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Abstract— Given a sphere of radiusr > 1 in the n-dimensional  S7; therefore we use a shorter notati6Hp,y) instead of

Euclidean space, we study the coverings of this sphere with C"(p,y). Notation C(p) will also be used when a specific
unit spheres. Our goal is to design a covering of the lowest centery is of no importance.

covering density which defines the average number of unit herical . f L ltidi . |
spheres covering a point in a bigger sphere. For growingn, Spherical coverings often arise in multidimensional (vec-

we obtain the covering density of(nlnn)/2. This new upper tor) quantizers [5]In particular, considen-dimensional data
bound is half the order n1nn established in the classical Rogers points z € R"*! that have the same energy and are

bound. uniformly distributed in the spher€”. A typical quantizer
provides a coveringdx} of the sphereS” which limits the
) ) ) mean(squaredyounding error (x —z)2. Zador’s theorem [5]
Spherical coverings.Let B} (x) be theball (solid sphere) shows that this error can be reduced per dimension by using

I. INTRODUCTION

centered at some poist= (1, ...,z,) of ann-dimensional gyantization in higher dimensions. In this case, given the

Euclidean spac®" : maximum rounding erroe caused by a quantizer, we wish to
n find the thinnest-coveringCov(S?) of the sphereS!.

B (x) def {z eR™ | Z(Zi —7;)? < 1"2}. Preliminaries. Given a setA of volume |4|, the two

i=1 important quantities are the minimal covering sjZev(A4,1)|

We also use a simpler notatids{” if a ball is centered at the and the covering density

origin x = 0. For any subsed C R", we say that a subset n

Cov(A,e) € R™ forms ane-covering (an e-net) of A if A 0(A) = Z wa

is contained in the union of the balls of radiascentered at xeCov(A4,1) |4]

pointsx € Cov(4,¢) : Minimal coverings have been long studied for both the sphere

AC U B2 (x). Sy and the ballB}. In particular, we mention the following
x€Cov(A,e) results. The Coxeter-Few-Rogers “simplex” bound shows that

n . . 1 1/2
By changing the scale iR"™, we can always consider thefor any sphere5;’ of radiusr > (1 ™ n) ’

rescaled sefl/= and the new coverinGov(A/e, 1) with unit 5(S™) > ern.

balls B (x). Without loss of generality, below we consider "

these (unit) coveringsOne of the classical problems is toHere and below:; denote some universal constants. Various
obtain tight bounds on the covering sigeov(B;',1)| for any upper bounds on the minimum covering density are obtained

ball B} of radiusr and dimensiom. for B} and S;' in the renowned papers [1] and [2]. In
Another related covering problem arises fosghere particular, a sufficiently large balB” can be covered with
nal the density
def
sr =gz e R | Zz-z :rz}.
T @ Inl
{ i=1 (B <[(1+ nonn + o nlnn. (2)
Inn Inn

Then the unit baIIsB{L“(x) cover this sphere with spherical . . .
For smaller radiir, recent advances are obtained in [3] and

caps Ch(p,y) = S" N B (x), [4]. In particular, it is proven in [3] (see Corollary 1.2 and
Remark 5.1) that for any radius
In this notation, a ca@*(p,y) has some center € S, half-
chordp < 1, and the corresponding half-angle= arcsin p/r. 5(S™) < (1 e In ln”) nlnn. ©)
The maximum half-chorgh = 1 is obtained if the centex of Inn
the ball B! (x) has Euclidean weight Our main result is as follows.
lIx|| = V72 — 1. 1) Theorem 1:For anyg > %, a sphereS* of any radiusr

and growing dimension — oo can be covered with spherical
To obtain a minimal covering, we shall consider sphericghpsC(1,y) of half-chord 1 with density
caps C”(1,y) assuming that all the ball®}"*(x) satisfy
(1). Throughout the paper, all caps will be considered in 6(5y) < Bnlnn. 4)



Il. BASIC APPROACH and density

Notation. Below we consider a spher8;’ for growing " 1
dimensionn — oo and any given radius > 1. Consider any (57) <ynlnn {1+ on  ann ) (13)
_ < _ = in?. . ..
EZ? C(p) of half-chordp < 1 and half-anglen: = arcsin 2 Proof. We use inequalities
Qp:|f5(p|)| l—e<e®<1l—g/2, € <1+ 2, (14)
. ' lid f 1). Also, ding to (6),
denote the fraction of the surface of the sph&fecovered by a valid for anye € (0, 1). Also, according to (6)
capC (p) . For anyp < 1, we extensively use two inequalities 0/Q. <e™™.
see [3]):
( 3D 1 sin"a Any pointu is covered by some caf(p,y) iff y andu are
Q, < V2 cosa ®) p-close The latter occurs with probability = €2,. Note that
QO . pN = ynlnn.
o= ©®) |
p Now we use (10) to find the expected numiir{u’}| of
Given anyd € (0,r), we say that the two caps](p;,y) and uncovered centers
C(p2,z) are d-closeif (vectors)y andz have angle E [{u'}] = (1 _p)N - |Cov(e)| < e PN§ /.
L(y,z) < arcsind/r. e ymnn . omn s/
—(y=1)nlnn _nlnlnn
Finally, we use a shorter notatidtov(p) for any covering of <e € 6/ < 1/8u,
the sphereS; with spherical caps of half-chorgd where we used a substitution from (11) in the last inequality.
A simplified algorithm. Let Then we estimatéVv. From (6) and (7), we deduce that
€:ﬁ7 p:l—g_ (7) Ql/QPS(l_nl;n)_ <1+ﬁ (15)

Here the second inequality can be numerically verified for any

To design a coverin 1), we shall also use another . .
g gCov(l). 3 <n <7, while for n > 8 it follows from (14). Therefore

covering
Cove): St |J Clew ®) AL CUE R
ueCov(e) 0 Inn
with smaller capgC(e,u). In general,Cov(¢) with densityd  Then our covering” of size N +E |{u’}| gives estimates (12)
has size 5 and (13). O
|Cov(e)| = o 9) Discussion. Assume that we use a coverir@ov(s) of

polynomial densityd = n°. Then it is readily verified that
Here we allow to employ any redundant covering, whoger largen, bound (11) gives an estimate
density § can be much greater thanlnn. Then we try to Inlnn 5
directly cover all the centerss €Cov(e) by the randomly §(SM) <nlnn <1 + + >
chosen cap€’(p,y). We use positive parameter and stop Inn Inn
after performing which is similar to the estimate of [3] and the above bound (2).
AL Inn (10 Note, however, that (16) is valid even if we use an exponential
Q, densityd = e“™ in (9). Indeed, in this case we obtaifiov(1)
(with density of orders” = (c + 1)nlnn for any sphereSg.
Due to the scaling property oR"*!, this Cov(1) also gives
the same density’ for the rescaled coverinGov(e) on the
Y = {yju{u'}. sphereS;;.. Thus, we can take = Re and begin designing
Cov(1) using the new coverin@ov(e) of densityd’. In turn,
this again gives estimate (16)
Note, however, that this approach is inefficient for any
1. First, using a better coverinGov(e) (even with density less
Inlnn Iné than nlnn) still results in the same density order ofinn
11) in (13), after this method is applied. Nor can we increase
parameter=. In particular, lete’ = n=", where 3 € (0,1).
Then the ratio; /2, has an exponential order ef!=%" in
— nlnn 4 1 (15), which in turn yields an exponential density in (13), even
Y] < " (1 T on ) 12) i spite of a reduced siz&ov(e)| .

(16)

trials (here we assume that is an integer). We consider al
uncovered centera’ €Cov(e) and form the extended set

Obviously, this set forms a coverir@ov(1) of the spheres?”
with the bigger cap€’(1,y).
Lemma 2:Letn > 3 and

v 14

Inn nlnn’

Then the spheré” has a coveringcov(1) of size

Inn  nlnn



Therefore, in the next section we modify our approach. Claim 3: Given two parameter§ and~,
We indeed use the larger radius” and design the covering 1
Cov(n=P). However, it will only work due to the fact that a 5 < f<y<l,

ical =B, z) inter multipl Al - . . . .
typical capC(n . ’Z). te se(;ts u't ple capS'(p, ). Also, and a sufficiently large dimensian, subset Y has size
even these multiple intersections will be allowed to leave some

small holes in the capS(n—",z). This approach is described V] < Q' ynlnn(1+o(1)). (20)
below. We begin with the following important lemma.
[1l. NEW COVERING ALGORITHM FOR A SPHERES”. Lemma 4:Consider two d-close caps, C(u,Z) and

C(p,Y) on a spheres)
Let 8 € (3,1) andy € (B,1). We consider the same (pY) P "

parameters andp as defined in (7). Let sin£(Y,Z) <d/r, (21)
p=n"" d=1-2— 2 (17) wheredis defined in (17). Then the bigger cé?ré,_o, Y) covers
the smaller cag’(u, Z), with an exception of its fraction
Below we obtain a coverin@ov(1) of the sphereS; with 251
density 8nInn using three stepdn the first - preliminary - g €2 \CpY) < exp {_ n }
step, we assume that the same sphfteis covered by two G (1, 2)] 4In"n

different coveringsCov(x) and Cov(e). In the second step, Sketch of the proof.In Fig. 1, we represent the two caps
we try to cover the cap§'(u,z) € Cov(u) with the bigger C(u,Z) andC(p,Y), with centersZ andY. These two caps
caps C(p,y). The trials occur so many times that typicahave base®’QRS and PM RT, which form the ballsB}; (A)
capsC(u,z) are left with the holes of radius or less Al and B}(B). The bigger capC(p,Y) covers the bas®;!(A)
other (atypical) cap€'(y, z) are then added to the former sef the smaller cap, with an exception of the pR®QR. Note
{C(p,y)}. Finally, we expand the cap§(p,y) to the full thatthe boundary of the bade]}(A) is the sphereS[j*l(A).
size C(1,y) and cover the entire sphere. More precisely, wd@ turn, the boundary of the uncovered baB@FR forms a

perform the following. cap onS;~'(A) with centerQ and half-anglenr = < PAQ.
1. Consider two coverings of the sphesg : We first estimate this half-angle.

Cov(p): SrC |J Clw2)
)

z€Cov(p

Cov(e): SPC |J Cleuw

ueCov(e)

We assume that both coverings have densitg n2. Then
Cov(e) has size (9) and

1
<
Cov()] < g

2. Randomly choose a subsfgt} that includes

ynlnn
Q4

pointsy € S*. ConsiderN spherical cap€’(p,y). Then we

examine the centera of the coveringCov(e) as follows.
Let C(u, %) be any cap of the coverin@ov(y:) that contains Fig. 1. Two intersecting caps(y, Z) andC(p, Y) with basesPQRS and

at least one centen €Cov(c) yet uncovered by the bigger "M RT'

capsC(p,y). We consider the entire sé&} of such centers.
3. Finally, we extend the subséy} and consider the set

N =

(18)

Let d(H, G) denote the distance between any two poHts
andG. Also, leto(H) be the distance from a poi to the
Y ={ylu{z}. line OBY that connects the origi® of the spheres;’ to the

base centeB and then to the cap centdf. Then
Note that any point on the sphel" falls within distance

¢ from the union of the cap€'(p,y) with centersy €Y. o(A) <o(Z) <d,
Therefore, the extended cap§1,y) form a covering where we use (21) for the second inequality. On the other
Cov(1): 57 C | C(Ly). (1g) Mand,
yev d(B,N) = /@(B,P) - ¢*(N, P)

To prove Theorem 1, we shall prove the following. > \/d2(B,P) — p2 = \/p? — 1i2.



Finally, note that by definition of the cent®, d(B,N) =
c(N) and

Therefore, we consider the right triangheNP and deduce
that

cosa = d(A,N)/d(A,P) >¢/u=n""1/Inn.
Now we can calculate the fractioR that the capPQR

occupies on the spherg~'(A). This fraction(} is defined
in (5) by its anglea, which gives

Inn 1 =3
~ nf-l/2 ~ In’n

)

e
ex ——
S exp 1
Finally, it can be easily proven that the uncovered fraction

23—2

—1/2 sin" ! o n

Q< (2n(n—1))

Cos v
28—2

n
< exp{—1

n2n

n—
2

In?n

of the entire capg” (1, Z) is upper-bounded by the uncoverecf

fraction 2 of its base.

Remark.The choice ofd in (21) is critical for Lemma
4. In fact, about half the cag’'(u,Z) becomes uncovered
if the two caps used in Lemma 4 afd + ¢)-close. If
this distance is further increased gothen C'(p, Z) becomes
almost uncovered.

Our next goal is to prove that most centerdave suffi-
ciently manyd-close cap<’(p,y) after N trials. Namely, let

Then forn — oo, the probability P that! = o(n) or less
caps arei-close is

!
P

IN

(Il\/) p(1 = p)N=i < Niple=P(V=D
i=0
< (ynlnn)'ePle N < (enlnn)le PN

— el ln(enlnn)e—’ynlnn _ e—(’y—&—o(l))nlnn.

In our last equality, we again use the fact that n3/2=7 is
sublinear inn ( in fact, the above function(1) has the order
of n'/2-8). Thus, given the covering siz€ov(u)| = §/9,,
we calculate the expected number of bad caps,

2 n—1
]E(N’)‘SPS”(‘Z> P
Qu Qd K
2
< % . nﬁne—(’y-i-o(l))nln n < nNe—('y—ﬁ+o(1))7z lnn7
d

which is an exponentially small fractiosi(N) of N for any
v > 0. |

The second important fact is that most remaining caps

"(u,z) are covered almost entireljlamely, letN” be the
otal number of centera” eCov(e) left uncovered in all the
capsC”(u, z).

Lemma 6:For n — oo, the number of uncovered centers
u” €Cov(e) has expectation

E (N") =0"(N), (23)

whereo”(N)/N — 0.
Proof. There exist at mosfCov(¢)| centersu within all

N capsC(p,y) be randomly chosen. We separate all sphericghpsC”(,z). Any capC”(y, z) is covered at least times.
capsC(u,z) into two subsets as follows. We say that a capach time, a random fractiaghof its surface is left uncovered.

C(u,2) is bad and denote i€/ (u, z) if it has only

| =n3/?F

or lessd-close capsC(p,y). Let {C'(u,2z)} be the subset
of all bad caps, whereaSC"(u,z)} includes the remaining
(good) caps. We first prove that the mean numiér of bad
caps is negligible even to the number of random trisils

Lemma 5:For n — oo, any capC(u,z) is bad with a
probability
P< 67('y+0(1))nlnn. (22)

The expected number of bad caps is

whereo’(N)/N — 0.

Proof. Given any centeg, a randomly chosen caP(p,y)
is d-close toz with the probabilityp = Q4. Thus, for N of
(18), the expected number dfclose caps’(p,y) is

pN =ynlnn

Therefore any pointh” € C”(u,z) is left uncovered with
probability 6, according to Lemma 4. Thus,

E (N") < |Cov(e)| - 6

n2 d\" n26-1
<— (=) -expl-— .n3/2ﬂ} 24
~ Qq (5) p{ 41nn (24)
nB+1/2 nB+1/2

< N (nlnn)™™ — :
< N(nlan) exp{ T n }
Here in the last inequality we use the fact thainn =
o(n®*1/2) for any 8 > 1/2 and sufficiently large», which
gives a vanishing fraction (4}

< Ne _
} Xp{ 8

In%n

Proof of Claim 3 and Theorem According to Lemmas 5
and 6, there exists a set of capsC(p,y) that leaves only
N’ =0 (N) bad capsC’(u,2z') and N’ = o”(N) uncovered
centersu” €Cov(e). Let C”(u,z") be any cap within the
setC” with an uncovered centar”. Now we take the set of
additional centers

(8 = (Z}u iz},

and surround all of them with the cafs(p,z). The total
number of these new capsd$N ), which gives Claim3.



The extended set of cags(p,y) U C(p,z) with centers

Y ={y}u{z}

has size N = N +o(N). By extending all these caps to radius
1, we obtain a 1-covering of density

- 0
§=MN = Lynlnn(l+o(1)).
Q4
Finally, we prove thatQ; ~ €, for sufficiently largen.
Similarly to the proof of Lemma 2, we see that for— oo
Q —n
D= (1 ) <

This gives the density

d <~ nlnn(l+ o(1).

Since both parametersand~ can be chosen arbitrarily close
to 1/2, this proves (4) and completes the proof of Theorem
1. O

Remark.The latter two lemmas also explain our choice of
parametet. First, for anyy > g, it gives only an exponentially
small fractiono’(N) of bad caps in Lemma.50n the other
hand, it gives a vanishing fractia®f (V) of uncovered centers
in (24) for anys > 1/2.

The following Theorem 7 can be proven in a similar way,
by combining the technique of Theorem 1 with multilayered
design described in [2] and [4].

Theorem 7:For any(§ > %, a ball B of growing radius
r — oo and dimensiom — oo can be covered with unit balls
B(x) with density

d(By) < Bnlnn. (25)

Corollary 8: Euclidean spaceR™ of growing dimension
n — oo can be covered with unit ballB}(x) with density

S(R™) < (3 +o0(1))nInn. (26)
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