76 = 3 3 fEK (- ) (25)

n
where &, are zero crossings of f+d, and K is an L! function
such that K (w) = 1 for |w| < , and K(w) = 0 for |w| >
Am — 27 > 7. This result was established in [11]. Positions of
zero crossings of f(t) + -y cos Awt are in our A/D conversion
scheme known only at a finite precision, hence we reconstruct

fas
76 = § (@) + K~ & —6,) ,  (20)

where |6,| < er and |6,] < 7/2. The error made by this
approximation can be shown to be bounded as [6]

(27)

We now design K such that [, [K(t)ldt < e oL,
which would make the error of local reconstruction decay

exponentially in the length of the interpolation interval. A
function K of this kind is given by

_ L/)  sin((m +e)t) siney/t2 — (L/))?
K@) = sinheL/A 7t t2 — (L/))?2 (28)

where ¢ = (M — 3m)/2. Observe that the factor
sine\/t2 — (L/A)?//t> — (L/A)? in the expression for K
is an entire function of exponential type at most ¢, so it is an
L? function bandlimited to e. Therefore, K is bandlimited to
A — 27 > and K (w) = 1 for |w| < m. One can verify that
K isin L', and that fl, o p /5 [K(8)|dt < e*EL/_'\.

If such a function K is used for reconstruction of f from
quantized 2L + 1 samples f(¢,) around ¢ according to (26),
the resulting error can be bounded as

C. C; _
£ = fappr(®)] < F7+ e (29)
Hence, when
1+e¢ 1 Cyq
L>—|1 —log =
> — —[log7|+ g
for some € > 0, we obtain
2c
£ = Sapper (0] < 27 (30)

To summarize: in the case of cosine dither, d(t) =
ycosAnt, A > 3, we are able to reconstruct f using the
simple quadrature formula in (25) [11]. With interpolation of
this kind using kernel K given by (28) , local reconstruction
from O(|log7|) quantized samples attains O(7) accuracy.
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