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Abstract—In the early years of information theory, mutual channel models but not so complex and subtle so as to be
information was defined as a random variable, and error proba- ynusable by system designers.
bility bounds for communication systems were obtained in terms If coding blocklength is restricted so that traditional iim

of its probability distribution. We advocate a return to this h d v th iaht inf h h I
perspective for a renewed look at information theory for genera  N€0réms do not apply, then one might infer that the rea

channel models and finite coding blocklengths. For capacity- quantity of interest is not converging to the average mutual
achieving inputs, we characterize the mutual information ran- information. Both old and new literature suggest that tred re

dom variables for several important channel models, including quantity of interest is a mutual information random vargbl
the discrete memoryless binary symmetric channel (BSC), the instead of its expectation. Interestingly, this perspectip-

discrete-time complex additive white Gaussian noise (AWGN) . . -
channel, and the discrete-time Rayleigh fading channel with P€areéd in the early days of information theory [2], [3], [4],

static, flat fading known perfectly to the decoder. Combined [5], [6], [7], [8], receded for some time, and has returned in
with a result known as Feinstein’s lemma and its extensions, the context of information spectrum methods [9], [10], [11]
these characterizations can be employed to obtain bounds on the gnd outage probability [12].
maximal block error probability of channel codes operating over Motivated by this perspective, Section Il reviews classic
these channels. Such bounds appear to be particularly useful . . . .
when operating at transmission rates near the average mutual (€minology and establishes modern notation for mutualrinf
information. mation random variables. Section Il recalls a generabpat
of Feinstein’s lemma for bounding block error probability i
terms of the distribution of mutual information. Section IV
It may be a common view that information theory chara@haracterizes the mutual information for some importaaneh
terizes fundamental performance limiesy., channel capacity, nel models, including the discrete memoryless binary sythme
for communication systems only in the regime of infinite codic channel (BSC), the discrete-time complex additive @hit
ing delay and complexity. Wide classes of channels have beBaussian noise (AWGN) channel, and the Rayleigh flat-fading
analyzed using approaches based mainly upon probabilisgtitannel with static, flat fading known perfectly to the desod
limit theorems, such as laws of large numbers, ergodic theor
or large deviations [1], [2]. In establishing these results |l. MUTUAL INFORMATION AS A RANDOM VARIABLE
limit is oft_en“.takgn as the cod'i,ng blocklength approachesty fiy notation for the sequel, consider two random vari-
infinity. This “infinite-blocklength” perspective and itsaim  4ped » and y on alphabetsC andY, respectively, with joint
message, that llonger codewords offer bet.ter'performanﬁ%babi"ty law p,, (x,y), marginal probability lawspy ()
ha_ls taken root in the context of many apphcatlo_ns and hgsq p,(y), and conditional probability law, |, (y|z) and
stimulated development of numerous channel coding scher%\‘s (zy) for z € X andy € Y. If the alphabetsX and

of varying performance and complexity. In recent years, the are finite or countably infinite, then the probability laws
asymptotic performance limits set forth by informationdhe  qrrespond to the appropriate probability mass functién:
have essentially been achieved in certain scenarios—Wihqy are uncountable, the probability laws correspond to the
practical complexity no less—through the development gf,ronriate probability density functions, which we assum
turbo codes and low-density parity-check (LDPC) codes Wil However, we note that even more general situations ca

long blocklengths. _ __ be considered; seeg., [7].
Despite its magnmcent guccess.for certain applllcamons,-l-he mutual information betweenx and y is the random

there are applications, particularly in delay-constrdirmnd variablé
many network scenarios, in which infinite-blocklength mfo (x,y)

; L , i(x;y) =1 PxyXY) 1)
mation theory has offered fewer insights, or otherwise the 1xGy) =108 Dy (y)
available insights have not been fully integrated into txis g
systems. This is especially true if delay, fairness, an@rth 1random variables are denoted by sans serif fog, x, and sample values
quality-of-service goals must be satisfied by the system. & denoted by serif fong,g., z. Random aTnd sample column vectors ofITength
believe that one of the main reasons for this current state’pf® denoted bx™ = [x1 x> ... xu] " anda™ = fz1 @3 ... an] ",

S P " . respectively.
affalr_s is the lack of a flmte'bIOCklength mformat'on_ebry 2Unless indicated otherwise, all logarithms in the paper akert to base
that is general enough to handle a wide class of important

I. INTRODUCTION



This random variable has gone by other names, such a®ften an application requires that the inputs be constdaine
“(mutual) information density” [7], [9], [10], [11]. Becae We letS,, C X™ denote thanput constraint set for such sce-
we will focus on the probability density and/or probabilitynarios. As one important example, if the inputs are complex-
distribution of this random variable, our terminology fsls valued,i.e, X = C, and constrained to have average power
that of [2], [4], [6], and refers to the expectatidh[i(x;y)] less thanP, then
as theaverage mutual information. The distribution of mutual "
information Pr [i(x; y) < 4] has also been called the “(mutual) 8, = {x" . Z 2|2 < np} ) 3)
information spectrum” [9], [10], [11]. =1

For three rand_om var.|able§, v a.”.dz on a!phabetsx, To state results precisely, we must define the notion of
13., .andZ, respe_c.tlvely, with swtaplg joint, margmal, anq CON3 channel code for the communication system. For any in-
ditional probability laws, theconditional mutual information

g ) . tegersn > 0 and m,, > 0, an (n,m,,S,,€,)-code for
betweenx andy given z is the random variable the channeb, . (4" |z") consists of a message Set,, :=

Pryiz(%,¥]2) {1,2,...,m,}, amappingf,, : M,, — X" called theencoder,
: (2) and a mappingg, : Y* — M, called thedecoder such
that f,(I) € 8, and the conditional probability of error
Important relations for mutual informations and conditibn Prlgn(y") # l|x" = fu(1)] < €, for all I € M.
mutual informations result from basic properties of joint, The following result is a generalization of what is com-
marginal, and conditional probability laws. As specific mxa Monly called Feinstein’s Lemma [3], [5], [8], [10], [11] to

iaylz) = log o e 1)

ples, with probability one we have [7] incorporate input constraints.
Lemma 1 (Feinstein’s Lemma with Input Constraints [13]):
. Pyix(y[x) Dy (Xly) Given arbitrary integerss > 0 and m, > 0, an input
i(x;y) =log =———= =log ———— |, o n . .
py(y) px(x) probability law py-(2™), an input constraint se§,,, and
Pyjx.2(v]x. 2) Puly.2(x]y, 2) a channel probability lawp,~~(y"|z"), there exists an
i(x;y|z) = log —"——= = log ————- |, - i
( | ) py‘z(y|z) px|z(X|Z) (n, Moy, Sn, Gn) code with
i(x,z;y) = i(z;y) + i(x;y|2) . ¢, <Pr li(x";y") < llogmn oy
n n
A!so, bs and_){ are indepe_ndent if and only iif(X;y-). =0 FPr X" €8]+ e, (4)
with probability one; similarly,x and y are conditionally
independent givenz if and only if i(x;y|z) = 0 with wherey > 0 is an arbitrary constant.
probability one. Lemma 1 provides a direct coding theorem for quite general

Finally, for any mutual information or conditional mutualchannels, inputs, and constraints, and places the distiibu
information, there can be several expectations or comditio of the mutual information raté(x™; y")/n in a central role.
expectations of interest,g., E [i(x; y|z)], E[i(x; y|z)| z], and Originally proven in [3], [5] for discrete channels and itgu

so forth. it was extended to continuous channels possessing densitie
and input constraints in [13], and can be extended to aritra
I1l. FEINSTEIN'S LEMMA FOR COMMUNICATION measures [14]. Also of note, a result strikingly similar to
CHANNELS WITH INPUT CONSTRAINTS Lemma 1 without input constraintd,e, 8, = X", was

obtained using random coding arguments in [4] for average

This section recalls a bound for the maximal block errarror probability of uniform messages over discrete memory
probability for channel codes operating over a commuroeati less channels. However, we stress that Lemma 1 bounds the
channel with input constraints. We begin with some standangaximum probability of error, not the average probabilify o
definitions and then state the result without proof. Morailiet error.
can be found in [8], [13] Infinite-blocklength information theory relies on the ltimp

A point-to-pointcommunication system consists of a chan- average mutual information ratém,, .. E[i(x"™;y™)] /n to
nel, inputs to the channel, and outputs from the channeharacterize the capacity of discrete memoryless as well as
Let X andyY denote the channel input and output alphabetstationary and ergodic channels [1], [2]. Recent results fo
respectively. For an integet > 0, the channel inputs and much more general channels appear in [10], [11], but the
outputs are modeled as random vectofs and y™ with average mutual information is not sufficient for that pugos
joint probability lawp,~ ,~(z™,y™) and marginal probability Instead, using Feinstein's Lemma as a direct proof, along
laws pyn (™) and p,(y™), respectively, forz™ € X™ and with a similar lower bound, the quantityup{t € R
y™ € Y™. The channel is modeled as a conditional probabilitym,, .., Pr[i(x";y")/n < t] = 0}, called theliminf in
law pyn | (y™|2™), for z € X™ andy™ € Y". We emphasize probability of i(x™; y")/n, is needed. Because we will not take
that these probability laws need not have any structurd) sutbe limit as the blocklength goes to infinity, neither of thes
as independent inputs,e., p.-(z") = [[/_,px(z1), or @ quantities will be of particular use to us, except as refegen
memoryless channele., pyn |- (y™|2™) = T1,21 Dy jx (wil21).  points.



To motivate the results to follow, consider the case @bove. For0 < p < 1/2, so thatlog(p/(1 — p)) < 0, the
memoryless channels with independent and identically ddistribution of the mutual information rate satisfies
tributed (i.i.d.) inputs. In this case, the mutual inforioat

rate becomes Pr {n:(x iy < ﬁlog[e B 45
ity = -3 i) - (5) = Prik > a(y)] =Prik 2 [a()]]
n " =1 _ i (n)pl(l _ p)(n—l)
Thus, computing the distribution of the mutual information o] l
rate corresponds to finding probabilities for sums of i.iah- (Ta()],n+1— [a()])
dom variables. Beginning with [4], a common tool in claskica = B” S2AL . 7 (8)
information theory has been to apply the Chernoff bound, or 1([a()]n+1 = [a()])

large deviations arguments, to obtain upper bounds on thfiereB, (a,b) := foz ta=1(1—¢)b14t is the incomplete Beta
distribution of mutual information that decay exponeryiah  function [15], and where

the coding blocklengtl. However, as is well known, these

bounds are not always sharp for estimates of the distributio () = n +logle™] —log2 —log(1 —p) +~ ©)
near the mean, or when is limited. As a result, we focus ’ 10g(15%p) ’

in the sequel omxactly characterizing the mutual information

rate corresponding to capacity-achieving inputs. Fig. 1 shows the results of (8) in (4) for a memoryless BSC
with bit-error probabilityp = 10~2 for various blocklengths.
IV. EXAMPLE CHANNELS and transmission ratd, so that the code sizeis,, = [¢"#].

In this section, we determine the density and/or distribd+he inputs are unconstrained, so that the second term irs (4) i
tion of mutual information for some important special casegero, and minimization ovey > 0 is performed numerically.
including memoryless binary symmetric channel (BSC), the Fig. 2 shows comparisons of bounds based upon Feinstein’s
discrete-time circular complex additive white Gaussiais@o lemma (4) and random coding error exponents [2] for the BSC
(AWGN) channel, and static fading channels with Rayleighith i.i.d. uniform inputs. We observe that the bound (4) can
fading and channel state information (CSI) at the decoder. the tighter than bounds based upon the random coding error
addition to serving as simulation tools, these results oan &xponent for rates close to capacity and blocklengths up to
used via (4) to obtain bounds on the maximal error probabiliseveral hundred bits. For large blocklengths, the boundsda
for finite coding blocklengths. For the BSC in particular, we&pon error exponents have faster decay with blocklength,
compare (4) to bounds based upon the random coding eragr we would expect, and eventually outperform the bound
exponent [2]. (4). We stress that coding blocklengths on the ordepaf
A. Binary Symmetric Channel bits are frequently used.g., in cellular systems and sensor

networks. Fortunately, the closer we operate to the average
In this section, we consider the discrete memoryless binagy,tyal information, the larger the error probability, arehbe

symmetric channel (BSC). For this channel, the input angmputation of (4) is less numerically sensitive than for
output alphabets ar& = Y = {0,1}, and the inputs are gmaller transmission rates.

unconstrainedj.e, 8, = X". The channel probability law

is memoryless with B. Gaussian Channels
P, y # 3 In this section, we consider the discrete-time, scalar com-
Py (Wilze) = A=p), mem’ (6) plex additive white Gaussian noise (AWGN) channel modeled
’ as
forl =1,2,...,n, where0 < p < 1 is the channel bit-error vi=ax+z, 1=12....n, (10)
probability.

For i.i.d. inputs withp,, (v;) = 1/2, z; € X, we have Wwherea is a complex-valued constant known to the transmitter
pyn(y™) = 1/27, for all y™ € Y. Letting k, be a binomial and receiver, and the additive noigés i.i.d. circular complex
random variable corresponding to the number of indices f6raussian with zero mean and variangg. This channel law
which y; # x;, the mutual information rate can be manipulatets memoryless with
into the form

%i(x";y”) = (log2 — H(p)) + ((l;l - p) log

Crsc(p)

7TNO

P ) Pyilx (Wilz) = N(yi; azy, No) == L eln—eml?/No (11)
(1=p) For i.i.d. circular complex Gaussian inputs with (z;) =
(7) N(z;;0,8P), the output is also i.i.d. complex Gaussian with
where H(p) := —plogp — (1 — p)log(1 — p) is the binary p,, (y;) = N(y;0,la|?8P + Ny). The case of3 = 1
entropy function, and’ssc(p) is the BSC channel capacity. corresponds to the capacity-achieving inputs, but we altow
It is clear that the second term in (7) has mean zero andds< 1 so that the second term in (4) does not dominate the
a linear function of the binomial random variablg defined bound. After some manipulations [7], the mutual informatio
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ing error exponent for the BSC with = 0.031125 and R = 3Cgsc(p)/4.

rate i(x™; y™)/n can be shown to have the same distribution
as the random variable
BSNR
log (1+ BSNR) +-4 | 2ecp T Z (12)

Cc(BSNR)

where SNR := |a|?P/Nj is the channel signal-to-noise ratio
corresponding to the power constraift Cg(SNR) is the
AWGN channel capacity in nats per complex channel use at
signal-to-noise rati&NR, andw;, [ = 1,2,...,n, are i.i.d.
Laplace random variables with mean zero and variance two,
i.e, each is the difference of two independent exponential
random variables with mean one.

The sum ofn i.i.d. Laplace random variables each with
mean zero and variane€ has the Bessel-K distribution, for
which the probability density is symmetric about zero and
takes the form [16]

1

Ktiovm) = — 2 (ﬂlt> K (f ltl)
3 ) ﬁr(n)o o 71,—5 )
(13)
where I'(z) := [ t*le~tdt is the gamma function and

K, (z) is the modified Bessel function of the second kind with
index v [15]. For integern, K,,_;/2(z) can be expressed as

K, (2 fzz

To find the probability distribution corresponding to (13),
we utilize (14), integrate each term in the sum, and exploit
symmetry to obtain

¢
/ K(r;0,n)dr

P(n+1)

1+ 1)(22)4 ’

T(n = T (24)

n—1 F(71+l)f‘(71 1,V/2t/o) n—l
{ +21:F( z)r(n i lf)F§l+>1) Lo (15)
n n+ n— 2t/o n—1 ’
I=0 " T(n)T(n—0T(+1) 2 ) t<0

where I'(a, z) :
function [15].

Taking into account the non-zero mean and the scale factor
in front of the sum in (12), we see that

[St*"te~tdt is the incomplete gamma

2 GSNR
2 BSNR + 17"

i(x™;y"™)/n—log(1+BSNR) ~ X (i;
16)

C. Satic Fading Channels

In this final section, we briefly consider discrete-time fagli
channels with flat, static fading know perfectly at the deszod
We focus on Rayleigh fading, but extensions to more general
fading distributions can be readily developed. The chammnel
modeled as

vi=ax+z, =12....,n, an

wherea is aN(a; 0; 02) random variable known to the receiver
but not the transmitter, and again the additive najsis i.i.d.



circular complex Gaussian noise with mean zero and variance
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noisez and the inputx;, fori =1,2,... n.

For i.i.d. circular complex Gaussian inputs with (z;) =
N(z;;0,8P), the output is also conditionally i.i.d. complex
Gaussian withp,, ,(yila) = N(y;;0, |a]?8P + Np). Since
the fading is known to the decoder, the effective channgly
output is(y™, a). Sincea andx™ are independent, the mutual
information is, with probability one, [2]

n n [3]
o nom Pyn a|xn (y >a|X )
i(x™;y", a) =log
( ) pyn,a()/”7 a) [4]
_ log py”’\x",a(ynlxnva) [5]
py"la(yn‘a)
=i(x";y"a) . (18) (g

We note that an expression of the form (18) appears in [17];]

however, no calculations are provided for any specific fgdin

channel models. {9]
The mutual information raté&(x™; y™|a)/n, conditioned on

a = a, can be manipulated into the form (12) for the AWGN10]

channel. Thus, it has the same distribution as the rand?ﬂnl

variable
1 55 n
log(1+ﬂs)+m/ﬁs+1 ;1 w
- [13]

wheres := |a|>P/N, is an exponential random variable cor-
responding to the realized signal-to-noise ratio, bR :=
02P/N, is the average signal-to-noise ratio. Againw;, | =
1,2,...,n are i.i.d. Laplace random variables with mean zefas]
and variance two. As a result, both the analysis and nuneri 3
methods associated with static fading can rely on averagi g]
the results in Section IV-B for the Gaussian case.

From (19), we immediately see that the distribution of mu7]
tual information relates to outage probability [12]. Siieailly,
for 5 =1 and eachs = s, the sum in (19) conditionally con-
verges in mean-square to zero, so that the mutual informatio
rate i(x™; y™|a)/n conditionally converges in mean-square to
log(1 + s). Thus, the distribution of mutual information rate
converges toPr[log(l + s) < 4], the well-known outage
probability for Gaussian channels with fading. The second
term in (19) takes into account the effects of finite blocigkn
In fact, (19) suggests that for large average signal-tsemitio
SNR, the factory/s/(s + 1) ~ 1 with high probability, and
the effects of finite blocklength are essentially identiwathe
AWGN case.

(12]

(19)

(14]
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