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Abstract— In the early years of information theory, mutual
information was defined as a random variable, and error proba-
bility bounds for communication systems were obtained in terms
of its probability distribution. We advocate a return to this
perspective for a renewed look at information theory for general
channel models and finite coding blocklengths. For capacity-
achieving inputs, we characterize the mutual information ran-
dom variables for several important channel models, including
the discrete memoryless binary symmetric channel (BSC), the
discrete-time complex additive white Gaussian noise (AWGN)
channel, and the discrete-time Rayleigh fading channel with
static, flat fading known perfectly to the decoder. Combined
with a result known as Feinstein’s lemma and its extensions,
these characterizations can be employed to obtain bounds on the
maximal block error probability of channel codes operating over
these channels. Such bounds appear to be particularly useful
when operating at transmission rates near the average mutual
information.

I. I NTRODUCTION

It may be a common view that information theory charac-
terizes fundamental performance limits,e.g., channel capacity,
for communication systems only in the regime of infinite cod-
ing delay and complexity. Wide classes of channels have been
analyzed using approaches based mainly upon probabilistic
limit theorems, such as laws of large numbers, ergodic theory,
or large deviations [1], [2]. In establishing these results, a
limit is often taken as the coding blocklength approaches
infinity. This “infinite-blocklength” perspective and its main
message, that longer codewords offer better performance,
has taken root in the context of many applications and has
stimulated development of numerous channel coding schemes
of varying performance and complexity. In recent years, the
asymptotic performance limits set forth by information theory
have essentially been achieved in certain scenarios—with
practical complexity no less—through the development of
turbo codes and low-density parity-check (LDPC) codes with
long blocklengths.

Despite its magnificent success for certain applications,
there are applications, particularly in delay-constrained and
many network scenarios, in which infinite-blocklength infor-
mation theory has offered fewer insights, or otherwise the
available insights have not been fully integrated into existing
systems. This is especially true if delay, fairness, and other
quality-of-service goals must be satisfied by the system. We
believe that one of the main reasons for this current state of
affairs is the lack of a “finite-blocklength” information theory
that is general enough to handle a wide class of important

channel models but not so complex and subtle so as to be
unusable by system designers.

If coding blocklength is restricted so that traditional limit
theorems do not apply, then one might infer that the real
quantity of interest is not converging to the average mutual
information. Both old and new literature suggest that the real
quantity of interest is a mutual information random variable,
instead of its expectation. Interestingly, this perspective ap-
peared in the early days of information theory [2], [3], [4],
[5], [6], [7], [8], receded for some time, and has returned in
the context of information spectrum methods [9], [10], [11]
and outage probability [12].

Motivated by this perspective, Section II reviews classic
terminology and establishes modern notation for mutual infor-
mation random variables. Section III recalls a generalization
of Feinstein’s lemma for bounding block error probability in
terms of the distribution of mutual information. Section IV
characterizes the mutual information for some important chan-
nel models, including the discrete memoryless binary symmet-
ric channel (BSC), the discrete-time complex additive white
Gaussian noise (AWGN) channel, and the Rayleigh flat-fading
channel with static, flat fading known perfectly to the decoder.

II. M UTUAL INFORMATION AS A RANDOM VARIABLE

To fix notation for the sequel, consider two random vari-
ables1 x andy on alphabetsX andY, respectively, with joint
probability law px,y (x, y), marginal probability lawspx(x)
and py (y), and conditional probability lawspy |x(y|x) and
px|y (x|y) for x ∈ X and y ∈ Y. If the alphabetsX and
Y are finite or countably infinite, then the probability laws
correspond to the appropriate probability mass functions;if X

andY are uncountable, the probability laws correspond to the
appropriate probability density functions, which we assume
exist. However, we note that even more general situations can
be considered; see,e.g., [7].

The mutual information betweenx and y is the random
variable2

i(x ; y) := log
px,y (x , y)

px(x)py (y)
. (1)

1Random variables are denoted by sans serif font,e.g., x , and sample values
are denoted by serif font,e.g., x. Random and sample column vectors of length
n are denoted byxn = [x1 x2 . . . xn]> and xn = [x1 x2 . . . xn]>,
respectively.

2Unless indicated otherwise, all logarithms in the paper are taken to base
e.



This random variable has gone by other names, such as
“(mutual) information density” [7], [9], [10], [11]. Because
we will focus on the probability density and/or probability
distribution of this random variable, our terminology follows
that of [2], [4], [6], and refers to the expectationE [i(x ; y)]
as theaverage mutual information. Thedistribution of mutual
information Pr [i(x ; y) ≤ i] has also been called the “(mutual)
information spectrum” [9], [10], [11].

For three random variablesx , y , and z on alphabetsX,
Y, andZ, respectively, with suitable joint, marginal, and con-
ditional probability laws, theconditional mutual information
betweenx andy given z is the random variable

i(x ; y |z) := log
px,y |z(x , y |z)

px|z(x |z)py |z(y |z)
. (2)

Important relations for mutual informations and conditional
mutual informations result from basic properties of joint,
marginal, and conditional probability laws. As specific exam-
ples, with probability one we have [7]

i(x ; y) = log
py |x(y |x)

py (y)
= log

px|y (x |y)

px(x)
,

i(x ; y |z) = log
py |x,z(y |x , z)

py |z(y |z)
= log

px|y ,z(x |y , z)

px|z(x |z)
,

i(x , z ; y) = i(z ; y) + i(x ; y |z) .

Also, x and y are independent if and only ifi(x ; y) = 0
with probability one; similarly,x and y are conditionally
independent givenz if and only if i(x ; y |z) = 0 with
probability one.

Finally, for any mutual information or conditional mutual
information, there can be several expectations or conditional
expectations of interest,e.g., E [i(x ; y |z)], E [ i(x ; y |z)| z ], and
so forth.

III. F EINSTEIN’ S LEMMA FOR COMMUNICATION

CHANNELS WITH INPUT CONSTRAINTS

This section recalls a bound for the maximal block error
probability for channel codes operating over a communications
channel with input constraints. We begin with some standard
definitions and then state the result without proof. More details
can be found in [8], [13]

A point-to-pointcommunication system consists of a chan-
nel, inputs to the channel, and outputs from the channel.
Let X and Y denote the channel input and output alphabets,
respectively. For an integern > 0, the channel inputs and
outputs are modeled as random vectorsxn and yn with
joint probability lawpxn,yn(xn, yn) and marginal probability
laws pxn(xn) and pyn(yn), respectively, forxn ∈ Xn and
yn ∈ Yn. The channel is modeled as a conditional probability
law pyn|xn(yn|xn), for x ∈ Xn and yn ∈ Yn. We emphasize
that these probability laws need not have any structure, such
as independent inputs,i.e., pxn(xn) =

∏n
l=1 pxl

(xl), or a
memoryless channel,i.e., pyn|xn(yn|xn) =

∏n
l=1 pyl|xl

(yl|xl).

Often an application requires that the inputs be constrained.
We let Sn ⊆ Xn denote theinput constraint set for such sce-
narios. As one important example, if the inputs are complex-
valued, i.e., X = C, and constrained to have average power
less thanP , then

Sn =

{

xn :

n∑

l=1

|xl|2 ≤ nP

}

. (3)

To state results precisely, we must define the notion of
a channel code for the communication system. For any in-
tegers n > 0 and mn > 0, an (n,mn, Sn, εn)-code for
the channelpyn|xn(yn|xn) consists of a message setMn :=
{1, 2, . . . ,mn}, a mappingfn : Mn → Xn called theencoder,
and a mappinggn : Yn → Mn called the decoder such
that fn(l) ∈ Sn and the conditional probability of error
Pr[gn(yn) 6= l|xn = fn(l)] ≤ εn for all l ∈ Mn.

The following result is a generalization of what is com-
monly called Feinstein’s Lemma [3], [5], [8], [10], [11] to
incorporate input constraints.

Lemma 1 (Feinstein’s Lemma with Input Constraints [13]):
Given arbitrary integersn > 0 and mn > 0, an input
probability law pxn(xn), an input constraint setSn, and
a channel probability lawpyn|xn(yn|xn), there exists an
(n,mn, Sn, εn)-code with

εn ≤Pr

[
1

n
i(xn; yn) ≤ 1

n
log mn + γ

]

+ Pr [xn 6∈ Sn] + e−nγ , (4)

whereγ > 0 is an arbitrary constant.
Lemma 1 provides a direct coding theorem for quite general

channels, inputs, and constraints, and places the distribution
of the mutual information ratei(xn; yn)/n in a central role.
Originally proven in [3], [5] for discrete channels and inputs,
it was extended to continuous channels possessing densities
and input constraints in [13], and can be extended to arbitrary
measures [14]. Also of note, a result strikingly similar to
Lemma 1 without input constraints,i.e., Sn = Xn, was
obtained using random coding arguments in [4] for average
error probability of uniform messages over discrete memory-
less channels. However, we stress that Lemma 1 bounds the
maximum probability of error, not the average probability of
error.

Infinite-blocklength information theory relies on the limiting
average mutual information ratelimn→∞ E [i(xn; yn)] /n to
characterize the capacity of discrete memoryless as well as
stationary and ergodic channels [1], [2]. Recent results for
much more general channels appear in [10], [11], but the
average mutual information is not sufficient for that purpose.
Instead, using Feinstein’s Lemma as a direct proof, along
with a similar lower bound, the quantitysup{t ∈ R :
limn→∞ Pr[i(xn; yn)/n < t] = 0}, called the liminf in
probability of i(xn; yn)/n, is needed. Because we will not take
the limit as the blocklength goes to infinity, neither of these
quantities will be of particular use to us, except as reference
points.



To motivate the results to follow, consider the case of
memoryless channels with independent and identically dis-
tributed (i.i.d.) inputs. In this case, the mutual information
rate becomes

1

n
i(xn; yn) =

1

n

n∑

l=1

i(xl; yl) . (5)

Thus, computing the distribution of the mutual information
rate corresponds to finding probabilities for sums of i.i.d.ran-
dom variables. Beginning with [4], a common tool in classical
information theory has been to apply the Chernoff bound, or
large deviations arguments, to obtain upper bounds on the
distribution of mutual information that decay exponentially in
the coding blocklengthn. However, as is well known, these
bounds are not always sharp for estimates of the distribution
near the mean, or whenn is limited. As a result, we focus
in the sequel onexactly characterizing the mutual information
rate corresponding to capacity-achieving inputs.

IV. EXAMPLE CHANNELS

In this section, we determine the density and/or distribu-
tion of mutual information for some important special cases,
including memoryless binary symmetric channel (BSC), the
discrete-time circular complex additive white Gaussian noise
(AWGN) channel, and static fading channels with Rayleigh
fading and channel state information (CSI) at the decoder. In
addition to serving as simulation tools, these results can be
used via (4) to obtain bounds on the maximal error probability
for finite coding blocklengths. For the BSC in particular, we
compare (4) to bounds based upon the random coding error
exponent [2].

A. Binary Symmetric Channel

In this section, we consider the discrete memoryless binary
symmetric channel (BSC). For this channel, the input and
output alphabets areX = Y = {0, 1}, and the inputs are
unconstrained,i.e., Sn = Xn. The channel probability law
is memoryless with

pyl|xl
(yl|xl) =

{

p , yl 6= xl

(1 − p) , yl = xl

, (6)

for l = 1, 2, . . . , n, where0 < p < 1 is the channel bit-error
probability.

For i.i.d. inputs withpxl
(xl) = 1/2, xl ∈ X, we have

pyn(yn) = 1/2n, for all yn ∈ Yn. Letting kn be a binomial
random variable corresponding to the number of indices for
which yl 6= xl, the mutual information rate can be manipulated
into the form

1

n
i(xn; yn) = (log 2 − H(p))

︸ ︷︷ ︸

CBSC(p)

+

((
kn

n
− p

)

log
p

(1 − p)

)

,

(7)
where H(p) := −p log p − (1 − p) log(1 − p) is the binary
entropy function, andCBSC(p) is the BSC channel capacity.

It is clear that the second term in (7) has mean zero and is
a linear function of the binomial random variablekn defined

above. For0 ≤ p < 1/2, so that log(p/(1 − p)) < 0, the
distribution of the mutual information rate satisfies

Pr

[
1

n
i(xn; yn) ≤ 1

n
logdenRe + γ

]

= Pr [kn ≥ α(γ)] = Pr [kn ≥ dα(γ)e]

=

n∑

dα(γ)e

(
n

l

)

pl(1 − p)(n−l)

=
Bp(dα(γ)e, n + 1 − dα(γ)e)
B1(dα(γ)e, n + 1 − dα(γ)e) (8)

whereBx(a, b) :=
∫ x

0
ta−1(1−t)b−1dt is the incomplete Beta

function [15], and where

α(γ) := n

(
1
n logdenRe − log 2 − log(1 − p) + γ

log p
(1−p)

)

. (9)

Fig. 1 shows the results of (8) in (4) for a memoryless BSC
with bit-error probabilityp = 10−3 for various blocklengthsn
and transmission ratesR, so that the code size ismn = denRe.
The inputs are unconstrained, so that the second term in (4) is
zero, and minimization overγ > 0 is performed numerically.

Fig. 2 shows comparisons of bounds based upon Feinstein’s
lemma (4) and random coding error exponents [2] for the BSC
with i.i.d. uniform inputs. We observe that the bound (4) can
be tighter than bounds based upon the random coding error
exponent for rates close to capacity and blocklengths up to
several hundred bits. For large blocklengths, the bounds based
upon error exponents have faster decay with blocklength,
as we would expect, and eventually outperform the bound
(4). We stress that coding blocklengths on the order of200
bits are frequently used,e.g., in cellular systems and sensor
networks. Fortunately, the closer we operate to the average
mutual information, the larger the error probability, and hence
computation of (4) is less numerically sensitive than for
smaller transmission rates.

B. Gaussian Channels

In this section, we consider the discrete-time, scalar com-
plex additive white Gaussian noise (AWGN) channel modeled
as

yl = axl + zl , l = 1, 2, . . . , n , (10)

wherea is a complex-valued constant known to the transmitter
and receiver, and the additive noisezl is i.i.d. circular complex
Gaussian with zero mean and varianceN0. This channel law
is memoryless with

pyl|xl
(yl|xl) = N(yl; axl, N0) :=

1

πN0
e−|yl−axl|2/N0 . (11)

For i.i.d. circular complex Gaussian inputs withpxl
(xl) =

N(xl; 0, βP ), the output is also i.i.d. complex Gaussian with
pyl

(yl) = N(yl; 0, |a|2βP + N0). The case ofβ = 1
corresponds to the capacity-achieving inputs, but we allowfor
β < 1 so that the second term in (4) does not dominate the
bound. After some manipulations [7], the mutual information
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Fig. 1. Plots of the upper bound (4) for the BSC with bit-errorproba-
bility p = 10−3: (a) blocklengthsn = 25, 50, 100, 200 and rates0 ≤

R ≤ 11CBSC(10−3)/10, (b) blocklengthsn = 10, 20, 40, . . . , 300 and
rates R = CBSC(10−3)/2 (stars), R = 3CBSC(10−3)/4 (squares),
R = 9CBSC(10−3)/10 (diamonds), andR = 1001CBSC(10−1)/1000
(triangles).
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Fig. 2. Comparison of the bound (4) to a bound based upon the random cod-
ing error exponent for the BSC withp = 0.031125 andR = 3CBSC(p)/4.

rate i(xn; yn)/n can be shown to have the same distribution
as the random variable

log (1 + βSNR)
︸ ︷︷ ︸

CG(βSNR)

+
1

n

√

βSNR

βSNR + 1

n∑

l=1

wl , (12)

whereSNR := |a|2P/N0 is the channel signal-to-noise ratio
corresponding to the power constraintP , CG(SNR) is the
AWGN channel capacity in nats per complex channel use at
signal-to-noise ratioSNR, and wl, l = 1, 2, . . . , n, are i.i.d.
Laplace random variables with mean zero and variance two,
i.e., each is the difference of two independent exponential
random variables with mean one.

The sum ofn i.i.d. Laplace random variables each with
mean zero and varianceσ2 has the Bessel-K distribution, for
which the probability density is symmetric about zero and
takes the form [16]

K(t;σ, n) :=
21−n

√
πΓ(n)σ

(√
2|t|
σ

)n− 1

2

Kn− 1

2

(√
2|t|
σ

)

,

(13)
where Γ(z) :=

∫∞
0

tz−1e−tdt is the gamma function and
Kν(z) is the modified Bessel function of the second kind with
index ν [15]. For integern, Kn−1/2(z) can be expressed as

Kn− 1

2

(z) =

√
π

2z
e−z

n−1∑

l=0

Γ(n + l)

Γ(n − l)Γ(l + 1)
(2z)−l . (14)

To find the probability distribution corresponding to (13),
we utilize (14), integrate each term in the sum, and exploit
symmetry to obtain
∫ t

−∞
K(τ ;σ, n)dτ

=

{
1
2 +

∑n−1
l=0

Γ(n+l)Γ(n−l,
√

2t/σ)
Γ(n)Γ(n−l)Γ(l+1) 2−n−l , t ≥ 0

∑n−1
l=0

Γ(n+l)Γ(n−l,−
√

2t/σ)
Γ(n)Γ(n−l)Γ(l+1) 2−n−l , t < 0

, (15)

where Γ(a, z) :=
∫∞

z
ta−1e−tdt is the incomplete gamma

function [15].
Taking into account the non-zero mean and the scale factor

in front of the sum in (12), we see that

i(xn; yn)/n−log(1+βSNR) ∼ K

(

i;

√

2

n2

βSNR

βSNR + 1
, n

)

.

(16)

C. Static Fading Channels

In this final section, we briefly consider discrete-time fading
channels with flat, static fading know perfectly at the decoder.
We focus on Rayleigh fading, but extensions to more general
fading distributions can be readily developed. The channelis
modeled as

yl = axl + zl , l = 1, 2, . . . , n , (17)

wherea is aN(a; 0;σ2
a
) random variable known to the receiver

but not the transmitter, and again the additive noisezl is i.i.d.



circular complex Gaussian noise with mean zero and variance
N0. The fading coefficienta is independent of the additive
noisezl and the inputxl, for l = 1, 2, . . . , n.

For i.i.d. circular complex Gaussian inputs withpxl
(xl) =

N(xl; 0, βP ), the output is also conditionally i.i.d. complex
Gaussian withpyl|a(yl|a) = N(yl; 0, |a|2βP + N0). Since
the fading is known to the decoder, the effective channel
output is(yn, a). Sincea andxn are independent, the mutual
information is, with probability one,

i(xn; yn, a) = log
pyn,a|xn(yn, a|xn)

pyn,a(yn, a)

= log
pyn|xn,a(y

n|xn, a)

pyn|a(yn|a)
= i(xn; yn|a) . (18)

We note that an expression of the form (18) appears in [17];
however, no calculations are provided for any specific fading
channel models.

The mutual information ratei(xn; yn|a)/n, conditioned on
a = a, can be manipulated into the form (12) for the AWGN
channel. Thus, it has the same distribution as the random
variable

log (1 + βs) +
1

n

√

βs

βs + 1

n∑

l=1

wl , (19)

wheres := |a|2P/N0 is an exponential random variable cor-
responding to the realized signal-to-noise ratio, andSNR :=
σ2

aP/N0 is the average signal-to-noise ratio. Again,wl, l =
1, 2, . . . , n are i.i.d. Laplace random variables with mean zero
and variance two. As a result, both the analysis and numerical
methods associated with static fading can rely on averaging
the results in Section IV-B for the Gaussian case.

From (19), we immediately see that the distribution of mu-
tual information relates to outage probability [12]. Specifically,
for β = 1 and eachs = s, the sum in (19) conditionally con-
verges in mean-square to zero, so that the mutual information
rate i(xn; yn|a)/n conditionally converges in mean-square to
log(1 + s). Thus, the distribution of mutual information rate
converges toPr[log(1 + s) ≤ i], the well-known outage
probability for Gaussian channels with fading. The second
term in (19) takes into account the effects of finite blocklength.
In fact, (19) suggests that for large average signal-to-noise ratio
SNR, the factor

√

s/(s + 1) ≈ 1 with high probability, and
the effects of finite blocklength are essentially identicalto the
AWGN case.
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