
Covering spheres with spheres
Ilya Dumer

University of California, Riverside
Email: dumer@ee.ucr.edu

Abstract— Given a sphere of radiusr > 1 in the n-dimensional
Euclidean space, we study the coverings of this sphere with
unit spheres. Our goal is to design a covering of the lowest
covering density, which defines the average number of unit
spheres covering a point in a bigger sphere. For growingn,
we obtain the covering density of(n lnn)/2. This new upper
bound is half the order n lnn established in the classical Rogers
bound.

I. I NTRODUCTION

Spherical coverings.Let Bn
r (x) be theball (solid sphere)

centered at some pointx = (x1, . . . , xn) of ann-dimensional
Euclidean spaceRn :

Bn
r (x) def=

{
z ∈ Rn |

n∑

i=1

(zi − xi)2 ≤ r2

}
.

We also use a simpler notationBn
r if a ball is centered at the

origin x = 0. For any subsetA ⊂ Rn, we say that a subset
Cov(A, ε) ⊆ Rn forms anε-covering (an ε-net) of A if A
is contained in the union of the balls of radiusε centered at
pointsx ∈ Cov(A, ε) :

A ⊆
⋃

x∈Cov(A,ε)

Bn
ε (x).

By changing the scale inRn, we can always consider the
rescaled setA/ε and the new coveringCov(A/ε, 1) with unit
balls Bn

1 (x). Without loss of generality, below we consider
these (unit) coverings. One of the classical problems is to
obtain tight bounds on the covering size|Cov(Bn

r , 1)| for any
ball Bn

r of radiusr and dimensionn.
Another related covering problem arises for asphere

Sn
r

def=

{
z ∈ Rn+1 |

n+1∑

i=1

zi
2 = r2

}
.

Then the unit ballsBn+1
1 (x) cover this sphere with spherical

caps
Cn

r (ρ,y) = Sn
r ∩Bn+1

1 (x).

In this notation, a capCn
r (ρ,y) has some centery ∈ Sn

r , half-
chordρ ≤ 1, and the corresponding half-angleα = arcsin ρ/r.
The maximum half-chordρ = 1 is obtained if the centerx of
the ballBn+1

1 (x) has Euclidean weight

||x|| =
√

r2 − 1. (1)

To obtain a minimal covering, we shall consider spherical
caps Cn

r (1,y) assuming that all the ballsBn+1
1 (x) satisfy

(1). Throughout the paper, all caps will be considered in

Sn
r ; therefore we use a shorter notationC(ρ,y) instead of

Cn
r (ρ,y). Notation C(ρ) will also be used when a specific

centery is of no importance.
Spherical coverings often arise in multidimensional (vec-

tor) quantizers [5]. In particular, considern-dimensional data
points z ∈ Rn+1 that have the same energyr2 and are
uniformly distributed in the sphereSn

r . A typical quantizer
provides a covering{x} of the sphereSn

r which limits the
mean(squared)rounding error(x−z)2. Zador’s theorem [5]
shows that this error can be reduced per dimension by using
quantization in higher dimensionsn. In this case, given the
maximum rounding errorε caused by a quantizer, we wish to
find the thinnestε-coveringCov(Sn

r ) of the sphereSn
r .

Preliminaries. Given a setA of volume |A| , the two
important quantities are the minimal covering size|Cov(A, 1)|
and the covering density

δ(A) =
∑

x∈Cov(A,1)

|Bn
1 (x) ∩A|
|A| .

Minimal coverings have been long studied for both the sphere
Sn

r and the ballBn
r . In particular, we mention the following

results. The Coxeter-Few-Rogers “simplex” bound shows that
for any sphereSn

r of radiusr ≥ (
1 + 1

n

)1/2
,

δ(Sn
r ) ≥ c1n.

Here and belowci denote some universal constants. Various
upper bounds on the minimum covering density are obtained
for Bn

r and Sn
r in the renowned papers [1] and [2]. In

particular, a sufficiently large ballBn
r can be covered with

the density

δ(Bn
r ) ≤

(
1 +

ln ln n

ln n
+

5
ln n

)
n ln n. (2)

For smaller radiir, recent advances are obtained in [3] and
[4]. In particular, it is proven in [3] (see Corollary 1.2 and
Remark 5.1) that for any radiusr,

δ(Sn
r ) ≤

(
1 + c2

ln ln n

ln n

)
n ln n. (3)

Our main result is as follows.
Theorem 1:For anyβ > 1

2 , a sphereSn
r of any radiusr

and growing dimensionn →∞ can be covered with spherical
capsC(1,y) of half-chord 1 with density

δ(Sn
r ) ≤ βn ln n. (4)



II. BASIC APPROACH

Notation. Below we consider a sphereSn
r for growing

dimensionn →∞ and any given radiusr > 1. Consider any
cap C(ρ) of half-chordρ ≤ 1 and half-angleα = arcsin ρ

r .
Let

Ωρ =
|C (ρ)|
|Sn

r |
denote the fraction of the surface of the sphereSn

r covered by a
capC (ρ) . For anyρ < 1, we extensively use two inequalities
(see [3]):

Ωρ <
1√
2πn

sinn α

cos α
(5)

|Ω1|
|Ωρ| ≤ ρ−n. (6)

Given anyd ∈ (0, r), we say that the two caps,C(ρ1,y) and
C(ρ2, z) ared-close if (vectors)y andz have angle

](y, z) ≤ arcsin d/r.

Finally, we use a shorter notationCov(ρ) for any covering of
the sphereSn

r with spherical caps of half-chordρ.

A simplified algorithm. Let

ε = 1
n ln n , ρ = 1− ε. (7)

To design a coveringCov(1), we shall also use another
covering

Cov(ε) : Sn
r ⊆

⋃

u∈Cov(ε)

C(ε,u) (8)

with smaller capsC(ε,u). In general,Cov(ε) with densityδ
has size

|Cov(ε)| = δ

Ωε
. (9)

Here we allow to employ any redundant covering, whose
density δ can be much greater thann ln n. Then we try to
directly cover all the centersu ∈Cov(ε) by the randomly
chosen capsC(ρ,y). We use positive parameterγ and stop
after performing

N =
γn ln n

Ωρ
(10)

trials (here we assume thatN is an integer). We consider all
uncovered centersu′ ∈Cov(ε) and form the extended set

Ȳ = {y}∪{u′}.
Obviously, this set forms a coveringCov(1) of the sphereSn

r

with the bigger capsC(1,y).
Lemma 2:Let n ≥ 3 and

γ ≥ 1 +
ln ln n

ln n
+

ln δ

n ln n
. (11)

Then the sphereSn
r has a coveringCov(1) of size

∣∣Ȳ
∣∣ ≤ n ln n

Ω1
· γ

(
1 +

4
ln n

+
1

n ln n

)
(12)

and density

δ (Sn
r ) ≤ γn ln n

(
1 +

4
ln n

+
1

n ln n

)
. (13)

Proof. We use inequalities

1− ε < e−ε < 1− ε/2, eε < 1 + 2ε, (14)

valid for anyε ∈ (0, 1). Also, according to (6),

Ω1/Ωε ≤ ε−n.

Any point u is covered by some capC(ρ,y) iff y andu are
ρ-close. The latter occurs with probabilityp = Ωρ. Note that

pN = γn ln n.

Now we use (10) to find the expected numberE |{u′}| of
uncovered centers

E |{u′}| = (1− p)N · |Cov(ε)| ≤ e−pNδ/Ωε

≤ e−γn ln n · ε−n · δ/Ω1

≤ e−(γ−1)n ln nen ln ln n · δ/Ω1 ≤ 1/Ω1,

where we used a substitution from (11) in the last inequality.
Then we estimateN. From (6) and (7), we deduce that

Ω1/Ωρ ≤
(
1− 1

n ln n

)−n
< 1 + 4

ln n . (15)

Here the second inequality can be numerically verified for any
3 ≤ n ≤ 7, while for n ≥ 8 it follows from (14). Therefore

N <
n ln n

Ω1
· γ

(
1 +

4
ln n

)
.

Then our coverinḡY of sizeN +E |{u′}| gives estimates (12)
and (13). ¤

Discussion. Assume that we use a coveringCov(ε) of
polynomial densityδ = nc. Then it is readily verified that
for largen, bound (11) gives an estimate

δ (Sn
r ) ≤ n ln n

(
1 +

ln ln n

ln n
+

5
ln n

)
(16)

which is similar to the estimate of [3] and the above bound (2).
Note, however, that (16) is valid even if we use an exponential
densityδ = ecn in (9). Indeed, in this case we obtainCov(1)
with density of orderδ′ = (c + 1)n ln n for any sphereS n

R .
Due to the scaling property ofRn+1, this Cov(1) also gives
the same densityδ′ for the rescaled coveringCov(ε) on the
sphereS n

Rε. Thus, we can taker = Rε and begin designing
Cov(1) using the new coveringCov(ε) of densityδ′. In turn,
this again gives estimate (16).

Note, however, that this approach is inefficient for anyγ <
1. First, using a better coveringCov(ε) (even with density less
than n ln n) still results in the same density order ofn ln n
in (13), after this method is applied. Nor can we increase
parameterε. In particular, letε′ = n−β , where β ∈ (0, 1).
Then the ratioΩ1/Ωρ has an exponential order ofe(1−β)n in
(15), which in turn yields an exponential density in (13), even
in spite of a reduced size|Cov(ε)| .



Therefore, in the next section we modify our approach.
We indeed use the larger radiusn−β and design the covering
Cov(n−β). However, it will only work due to the fact that a
typical capC(n−β , z) intersects multiple capsC(ρ,y). Also,
even these multiple intersections will be allowed to leave some
small holes in the capsC(n−β , z). This approach is described
below.

III. N EW COVERING ALGORITHM FOR A SPHERESn
r .

Let β ∈ ( 1
2 , 1) and γ ∈ (β, 1). We consider the same

parametersε andρ as defined in (7). Let

µ = n−β , d = 1− 2ε− µ2. (17)

Below we obtain a coveringCov(1) of the sphereSn
r with

densityβn ln n using three steps. In the first - preliminary -
step, we assume that the same sphereSn

r is covered by two
different coveringsCov(µ) and Cov(ε). In the second step,
we try to cover the capsC(µ, z) ∈ Cov(µ) with the bigger
caps C(ρ,y). The trials occur so many times that typical
capsC(µ, z) are left with the holes of radiusε or less. All
other (atypical) capsC(µ, z) are then added to the former set
{C(ρ,y)} . Finally, we expand the capsC(ρ,y) to the full
size C(1,y) and cover the entire sphere. More precisely, we
perform the following.

1. Consider two coverings of the sphereSn
r :

Cov(µ) : Sn
r ⊆

⋃

z∈Cov(µ)

C(µ, z)

Cov(ε) : Sn
r ⊆

⋃

u∈Cov(ε)

C(ε,u)

We assume that both coverings have densityδ ≤ n2. Then
Cov(ε) has size (9) and

|Cov(µ)| ≤ δ

Ωµ
.

2. Randomly choose a subset{y} that includes

N =
γn ln n

Ωd
(18)

pointsy ∈ Sn
r . ConsiderN spherical capsC(ρ,y). Then we

examine the centersu of the coveringCov(ε) as follows.
Let C(µ, ž) be any cap of the coveringCov(µ) that contains

at least one centeru ∈Cov(ε) yet uncovered by the bigger
capsC(ρ,y). We consider the entire set{ž} of such centers.

3. Finally, we extend the subset{y} and consider the set

Ȳ = {y} ∪ {ž}.
Note that any point on the sphereSn

r falls within distance
ε from the union of the capsC(ρ,y) with centersy ∈Ȳ .
Therefore, the extended capsC(1,y) form a covering

Cov(1) : Sn
r ⊆

⋃

y∈Ȳ

C(1,y). (19)

To prove Theorem 1, we shall prove the following.

Claim 3: Given two parametersβ andγ,

1
2

< β < γ < 1,

and a sufficiently large dimensionn, subset Ȳ has size
∣∣Ȳ ∣∣ ≤ Ω−1

d · γn ln n (1 + o(1)) . (20)
We begin with the following important lemma.

Lemma 4:Consider two d-close caps, C(µ,Z) and
C(ρ,Y) on a sphereSn

r ,

sin ](Y,Z) ≤ d/r, (21)

whered is defined in (17). Then the bigger capC(ρ,Y) covers
the smaller capC(µ,Z), with an exception of its fraction

θ =
|C(µ, z) \ C(ρ,Y)|

|C(µ,Z)| ≤ exp
{
− n2β−1

4 ln2 n

}
.

Sketch of the proof. In Fig. 1, we represent the two caps
C(µ,Z) andC(ρ,Y), with centersZ andY. These two caps
have basesPQRS andPMRT, which form the ballsBn

µ(A)
andBn

ρ (B). The bigger capC(ρ,Y) covers the baseBn
µ(A)

of the smaller cap, with an exception of the partPQR. Note
that the boundary of the baseBn

µ(A) is the sphereSn−1
µ (A).

In turn, the boundary of the uncovered basePQR forms a
cap onSn−1

µ (A) with centerQ and half-angleα = ]PAQ.
We first estimate this half-angleα.

Q

M

B

O

A

R

P

S

T

N

Z

Y

Fig. 1. Two intersecting capsC(µ,Z) andC(ρ,Y) with basesPQRS and
PMRT.

Let d(H,G) denote the distance between any two pointsH
andG. Also, let σ(H) be the distance from a pointH to the
line OBY that connects the originO of the sphereSn

r to the
base centerB and then to the cap centerY. Then

σ(A) ≤ σ(Z) ≤ d,

where we use (21) for the second inequality. On the other
hand,

d(B,N) =
√

d2(B,P)− d2(N,P)

≥
√

d2(B,P)− µ2 =
√

ρ2 − µ2.



Finally, note that by definition of the centerB, d(B,N) =
σ(N) and

d(A,N) ≥ σ(N)− σ(A)

≥
√

ρ2 − µ2 − d ≥ ε.

Therefore, we consider the right triangleANP and deduce
that

cosα = d(A,N)/d(A,P) ≥ ε/µ = nβ−1/ ln n.

Now we can calculate the fractionΩ that the capPQR
occupies on the sphereSn−1

µ (A). This fractionΩ is defined
in (5) by its angleα, which gives

Ω ≤ (2π(n− 1))−1/2 sinn−1 α

cos α
≤ ln n

nβ−1/2

(
1− n2β−2

ln2 n

)n−1
2

≤ exp
{
−n2β−2

ln2 n
· n− 1

2

}
≤ exp

{
− n2β−1

4 ln2 n

}
.

Finally, it can be easily proven that the uncovered fractionθ

of the entire capC(µ,Z) is upper-bounded by the uncovered
fraction Ω of its base. ¤

Remark.The choice ofd in (21) is critical for Lemma
4. In fact, about half the capC(µ,Z) becomes uncovered
if the two caps used in Lemma 4 are(d + ε)-close. If
this distance is further increased toρ, thenC(µ,Z) becomes
almost uncovered.

Our next goal is to prove that most centersz have suffi-
ciently manyd-close capsC(ρ,y) afterN trials. Namely, let
N capsC(ρ,y) be randomly chosen. We separate all spherical
capsC(µ, z) into two subsets as follows. We say that a cap
C(µ, z) is bad and denote itC ′(µ, z) if it has only

l = n3/2−β

or less d-close capsC(ρ,y). Let {C ′(µ, z)} be the subset
of all bad caps, whereas{C ′′(µ, z)} includes the remaining
(good) caps. We first prove that the mean numberN ′ of bad
caps is negligible even to the number of random trialsN.

Lemma 5:For n → ∞, any capC(µ, z) is bad with a
probability

P ≤ e−(γ+o(1))n ln n. (22)

The expected number of bad caps is

E(N ′) = o′(N).

whereo′(N)/N → 0.

Proof. Given any centerz, a randomly chosen capC(ρ,y)
is d-close toz with the probabilityp = Ωd. Thus, forN of
(18), the expected number ofd-close capsC(ρ,y) is

pN = γn ln n

Then for n → ∞, the probabilityP that l = o(n) or less
caps ared-close is

P ≤
l∑

i=0

(
N
i

)
pi(1− p)N−i ≤ N lple−p(N−l)

≤ (γn ln n)leple−pN ≤ (en ln n)le−pN

= el ln(en ln n)e−γn ln n = e−(γ+o(1))n ln n.

In our last equality, we again use the fact thatl = n3/2−β is
sublinear inn ( in fact, the above functiono(1) has the order
of n1/2−β). Thus, given the covering size|Cov(µ)| = δ/Ωµ,
we calculate the expected number of bad caps,

E(N ′) =
δP

Ωµ
≤ n2

Ωd

(
d

µ

)n−1

P

≤ n2

Ωd
· nβne−(γ+o(1))n ln n ≤ nNe−(γ−β+o(1))n ln n,

which is an exponentially small fractiono′(N) of N for any
γ > β. ¤

The second important fact is that most remaining caps
C ′′(µ, z) are covered almost entirely. Namely, letN ′′ be the
total number of centersu′′ ∈Cov(ε) left uncovered in all the
capsC ′′(µ, z).

Lemma 6:For n → ∞, the number of uncovered centers
u′′ ∈Cov(ε) has expectation

E (N ′′) = o′′(N), (23)

whereo′′(N)/N → 0.
Proof. There exist at most|Cov(ε)| centersu within all

capsC ′′(µ, z). Any capC ′′(µ, z) is covered at leastl times.
Each time, a random fractionθ of its surface is left uncovered.
Therefore any pointu′′ ∈ C ′′(µ, z) is left uncovered with
probability θl, according to Lemma 4. Thus,

E (N ′′) ≤ |Cov(ε)| · θl

≤ n2

Ωd
·
(

d

ε

)n

· exp
{
− n2β−1

4 ln2 n
· n3/2−β

}
(24)

≤ N (n ln n)n+1 exp
{
−nβ +1/2

4 ln2 n

}
< N exp

{
−nβ +1/2

8 ln2 n

}
.

Here in the last inequality we use the fact thatn ln n =
o(nβ+ 1/2) for any β > 1/2 and sufficiently largen, which
gives a vanishing fraction (4).¤

Proof of Claim 3 and Theorem 1.According to Lemmas 5
and 6, there exists a set ofN capsC(ρ,y) that leaves only
N ′ = o′(N) bad capsC ′(µ, z′) andN ′′ = o′′(N) uncovered
centersu′′ ∈Cov(ε). Let C ′′(µ, z′′) be any cap within the
setC ′′ with an uncovered centeru′′. Now we take the set of
additional centers

{ž} = {z′} ∪ {z′′} ,

and surround all of them with the capsC(ρ, ž). The total
number of these new caps iso(N), which gives Claim3.



The extended set of capsC(ρ,y) ∪ C(ρ, ž) with centers

Ȳ = {y} ∪ {ž}
has sizeN̄ = N +o(N). By extending all these caps to radius
1, we obtain a 1-covering of density

δ = Ω1N̄ =
Ω1

Ωd
γn ln n(1 + o(1)).

Finally, we prove thatΩd ∼ Ω1 for sufficiently largen.
Similarly to the proof of Lemma 2, we see that forn →∞

Ω1

Ωd
≤ d−n =

(
1− 1

n ln n − n−2β
)−n

< 1 + 5
ln n .

This gives the density

δ ≤ γn ln n(1 + o(1).

Since both parametersβ andγ can be chosen arbitrarily close
to 1/2, this proves (4) and completes the proof of Theorem
1. ¤

Remark.The latter two lemmas also explain our choice of
parameterl. First, for anyγ > β, it gives only an exponentially
small fractiono′(N) of bad caps in Lemma 5. On the other
hand, it gives a vanishing fractiono′′(N) of uncovered centers
in (24) for anyβ > 1/2.

The following Theorem 7 can be proven in a similar way,
by combining the technique of Theorem 1 with multilayered
design described in [2] and [4].

Theorem 7:For anyβ > 1
2 , a ball Bn

r of growing radius
r →∞ and dimensionn →∞ can be covered with unit balls
Bn

1 (x) with density

δ(Bn
r ) ≤ βn ln n. (25)

Corollary 8: Euclidean spacesRn of growing dimension
n →∞ can be covered with unit ballsBn

1 (x) with density

δ(Rn) ≤ ( 1
2 + o(1))n ln n. (26)
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