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Abstract— The problem of determining the region of entropic
vectors is a central one in information theory. Recently, there
has been a great deal of interest in the development of non-
Shannon information inequalities, which provide outer bounds to
the aforementioned region; however, there has been less recent
work on developing inner bounds. This paper develops an inner
bound that applies to any number of random variables and
which is tight for 2 and 3 random variables (the only cases
where the entropy region is known). The construction is based
on probability distributions generated by a lattice. The region is
shown to be a polytope generated by a set of linear inequalities.
It can therefore be used to compute an inner bound on the
information-theoretic capacity region for a wide class of network
problems using linear programming.

I. INTRODUCTION

Let Xi,...,X, be a collection of n jointly distributed
finite-alphabet random variables and consider the 2™ — 1
dimensional vector whose entries are the joint entropies of
each non-empty subset of these m random variables. Any
2™ — 1 dimensional vector that can be constructed from the
entropies of n such random variables is referred to as entropic.
Characterizing the region of entropic vectors has long been an
interesting open problem. Many issues in information theory
and probabilistic reasoning such as optimizing information
quantities or characterizing the compatibility of conditional
independence relations involve, or are closely related, to this
problem. Moreover, characterizing this region is fundamental
in the sense that many network information theory problems
can be formulated as linear optimization problems over this
region. Thus, determining this region can lead to the solution
of a whole host of information-theoretic problems. On the
other hand many proofs of the converse of coding theorems
involve information inequalities, the complete set of which can
be found as a result of characterizing this region.

In [1], Yeung refers to the space of entropic vectors as I'}..
The work of Han, Fujishige, Zhang and Yeung, [2], [3], [4],
[5], [1] has resulted in the complete characterization of I';, for
n = 2,3 and their relation to polymatroids and submodular
functions. In particular, if we let N' = {1,...,n}, o, 3 C N,
Xo ={X;:i€a}and Xg = {X; : i € B}, it is clear
that the entropy h(X,) = h(«a) (for simplicity) satisfies the
properties

1) h@) =0

2) For o C (3: h(a) < h(B)

3) For any a, 8: h(aUB) + h(an B) < h(a) + h(B)

the last of which is referred to as the submodularity property.
The above inequalities are referred to as the basic inequalities
of Shannon information measures (and are derived from the
positivity of conditional mutual information). Any inequalities
that are obtained as positive linear combinations of these are
simply referred to as Shannon inequalities. The space of all
vectors of 2" — 1 dimensions whose components satisfy all
such Shannon inequalities is denoted by I';,. It has been shown
that [5] T3 = 'y and T% = T's, where T is the closure of
I';. However, for n = 4, recently several “non-Shannon-type”
information inequalities have been found that demonstrate that
I} is strictly smaller than IT" [5], [6], [7], [8], [9].

Although, these non-Shannon type inequalities give outer
bounds for I'}, its complete characterization remains an open
problem. The non-Shannon inequalities have also proven
useful in deriving various outerbounds for different network
information theory problems [10], [11]. However, there has
been much less focus on determining inner bounds on I}
[4], [12]. These would be of great interest since they would
yield achievable rate regions for many network information
theory problems. The focus of this paper will therefore be on
determining an inner bound on I}, with two goals in mind: an
inner bound that can be extended to any n, and that can be
easily expressed (the inner bound that we shall later give is a
polytope, i.e., defined by a set of linear inequalities).

We should mention that in this paper, we shall focus on
normalized entropy vectors:

1
log N

h(Xa), M

where N is the alphabet size of the X; (it can be assumed wlog
that the alphabet size is equal for all the X; by simply adding
letters with zero probability whereever necessary). There are
several reasons for considering this normalized version: it
is often the normalized versions that come up in capacity
calculations (where the normalization represents the number
of channel uses), it makes the entropy region finite, and makes
the proof of the convexity of 'Y trivial. Indeed if h(X,) and
h(Y}3) are the entropies of the X; and Y;, each with alphabet
size N, and N,, then by making n, independent copies of the
X’s and n, independent copies of the Y’s, so that the overall
alphabet size becomes N+ N,'*, we obtain the normalized



entropy

ng log N, ny log Ny

h(Ys),
2)

ng log N + ny logn, ng log N + ny logn,

which implies the convexity of I'.

The remainder of the paper is organized as follows. The
next section studies quasi-uniform distributions, which will be
the building blocks for our construction. Section III contains
the main results of our paper, especially the construction of
entropic vectors using lattice-generated probability distribu-
tions. Section IV makes the construction explicit for 2, 3 and
4 random variables and shows that it achieves the full entropy
region for n = 2, 3.

II. QUASI-UNIFORM DISTRIBUTIONS

One way of characterizing I'}, is through determining its
kissing hyperplanes:

a"h =" anha > 7, 3)
aCN

for any a € R?"~! and for all h € T%. To determine the value
of v, one needs to perform the optimization

v = min aaha. 4

One of the difficulties in performing this optimization is that
the alphabet size of the underlying distribution is arbitrary.
Nonetheless, if we restrict the alphabet size of each X; to IV
and attempt to optimize over the unknown joint distribution
px, (zpr) then the KKT conditions necessitate that

1 .
Z aolog ——— =c if pxy(zx) #0, (5
aCN Px, (ma)

for some constant c. The KKT conditions imply that, rather
than searching over all possible distributions px,, (zxr), we
need only search over those distributions that satisfy (5).

Of course, there can be many solutions to (5). However, a
rather obvious solution—and one that does not depend on a,
the normal vector of the hyperplane—is the following: for any
a CN:

Px. ((Ea) =c¢Cq or 0 (6)

for some constant c,, independent of the point z, €
{1,..., N}l In other words, these are distributions that take
on zero or a constant value for all possible marginals, px_ (+).
Such distributions are referred to as quasi-uniform [13].

Computing the entropy for quasi-uniform distributions is,
of course, straightforward:

h(a) =log ci @)
Let A,, denote the space of entropy vectors generated by quasi-
uniform distributions. Then the remarkable result of [13] is
that
Theorem 1 (Quasi-Uniform Distribution): A, =
the closure of A,, is the closure of I'}.

.
Iy, ie,

In other words, considering quasi-uniform distributions is
sufficient for characterizing I'),. As a result, these are the
distributions we will henceforth focus on.

III. DISTRIBUTIONS FROM LATTICES

Determining all quasi-uniform distributions appears to be a
hopelessly complicated combinatorial problem. Since we are
looking for a construction that can be generalized to any n,
it seems reasonable that we need to impose some structure.
Some circumspection suggests the use of a lattice structure.

Recall that we can generally represent the points generated
by a lattice in an n dimensional space as follows:

x = Mn, ()

where * € R"™ are points in the lattice, M € R™ " is
the so-called lattice-generating matrix, and n € Z" is an
integer vector. Since the points we are interested belong
to {1,...,N}", we require that x have integer entries. We
will therefore henceforth assume that M has positive integer
entries, so that M € N™*". We will refer to the lattice
generated by M as L(M).

Definition 1 (Lattice-Generated Distribution): A probabil-
ity distribution over n random variables with alphabet size
N each, will be called lattice-generated, if for some lattice
L(M), we have

pXN(xN) =c,

a constant, whenever zp € {0,..., N —1}" N L(M) and

pXN((E./\/) = 07

otherwise.
We now need a few lemmas.

Lemma 1 (Bezout ldentity): The following equality holds
for 2-by-2 lattices.
0
My Moy — Moy My

ﬁ([ Mii  Mis D :‘Q ged (M1, Miz) D

Ma1  Mag Morx + Mooy ocd(My1,Maz) o ’

where x and y are integers found from the Bezout identity

Mz + Moy = ged(Ma, Maa).

Proof: Follows from post-multiplication by the unimodular

. X —M12/ng(M11,M12)

matrix [ y My /ged(Myy, Miz) } I
Lemma 2 (Lower Triangularization): Any lattice generat-

ing matrix with non-negative integer entries can be lower

triangularized without changing the resulting lattice.

Proof: Follows from repeated use of Lemma 1 in a fashion

akin to QR factorization. [

Lemma 3 (Lattice-Generated Quasi-Uniform Distributions):
A lattice-generated distribution is quasi-uniform if the lattice
has a period that divides IN. The latter is true if, and only if,
the matrix M ~'N has integer entries.

Proof: Assume the lattice M has a period that divides N. This
is true if, and only if, for every x € £L(M) the point = + Ne;
belongs to £L(M) for all ¢ = 1,...,n, where e; is the i-th
unit vector with one in the i-th position and zeros elsewhere.



In other words, if there exists an integer vector n such that
Mn = z, there should also exist an integer vector n’ such that
Mn' = x+Ne;. Butn’ = M~ 'a+M-'Ne; = n+ M~ Ne,,
which implies that M ~!Ne; should have integer entries for
all 7 and establishes the second claim.

We now need to show that the resulting distribution is quasi-
uniform. To this end, note that

> L

px.(Ta) = D pxylen) =c
TN —« $N7a;PXN(1a@N7a)7éO

which implies that a distribution taking on only the values 0
and c is quasi-uniform if, and only if, for every value z, for
which px_ (z,) is nonzero, the number of xzxr—, for which
Pxy (%o, Ta—q) is non-zero should be constant.

Now partitioning the lattice-generating matrix according to
a and a¢ = N — « and lower-triangularizing using Lemma 2

yields
= e L

Tae | | Maca Mae ge Nge |
Any value of z, that yields a non-zero px_(z,) is one
for which n, = Moj (11:1:,1 is an integer vector. Therefore so
is the vector MacyaMO:é:ca. Thus, the number of z,c for
which px,, (Zq,Tae) is nonzero is given by the number of
Toe in {0,..., N — 1}1@°l for which Mue qenge = Tae —
Mee oM o }MZCO[ has an integer solution in n,.. However, since
the lattice is periodic with period dividing /N, this number is
independent of the integer shift Mqe oM, o }ﬂ?a- .

(10)

Lemma 3 tells us that we should focus on lattice-generating
matrices such that M ~! N has integer entries. The next lemma
of this section shows us how to extract the entropies from the
lattice generating matrix M.

Lemma 4 (Entropy Extraction): Consider a lattice-
generated distribution with period dividing N. Then the
normalized entropy of any collection of random variables X,
is given by

log detM
B log N

where M, o is found from the lower triangularization of the
lattice-generating matrix in (10).

Proof: The distribution is quasi-uniform and so the entropy
h(a) is simply the log of the number of non-zero points
in the distribution px_(z,). The total number of points is
Nlel and the volume of the basic volume element in the
lattice corresponding to the variables x, is well known to
be detM, . This gives the total number of non-zero points
in the distribution as N®!/detM,, , which yields the desired
result. W

h(@) = |of : (11)

Let A,, denote the space of entropy vectors obtained from
lattice-generated quasi-uniform distributions.
Theorem 2 (An Inner Region for Entropic Vectors):

con(A,) C T

where coﬁ(~) represents the convex closure. -
Proof: Follows straightforwardly from the convexity of ', ||}

Our last result states that the obtained inner region is a
polytope. However, we will omit the proof for brevity.
Theorem 3: The region con(A,,) is a polytope for all n.

IV. EXPLICIT CONSTRUCTIONS

Now that we have described our general construction, we
will study the consequences for n = 2, 3,4 random variables.

A. Two Random Variables

Without loss of generality we can assume that the 2-by-2
lattice-generating matrix is lower triangular

My, o}

12
Moy Moo (12)

|
We should remark that for any integers M;; it is always
possible to find a large enough integer /N and positive rational
numbers 7;; such that M;; = N7. Furthermore, for large
enough N it follows that ged(N7is, Nvkt) = N@in(vis,e)
which considerably simplifies the gcd calculation. Since we
are studying normalized entropies, increasing N comes at no
cost and so we will assume all of the above. We will therefore
henceforth assume that

13)

Y11
M_{N 0 ]

NY21 N722

We first need to enforce the condition that the generated
distribution be quasi-uniform. From Lemma 3 this means that
the matrix

Ni-m 0

-1 _
NM - |: —N1=7i—=v22+ty21 N1-722

} (14)
must have integer entries. Since N is large enough this implies

the inequalities
Y11+ Y22 < 1+ 721. (15)

71 <1 Y2 <1

Using Lemma 4 the corresponding entropies are readily seen
to be

hi = 11—
ho = 1—min(v21,722) (16)
his = 2—7911 — 722

Thus the space A, is
constraints (15).

The region Ay may not be convex, due to the min(-)
operator in ho. In fact, is is not hard to show that the convex
hull of (15-16) is

hi=1-=711, ho=1—=721 , hi2=2—"711— 72
0<7mM1<1,0<y2<1,0< 2, 711 +722 <1+721
(17

described by (16) along with the

Theorem 4:
conAy =T
Proof: Any h;; obtained from (17) is an entropy vector by
construction. Conversely, for any entropy vector satisfying 0 <
hl,hg S 1 and hl,hg S h12 S hl + hQ a valid set of YigS
from (17) can be found. [



B. Three Random Variables
Again, without loss of generality we may assume
N1 0 0
NY21 N722 0
N1 N2 N733

Insisting on quasi-uniformity by forcing the elements of
M~!N to be integers (Lemma 3) yields the linear constraints:

M = (18)

0<vy; <1
Yii + g5 = Vig <1 (19)
Y11+ 722+ Y33 — Y21 —v32 < 1

Extracting the entropies using Lemma 4 yields

hy =1—"m

ha =1 — min(vy21,722)

hs =1 — min(ys1, 732, 733)

hi2 =2 —y11 — 722 (20)

hiz = 2 —y11 — min(7y32,¥33)
has =
2 — min(y21 + ¥32, Y22 + Y31, Y33 + min(y21, ¥22))
if yo1 + 32 # Y22 + V31
2 — 33 — min(7y21, y22)
if y21 + 32 = 722 + 731
hi2z =3 —v11 — Y22 — V33
The space Az is described by (20-19). The region is clearly
non-conveX. Furthermore, it is six-dimensional (since there are
six y;; parameters) whereas the entropy vectors are seven-
dimensional. However, the convex hull is seven-dimensional

and consists of the convex hull of four (polytope) regions. The
first three regions satisfy the constraints (19), as well as,

hi=1—y
he =1—12
hy=1-131
hi2 =2 —v11 — 722 21D
hiz =2 —v11 — 732
hi23 =3 —v11 — Y22 — V33
However, region I has
hos = 2 — 721 — 732
, 2
{ Y21 32 < Y22+ Y31 (22)
region II has
hos = 2 — 122 — 31
: 23
{ Y21+ Y32 > Y22+ Y31 (23)
and region III has
hos = 2 =721 — 33
24
{ Y21 +732 = Y21+ Y31 24)

The fourth region is characterized by 21 > 22 and 33 >
Y31 > 732. Interestingly, the convex hull of these four regions
is T'%.

Theorem 5:

conAz = T%

Proof: Clearly, conAs C T'; since, by construction, all vectors
in conAj are entropic.
To prove the other direction consider the region defined by

A ] [1 001 01 1 1] Zl
ho 01011011 k“’
hs 00101111 k3
hio |=]1 101111 2 k‘*,
has 01 111112 kf’
hs1 1011111 2 kﬁ
| his | [ 1 1 1 1 1 1 1 2| k;

- (25)
where k; > 0. Each column vector in the matrix on the RHS
can be seen to be generated by a lattice-generated distribution
(just check!). Therefore the region must be a subset of As. If
we write the above matrix equation as

h=[ 4 a}[k’;

:| = Ak + aks,

which, since the first seven columns of the matrix on the RHS
is invertible, we can further write as

A h— A Yaks = k > 0.

Computing A% and A~ taksg, yields

0 0 0 0 -1 0 17 M 0
0o 0 0 0 0 -1 1 ha 0
0o 0 0 -1 0 0 1 hs 0
-1 0 0 1 0 1 -1 hip | > 1
0 -1 0 1 1 0 -1 has 1
0o 0 -1 0 1 1 -1 hs1 1
11 1 -1 -1 -1 1 || hiy -1
S Qo)

The point is to show that for any entropic vector h one can find
a non-negative ks such that above inequalities are satisfied.
The first three are clearly satisfied. The next three are satisfied
provided

ks < mi%(_hi + hij + hii — hiji), (27)
75
and the last inequality if
(28)

kg > —Zhi+zhij — hyjk.-
i W7

It is straightforward to show that the upper bound on kg
exceeds the lower bound and so the region for kg is non-empty.
Furthermore, by the submodularity of the entropy function, the
upper bound is non-negative, which implies that a non-negative
kg can always be found. And so we are done. ]

ks



C. Four Random Variables
For four random variables, we assume
N1 0 0 0

N21 N 722 0 0
M = N731 N 732 N33 0 (29)
N4 N V42 N 7V4s N 744
The conditions from Lemma 3 translate to:
Yii <1
g A <
Yii + ’7]] ’713 — 1 (30)

Yii + i+ ek — Vij — Vik <1

Y11+ Y22 + Y33 + a4 — Y21 — Y32 — Va3 < 1

The extraction of the entropies using Lemma 4 is rather

involved. In the interest of space, we will give only a few of
the 15 entropies:

hy 1=y
hy = 1 —min(ya1, 742,743, 744)
hos =
2 — min(y21 + Y32, Y22 + Y31, 33 + min(ya1, ¥22))
if y21 + v32 # Vo2 + V31
2 — 33 — min("y21, y22)
if y21 + v32 = Y22 + 731
hi24 3— 711 — Y22 — Yaa
hi23a = 4 —y11 — 722 — 733 — Va4

The above space is clearly non-convex and so, as in the case
with three random variables, we must focus on its convex hull.

We are currently investigating the most efficient ways of
doing so. Our studies show that the parametrization satisfies all
the known non-Shannon inequalities (as they should). It will
be useful to have a thorough study of the tightness of the inner
bound (for example, whether the non-Shannon inequalities are
strictly achievable) as well as a few achievability results for
some network problems of interest.

Currently, what we do know is that the region includes the
inner bound given by Yeung [4].
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