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Abstract— A multivariate Gaussian input density achieves
capacity for multiple-input multiple-output flat fading channels
with additive white Gaussian noise and perfect receiver channel
state information. Capacity computation for these channels re-
duces to the problem of finding the best input covariance matrix,
and is in general a convex semi-definite program. This paper
presents Kuhn-Tucker optimality conditions for this problem, and
iterative algorithms for determination of the optimal covariance
matrix. For channels with a separable covariance structure,
the optimal eigenvectors are known, and only the eigenvalues
need to be determined. In the completely general case, both the
eigenvectors and the eigenvalues must be found by numerical
solutions. Large systems asymptotics are also considered.

I. I NTRODUCTION

Consider transmission is over at-input, r-output additive
white Gaussian noise channel of the form

y[k] =
√
γH[k]x[k] + z[k] (1)

wherey[k] ∈ Cr×1 is a complex column vector of matched
filter outputs at symbol timek = 1, 2, . . . , N andH[k] ∈ Cr×t

is the corresponding matrix of complex channel coefficients.
The element at rowi and columnj of H[k] is the complex
channel coefficient from transmit elementj to receive element
i. The channel matricesH[k] will be selected independently at
each symbol according to a matrix densitypH . It is assumed
thatH[i] is known at the receiver, but that only the statistics
pH are known at the transmitter.

The vectorx[k] ∈ Ct×1 is the vector of complex base-
band input signals, andz[k] ∈ Cr×1 is a complex, circularly

symmetric Gaussian vector withE
[
n[k]n[k]†

]
= Ir. The

superscript(·)† means Hermitian adjoint andIr is the r × r
identity matrix. The notation(A)ij denotes elementij of A.
Let n = max(t, r) andm = min(t, r).

A power constraintE[‖x[k]‖22] ≤ 1 is enforced and the
signal-to-noise ratio isγ. The input covariance is

Q = E
[
x[k]x[k]†

]
(2)

with tr(Q) ≤ 1. The assumptions of additive Gaussian
noise and receiver knowledge ofH[k] mean that the optimal
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input density is Gaussian and determination of capacityC
corresponds to optimizingQ. Defining

Ψ(Q) = I(x; y|H) = E
[
log det

(
I +HQH†)], (3)

we have the following convex semi-definite problem.
Problem 1:

C = max
Q

Ψ(Q) subject to

tr(Q) ≤ 1
Q > 0

Q = Q†

The resulting optimalQ can depend on the channel statistics,
but not on the channel realizations. ForH[k] with i.i.d.
Gaussian entries, Telatar [1] showed that the optimizingQ =
It/t. Telatar also gave an expression for computation ofΨ(I),
and several other expressions have subsequently been found
[2–4].

LetNt,r (M,Σ) be a multivariate Gaussian density withr×
t mean matrixM andrt× rt covariance matrixΣ = E

[
hh†
]

where h is formed by stacking the columns of the matrix
H into a single column vector. The Kronecker correlation
model hasH ∼ Nt,r (M,R⊗ T ) corresponding to separable
transmitT and receive correlationR. This distribution may be
generated viaH = M + R1/2GT 1/2 whereG ∼ Nt,r (0, I),
andM corresponds to a “line-of-sight” channel component.
In [5] it was shown that forH ∼ Nt,r (0, I ⊗ T ) it is
optimal to transmit independently on the eigenvectors ofT .
Closed form solutions have been obtained forΨ(I/t) where
H ∼ Nt,r (0, I ⊗ T ) [4, 6] and for H ∼ Nt,r (0, R⊗ T ),
[7, 8]. Majorization results have also been obtained showing
that stronger modes should be allocated higher powers [5].
Section II describes the Kuhn-Tucker optimality condition
for these “diagonalizable” channels and a resulting iterative
algorithm for computation of the optimal eigenvalues ofQ.
This approach is extended to arbitrary channel distributions
in Section III. In this case both the eigenvectors and the
eigenvalues must be determined.

Large systems (r, t → ∞ with r/t → a constant) limits of
Ψ(I/t) have been obtained in [9], forH ∼ Nt,r (0, R⊗ T ).
Asymptotic results for arbitraryQ were considered in [10],
where Ψ was found to be asymptotically normal. Large-
systems results have also been obtained in [11], concentrating
on the case where the eigenvectors of the optimalQ can be



identified by inspection. In Section IV, we show how to find
the optimal power allocation for large systems with single-
sided transmitter correlation.

All proofs can be found in [4, 12] and are omitted.

II. D IAGONALIZABLE COVARIANCE

In certain cases Problem 1 can be simplified, and convenient
optimality conditions can be obtained from the Kuhn-Tucker
conditions. The simplest case,S ∼ Nr,t (0, I ⊗ I) was solved
in [1]. Other special cases have been solved in [5, 13]. Inde-
pendent work finding similar results to those described below
has appeared in [11]. Suppose it can be determined that the
optimalQ has the form

Q = UQ̂U† (4)

Q̂ = diag (q1, q2, . . . , qt) (5)

for some fixedU . Then the problem reduces to finding the
best allocation of power to each column ofU .

One important example isH[k] ∼ Nm,m (0, R⊗ T ), the
Kronecker model with no line-of-sight. ThenU diagonalizes
T and optimal transmission is independent on each eigenvector
of T . In such cases,Q > 0 =⇒ Q̂ > 0 allows the application
of the Kuhn-Tucker conditions [14, p. 87]

ψi =
∂Ψ(Q)
∂qi

{
= µ qi > 0
≤ µ qi = 0

(6)

whereµ is a constant independent ofqi. Differentiation leads
to the following theorem, proved in [4].

Theorem 1:Consider the ergodic channel (1) withpH such
that the optimal input covariance is known to be of the form
(4)-(5) for unitaryU . A necessary and sufficient condition for
the optimality of the diagonal̂Q in (5) is

ψi = ES

[((
I + SQ̂

)−1

S

)
kk

] {
= µ qi > 0
≤ µ qi = 0

(7)

for k = 1, 2, . . . , t and some constantµ. The expectation is
with respect to the random matrixS = γ U†H†HU .

WhenQ > 0, the condition (7) may be re-written

Q̂ = ν ES

[(
Q̂−1 + S

)−1

S

]
, (8)

which suggests the following iterative procedure for numeri-
cally finding the optimalQ̂. Starting from an initial diagonal
Q̂(0) > 0, compute

q
(i+1)
k = ν(i)

[
ES

[(
(Q̂(i))−1 + S

)−1

S

]]
kk

, (9)

selectingν(i) at each step to keeptr
(
Q̂(i)

)
= γ. In the

general case, there is no known closed form solution for

ES

[(
Q̂−1 + S

)−1

S

]
, and typically it may be accurately es-

timated using monte-carlo integration. Note that the numerical
procedure may be applied to each entryqk = Qkk separately
for a given Q̂(i). Numerically, each fixed point iteration is

performed once and thet non-zero diagonal entries of̂Q are
updated.

In the caseH[k] ∼ Nt,r (0, I ⊗ T ) however, a closed
form expression is possible, using the expression forΨ(Q)
developed in [4]. Letai = τiqi and t = r (for clarity only,
other values can easily be accommodated). Then

Ψ(Q) =
1
t|V |

t∑
k=1

|A(k)| (10)

where thet × t matrix V has elementsVij = a1−i
j and the

matrix A(k) has elements

A
(k)
ij =


ai−t

j

Γ(k)

∫ ∞

0

log(1 + ajλ)λk−1e−λ dλ i = k

ai−t
j i 6= k

The partial derivative with respect toqi is given by

ψi =
τi
t|V |

(
|V |
∑

k

|A(k)
i | − |Vi|

∑
k

|A(k)|

)

where the matricesVi, A
(k)
i are formed fromV and A(k)

respectively via differentiation of columni with respect to
ai = τiqi (other columns are unchanged). Extension to
Nt,r (0, I ⊗ T ) may be possible using results from [7, 8].

It is interesting to compare the conditions (7), with the case
of perfect transmitter side information. Suppose nowH[i] =
H is time-invariant and known perfectly at the transmitter
with HH† = USU† being the eigenvalue decomposition of
HH†. The Kuhn-Tucker condition for optimality of the input
covarianceQ = U†Q̂U† can be written in the following form,((

I + SQ̂
)−1

S

)
kk

{
= µ qi > 0
≤ µ qi = 0

(11)

with Q̂ satisfying (5). Solution of these equations is straight-
forward and leads easily to the well-known water filling result.

Comparing (7) with (11) it can be seen that theonly
difference is the presence of the expectation in (7). This
is no real surprise, and is due to the interchangeability of
differentiation and expectation. Thus Theorem 1 is a direct
generalization of the classical water-filling result for parallel
channels.

For the deterministic case, it is clear that increasingγ can
only increase the power allocated to any particular eigenvector
(water-level raises). The same thing happens in the ergodic
case, as demonstrated by the following theorem.

Theorem 2:Let Q̂ = diag(q1, . . . , qt) be the eigenvalues
of the optimal covariance matrix for a channel with signal-to-
noise ratioγ, satisfying the conditions of Theorem 1. Then
∂qk/∂γ ≥ 0, k = 1, 2, . . . , t.

Example 1:Let H ∼ N2,2 (0, R⊗ T ), where T =
diag(τ, 2 − τ) andR = diag(ρ, 2 − ρ). Figure 1 shows the
resulting capacity as a function of1 ≤ τ ≤ 2 and1 ≤ ρ ≤ 2
(capacity is invariant to row permutations of eitherT or R, so
these results cover the entire range of possible correlations).
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Fig. 1. Capacity oft = r = 2 zero mean Rayleigh with separable correlation.

The effect of correlation on capacity can be either positive
or negative, subject to the trace restrictiontr(R) = tr(T ) =
2. For fixed trace covariance matrices, at low SNR, high
correlation increases capacity, since the channel is assisting
with beam-forming.

Theorem 1 takes care of zero-mean Rayleigh fading chan-
nels with separable correlation structure. Suppose nowH ∼
Nr,t (M, I ⊗ T ). ThenS = HQH† may be approximated by a
centralWishart matrix [15, p. 125]S ∼Wt (0,Σ), whereΣ =
T 1/2QT 1/2 + 1

tM
†M . This motivates heuristic application

of Theorem 1 to Ricean channelsH[k] ∼ Nr,t (M, I ⊗ T ).
The relation between correlation and line-of-sight (non-zero
mean) has been heuristically established in MIMO channel
measurement literature [16–18].

Example 2:An example of the accuracy of this approxima-
tion is investigated in Figure 2 for at = r channel with rank-
one meanM = diag{t, 0, . . . , 0} and non-diagonal transmit
covarianceT = τ1t + (τ − 1)It, where1t is a t × t all-
one matrix. The plot compares the capacity – solid lines
(optimal input covariance, withtrue probability law) with the
mutual information – dashed lines (I(Qa) whereQa is optimal
according to the central Wishart approximationapproximation)
for various SNR and numbers of transmit and receive elements.
Note that the approximated covariance matrix is a linear
combination of the transmit-end covarianceT and the mean,
and thus approximated input covariance is a dominated by
beam-forming onM at low SNR, andT at higher SNR.

III. T HE GENERAL CASE

We now wish to solve Problem 1, without the requirement
of diagonal input covariance. In particular we do not wish to
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Fig. 2. Accuracy of the central Wishart approximation.

restrict ourselves to the zero-mean Kronecker Gaussian model.
Specific examples of interest include the non-central channel,
where the channel covariance and mean are not jointly diag-
onalizable, and several other models in the literature [19, 20].

To accommodate the positive definite constraint onQ, we
apply the Cholesky factorization, so the constraint becomes
implicit in the final solution. By adopting this approach we
force the optimization to only consider the minimum number
of independent variables required for solution,t(t+1)/2 rather
than t2.

Any non-negative matrixA may be written asA = Γ†Γ for
upper triangular matrixΓ, with real diagonal elementsdii ≥ 0.
Similarly, for a given upper triangular matrixΓ, the product
Γ†Γ is positive definite. Problem 1 becomes

Problem 2:
max

Γ
Ψ(Γ†Γ) subject to∑

i≤j

d2
ij = 1

dii ≥ 0, ∀i
Problem 2 admits a quadratic optimization approach, using

Lagrange multipliers [21]. The optimization in Problem 2
occurs on the (upper triangular) matrixΓ which hasexactly
t(t+ 1)/2 independent (complex) variables. In order to solve
Problem 2, consider the modified cost functionJ(ν, µ, φ)
where ν = ~Γ, µ and φ are vectors of Lagrange multipliers
corresponding to equality and inequality constraints. In gen-
eral terms, given a convex∩ function f(ν) of a vectorν,
constrained by: ∑

i<j

ν2
ij = 1 νii ≥ 0

the sufficient condition for optimality is

∂f(ν)
∂νij


= 2µνij , i 6= j, µ > 0
= 2µνii, νii > 0, µ > 0
< 0 νii = 0

Which is the basis of the following result.
Theorem 3:Given the ergodic channel (1) withH ∼ pH ,

the capacity achieving input is Gaussian with covarianceQ =
Γ†Γ where the elementsdij of the upper triangular matrixΓ



satisfy

E
[
tr
[
(I + SΓ†Γ)−1SE(ij)

]] 
= 2µdij i 6= j, µ > 0
= 2µdii dii > 0, µ > 0
< 0 dii = 0

(12)

(13)

where the expectation is with respect toS = H†H, the
constantµ is chosen to satisfy the power constraint and

E(ij) =
∂Γ†Γ
∂dij(

E(ij)
)

mn
= dinδmj + dimδnj .

with δij = 1 when i = j and zero otherwise.
The form of (12) suggests the following projected gradient

algorithm [12], which is guaranteed to converge to the optimal
covariance matrix.

Algorithm 1:

1) Update

Γ(k+1) → Γ(k)
(
M +M†) , where (14)

M = E
[
(I + S Γ†Γ)−1S

]
(15)

2) Scale[
Γ(k+1)

]
ij
→

{
1
µ

[
Γ(k+1)

]
ij

i ≤ j

0 otherwise
(16)

with µ constant for alli, j so thattr
(
Γ†Γ

)
= 1.

3) Repeat
This algorithm may be initiated with any (upper triangular)

Γ satisfyingtr(Γ†Γ) = 1. The expectation (14) is typically in-
tractable and may be evaluated using monte-carlo integration.

The stability of the algorithm is directly affected by the
stability of the expectation. In particular, at high-SNR, the
off-diagonal entries ofΓ will approach zero (sinceQ = αI
is optimal). In this case, the elements ofΓ may fluctuate as
small movements over the Haar manifold (small changes in
eigenvectors) result in large changes in the entries ofΓ.

IV. A SYMPTOTIC ANALYSIS

Large systems analysis is a powerful technique for analysis
of linear matrix channels. The large systems assumption is
r, t → ∞ with t/r → β, a constant. This asymptotic regime
allows convenient application of the theory of large random
matrices. Typically convergence to asymptotic values is quite
fast, e.g.r, t > 10. In this section we consider the optimization
of α in the large systems limit.

Suppose in the large systems limit, the empirical eigenvalue
distribution ofT/t converges to a given densityt(λ). Without
loss of generality, we can assume thatT = diag(τ1, . . . , τt) is
diagonal, and that in the limit, theτi are chosen i.i.d. according
to t(λ). The corresponding input covariance matrixQ will be
diagonal. The matrixQ can be specified by a transmit power

allocation functionq(λ), which specifies how much power is
transmitted on an eigenvector whose eigenvalue isλ.

Under these conditions, the objective function is

Ψ
t
→ ηf (γ) =

∫
log (1 + γλ) f(λ) dλ

where f(λ) is the limiting eigenvalue distribution of
GTQG†/t, whereG ∼ Nt,r (0, I) (this eigenvalue density
exists under the assumptions that we have made). Letξ =
h(λ) = λq(λ). The eigenvalue density ofTQ is therefore
g(ξ) = t

(
h−1(ξ)

)
dh−1(ξ)/dξ.

Information theorists have recently labeled the functionηf

as the Shannon transformof f(x), although this integral
has a long history in connection with the determination of
the eigenvalues of random matrices. Its use in information
theory is typically in the other direction, namely given an
eigenvalue densityf(x), determineηf as the corresponding
mutual information.

The following parametric relation shows how to computeηf

in terms of the eigenvalue densityg (which is easy to find),
rather thanf , which is hard to find.

ηf (γ) =
1
β
ηg(s)− ln

s

γ
+
s

γ
− 1 (17)

γ(s) = s

(
1− s

β
η′g(s)

)−1

. (18)

This avoids working with Stieltjes transforms. It is easily
verified that (17)-(18) is the same as

ηf (γ) =
1
β
ζq(s)− ln

s

γ
+
s

γ
− 1 (19)

γ(s) = s

(
1− s

β
ζ ′q(s)

)−1

, (20)

ζq(s) =
∫

log (1 + sλq(λ)) t(λ) dλ. (21)

The large-systems optimization problem is therefore

max
s,q

1
β
ζq(s)− ln

s

γ
+
s

γ
− 1 (22)

subject toq(λ) ≥ 0 (23)

s ≥ 0 (24)

γ − s ≥ 0 (25)∫
q(λ)t(λ) dλ− 1 = 0 (26)

s
(
1/γ + ζ ′q(s)/β

)
− 1 = 0 (27)

Note that (20) is enforced in the constraint (27), and that
(26) enforces the transmit power constrainttr(Q) ≤ 1. It
can be verified that the objective function is convex and that
the constraints define a convex set, and standard numerical
optimization procedures can be applied.

V. CONCLUSION

We have investigated the capacity achieving input covari-
ance for MIMO channels in the case where the transmitter has
statistical CSI. We have presented a method for calculating the



optimal input covariance for arbitrary Gaussian vector chan-
nels. We have provided an iterative algorithm which converges
to the optimal input covariance, by considering the covariance
in terms of a Cholesky factorization. We have demonstrated the
algorithm on several difficult channels, where the appropriate
“diagonal” Q input cannot be readily found by inspection.
Although the diagonalizing decompositionQ = UQ̂U† always
exists, we have shown that the matrixU may be non-trivially
related to the pdf of the channel.

For special cases, the optimal input covariance can be a-
priori diagonalized by inspection – such as for zero-mean
Kronecker correlated Rayleigh channels. In such cases we gave
a simpler fixed point equation that characterizes the optimal
transmit covariance. This particular characterization reveals a
close link between the optimality condition for deterministic
channels (water filling) and that for ergodic channels.
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