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Abstract— Protograph-based LDPC codes have the advan-
tages of a simple design (or search) procedure and highly
structured encoders and decoders. These advantages haveaals
been exploited in the design of protograph-based generalized
LDPC (G-LDPC) codes. Recently, a technique for computing
ensemble weight enumerators for protograph-based LDPC codes )
has been published. In the current paper, we extend those resslt oL\
to protograph-based G-LDPC codes. That is, we first derive O O
ensemble weight enumerators for finite-length G-LDPC codes
based on protographs, and then we consider the asymptotic case Vo Vi V2 Viez Voo
The asymptotic results allow us to determine whether or not the

typical minimum distance in the ensemble grows linearly with )
codeword length. Fig. 1. Tanner graph of generalized LDPC code.

. INTRODUCTION on protographs were studied in [16]-[21]. In this paper, we

Weight enumerating functions (or weight enumerators) fépllow [9] to derive the finite-length weight enumeratorsdan
specific codes are useful for bounding or estimating thediecdN® asymptotic weight enumerators for protograph-based G-
ing error probability of channel codes. As noted by GallagéPPC code ensembles.
in his seminal monograph on LDPC codes [1], it is generally This paper proceeds as follows: In Section II, we define our
impractical to calculate the weight enumerator for a givenotation and derive the weight enumerators for the profigra
code. In this case, Gallager and others have calculated fd-DPC codes. In Section Ill, we extend this result to the
average performance for ensembles of codes. In many casedSymptotic case and provide some examples. In Section IV,
is often easier to calculate the asymptotic weight enuroesat We discuss topics which are related to asymptotic weight
that is, the weight enumerators for code ensembles with ca@f@umerators.
length tending to infinity. The asymptotic results allows us
to make statistical statements about t_he_ diStan_Ce Prepert)  F\SEMBLE WEIGHT ENUMERATOR FOR FINITELENGTH
of code ens_embles (partlcular.ly, the m|n.|mum.d|st_ance) and PROTOGRAPHBASED G-LDPC CODES
on the minimum operable signal-to-noise-ratio (i.e., SNR
threshold) for maximume-likelihood decoders. We start by defining a G-LDPC protograph. A protograph

Gallager derived asymptotic weight enumerators for ttj@0], [22] is a relatively small bipartite graph, contaigin
“Gallager ensembles” of regular LDPC codes in [1]. Thisariable nodes (VNs) and generalized constraint nodes CNs
result was extended to the irregular LDPC ensembles in [2fem which a larger graph can be obtained by a copy-and-
[5]. In [6], [7], ensemble weight enumerators for serialhyne permute procedure: the protograph is copi¥dtimes, and
catenated codes and turbo-like codes were derived. Asyimptdhen the edges of the individual replicas are permuted among
weight enumerators for ensembles of protograph-based LDB replicas (under restrictions) to obtain a single, layngph.
codes were computed in [8], [9]. In the latter paper, Divsald@he edge permutations cannot be arbitrary. In particuler, t
first derived the ensemble weight enumerators for finitgtlen nodes of the protograph are labeled so that if variable ndde
protograph-based LDPC codes [10] and then obtained thennected to constraint noden the protograph, then variable
asymptotic results by letting the code length go to infinity. nodewv in a replica can only connect to one of thereplicated

In the current paper, we extend the work in [9] ta constraint nodes. Doing so preserves the decoding thigeshol
protograph-based generalized LDPC (G-LDPC) codes. @roperties of the protograph. A protograph can possesdiglara
LDPC codes, for which more complex constraints than singéglges, i.e., two nodes can be connected by more than one edge.
parity-check (SPC) constraints are permissible, weregitst The copy-and-permute procedure must eliminate such péarall
posed by Tanner [11]. The Tanner graph of a G-LDPC codennections in order to obtain a derived graph appropriate
with lengthn and m. constraints 5 variable nodes andw. for a parity-check matrix. The copy-and-permute process ca
constraint nodes) is depicted in Fig. 1. Selected types dfi stbe simply represented by replacing each node with a vector
codes were investigated in [12]-[15]. G-LDPC codes basefl nodes of the same type and replacing each edge with a



djl,djz,...,dquN] is a weight vector which describes the
weights of the N-bit words on the edges connected to CN
¢;, produced by the VNs neighboring. The elements ofl;
are a subset of the elements df

Let S; be the set of transmitted VNs and I8f be the set
of punctured VNs. Then the average number of codewords of
weightd in the ensemble, denoted by;, equals the sum of
A(d) over alld for which 3", ., cs,, di = d. Notationally,

Ag = Z Z A(d) @

Fig. 2. Vectorized protograph. {di:v; €8¢} {drvn€Sy)

under the constrainp_,; ., s, di = d. To evaluateA, in

bundle of (permuted) edges the same type. This “vectorized). one first needs to compute the vector weight enumerators
protograph is depicted in Fig. 2. A% (d;), for the constraint nodes;, as seen in (1). This

Following the notation of [9], consider a G-LDPC protoWas done for SPC nodes in [9]. In this section, we extend
graph,G = (V,C,E), whereV = {vy,vs,...v,,} is the set this computation to constraint nodes which correspond Yo an
of ny, VNS, C' = {c1,¢2....,cn, } is the set ofn, CNs, and linear block code.

E is the set of edges. Each edgec E connects a variable ~Consider the constituenf.( «) linear block codeC. We
node inV’ to a constraint node it. Denote byg,, (q.,) the need to find its vector weight enumeratéf (w), wherew =
degree of variable (constraint) nodg(c;). Now consider the [w1,w2, ..., w,] is the weight vector at the input to the con-
G-LDPC code constructed from a protogra@tby making v~ stituent code. Following [9], th@A€(w)} may be found as the
replicas ofG' and using uniform interleavers, each of si¥e coefficients of the multi-dimensional z-transform{of (w)},

to permute the edges among the rep”cas of the protographWhiCh is easy to obtain. EXpIOItIng the uniform interleaver
order to exploit the results in [6], [7], we treat the VNs androperty and the fact that the multi-dimensional z-transfo
CNs as constituent codes in a concatenated coding scheffea single constraint node i, . Wi W52... W, the
More specifically, the group a¥ VNs of typew; is considered multi-dimensional z-transform fal copies of the protograph
to be a constituent (repetition) code with a weightnput of IS

length N and ¢,, length?V outputs. Also, the group ofV

CNs of typec; is considered to be a constituent code with AS(W,, Wy, ..., W,) = (

N
: e a _ ZW{“WQEQ...WITM) , (3
qc, inputs, each of lengtiV, and a fictitious output of weight

xeC

Zero. Ad) be th N o bwhere theW,;’s are indeterminate bookkeeping variables and
Let A(d) be the average (over the ensemble) number _ -1, o, ..z, @ € {0,1}, is a codeword inC.
of codewords having weight vectat = [dy, da, ... ,dn,]

Expanding the righthand side of (3) will yield the form
corresponding to thex, VN N-groups and satisfying the P g g @) y

protograph constraintsd(d) is the vector weight enumerator AC (W, Wy,...,W,) = Z:AC(vv)Wlwlwg“2 N A )
for the ensemble of codes of lengfti - n, described by the w

protograph. Let us further define from which we may obtaimA€(w). The direct application of

o A%(w;) = (3)0d,wis - Fds e, = the vector weight the multinomial theorem on the righthand side of (3) gives
enumerator for the type; (VN) constituent code for a

weightd; input, wherew; = [wi’l,wivg,...,’w@qvi} isa
weight vector describing the constituent code’s outpuﬁ (Wi, Wa, ..., W) = Z C(N;ni,ng,...,nk)
and n1,m2,...,nx >0
i nitnet+..+ng=N
« A% (z;) = the vector weight enumerator for the type-

. < [T (wiwgez . wi)™
¢; (CN) constituent code ang; = {zj,l,zjyg,...,zqucj}, xll( toe i)

where z;; = w;, if the ['"* edge of CNc; is the k' (5)
edge of VNu;.

) N ] ) where K = 2¢ is the number of codewords i€ and
As shown in [9, Eq. 2], by exploiting the uniform interleavets (N 1, n,, ..., nx) is the multinomial coefficient, given by
property, we may write
" n ; N!
LU Avl(wi)HjI;I ACJ(Zj) O(N;n17n27"'7nK):

nl'ng'nK'

- 3 I

Wm,u

T T ()

Let M€ be the K x p matrix with the codewords of as

Iz A% (dy) 0 its rows andn = [ny,ns,...,nx]. Then (5) can be written as
- ny, (N\qv; =1
|J (d1> Ac(Wl, Wo,...,W,) = ZZC’(N;nl,ng, ce MK
where the summation in the first line is over all weights w {n} (6)

Wmu, M = 1,.,n, andu = 1,..,¢q,,, andd; = XW{“WQW...W;”“,



where {n} is the set of integer solutions to = n - MC, I1l. ASYMPTOTIC ENSEMBLE WEIGHT ENUMERATORS

. K
under the constraints,, , ny,,...,nx > 0 and} ., n. = In this section we will extend the results of the previous
N. To see the last step, note that the product in (5) can Bgction to the asymptotic case. Let us start by defining the
manipulated as follows asymptotic weight enumeratar(s), as
. In Ad
T (e wge . wee)™ = winwges . wee, r(0) = Jim sup ==, ®)
xeC

‘ _ whered = d/n (recalln is the number of transmitted variable
wherew; = 3 cx;n;, j = {1, 2, ..., u}. Also, if w nodes in the code). Following [9], because the formulas én th

n-M¢ has more than one solution, the tefif" W, ... W,"  previous section involve the number of copiéé, instead of
will appear as a common factor in all of the terms that arg \we define the function

associated with these solutions. This explains the presefic

the second summation in (6). Finally, comparing (4) and (6) f([;) = lim sup %, 9)
leads to the expression of the vector weight enumerator, N—oo N
whered = d/N. Note thatn = |S;|- N and so
AC(W):ZC(N;TL]_,’I’LQ,...,’I’LK>7 (7) / nl |9l
o r(6) = 777t -0) (10)
where{n} is the set of integer solutions t& = n-MC, with ¢
ni,ne,...,ng > 0and Zszl n, = N. We also define maxx,y) £ log (e® + ¢¥) and we similarly

Example 1: Consider the degree-4 SPC constraint noddefine max when more than two variables are involved. When
The codeword set i€ = {0000, 1001, 0101, 1100, 0011,z andy are large and distinct (so that ande¥ are vastly
1010, 0110, 111}% and soK = 8. different), then maX(x,y) ~ max(z,y), and similarly for
(a) ConsiderN = 3 protograph copies and the weight vectomore than two variables.

w = [2,2, 2,2 Fromw = n-MC¢ and the associated From (2), we have

constraints omn, it is easy to see thafn} = {[0, O, O, 1,

1,00,1}[00100101],[01000,0,11],[1, In4A; = max { max‘ {lnA(d)}},

0,0, 0, 0,0, 0, 2], from this A¢(w) = 21 (via (7)). {dizoi€Se} Udrion€Sp}

(b) WhenN =4 andw = [4, 2, 2, 2, {n} = {[0, 1, 0, 1, 0, C e { max  {In A(d)}} ’

1, 0, 1]} and soA¢(w) = 24. {di:vi€Se} ({drvr€Sp}

() WhenN =4, andw = [3, 2, 2, 2, {n} is empty and so ne (11)

AC(w)=0.0 = max max Zln A% (dj)
Example 2: Consider the protograph with a single (7, 4) {divi€Se} | {deion€Sp} | T

Hamming constraint node and 7 degree-1 VNSs, all transmitted ny N

Noting that the denominator in (1) is unity (singg = 1 for — Z(qw —1)n < >}} ,

all 7) and the numerator igl“*(d;) (sincen. = 1), we will i=1 di

compute the first fourd,;'s assumingN = 4 copies of the

under the constrain ) d; = d. The second equalit
protograph. The Hamming code is generated by E{d"'"f‘es‘} q Y

holds whenN is very large and the third equality follows

100 0 0 1 1 by invoking (1). Taking the limit asvV — oo and applying
G0 100110 the result (from Stirling’s formula)imy .. supn (}) /N =
N 001 0111 ’ H(SZ) = —(1—51-)111(1—5%»)—51'11152», Wheregi :dZ/N, we
000 1101 obtain
from which the matrixMC° may be obtained; we assume the _ ne B
codewords are listed in the natural binary order with resgec ~ 7(0) = _max _ max Z a ()
the 16 input words. From (1) and (2), with = 7 andn, = 1, (Grv€Sey | OrvneSp} | 5= (12)
Ay = Y4 Aflemm(qd) such thatd"d; = d. Thus, 4y = X 5
A[O,O,O,O,O,O,O] = 0(4, 4, 0, ceey 0) =1. A1 = Zd AHamm(d) - Z(Qw, - 1)H(51) )
such thatd d; = 1, but any suchd must result in{n} i=1

empty. Consequentlyd; = 0. Similarly, one findsA> = 0. ,nder the constrai@{giwiest} 5; = 5. In (12),a% (Sj) is the

With A3 = >, AM*mm(d) such that}>d; = 3, d = asymptotic vector weight enumerator of the constraint ngde
{11,0,0,0,0,1,1], [0,1,0,0,1,1,0], [1'0'1'0’1’0'0]'][0"0'1_*0'0]’ andd; = d;/N. For a generic constituent CN codg this
[0,0,0,1,1,0,1],[1,1,0,1,1,0,0,0], [0,0,1,1,0,3,CFachd yields o, umerator is defined as
only one solutiom to the equatiorl = n-MC. Each solution

hasn; = 3 together withn, = 1, wherek corresponds to a(w) = lim SHPM7 (13)
a row in M¢ containing one of the 7 weight-3 codewords. N—oo N

Note, the otherd’s that achieve) d; = 3 result in {n} w=w/N.

empty. Using (1), (2), and (7)Aq = > 4AH*™™m(d) = We may obtain a simple expression fef (w) using the

Z{n}0(4;3,0,‘..71,...,0) =28. 0 method of types [23, Ch. 12]. We define the typg, as
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Fig. 3. Rate-1/6 HD-LDPC protograph. Fig. 4. Rate-1/7n, = 7, (or, rate-7/15n, = 15) HD-LDPC protograph.

the relative proportion of occurrences of each codeword §hortened Hamming code with parity check matrix
constituent CN codé€. In other words,P, = [p1,Dp2, - - -, PK]

is the empirical probability distribution of the codeworidsC

given a sequence aV such codewords, wherg, = ni/N H=
and n; is the number of occurrences of thé" codeword.
Then the type class df, T(Pw), is the set of all lengthV , ) ,
sequences of codewordsdh each containingy;, occurrences Associate _ the ~vect9r of normahzeq weights
of the k** codeword inC, for k = 1,2,..., K. Observe that [60, 81, 92,03, d4, J5] with the vector of variable nodes

IT(Pw)| = C(Niny,ns,...,ng). From [23, Thm.12.1.3] [“Oapo’phpm’&pd]' iin:cclgrt:jealncfzewi(t:r?hlj:rigns3 Ol\fﬁteb%/hat
T(P, N-H(Pw) as N ., where H(P,,) = L40,%0,P0,P2,P3;P4], . .3
TE)| = e s (Po) the two SPC nodes have the same neighborhood, and so they

have the same vector weight numerator. Under this setup,

1 10
01 1
1 01

O O =

0 0
10 |. (17)
0 1

— 3K prInpg. Consequently, a&V — oo we rewrite (7)

as : : A
becausdsS;| = 6, the asymptotic weight enumerator is given
Asv = ZC(N;nl,TLQ,...,TLK) by T(é) :f(66)/6' where
{n} - - -
7(0) = max {2a57€(31) + 0" (32)
= ) T(Pw) S0l
o) (18)
» . - .
—5H (69) — 2H(61) — H(d .
LSS g a (50) — 2H(31) — H(5)}
(P} such thaty>) (d; = 4, whered; = [3o,d0,01,02] and
It follows from (13) and (14) that d2 = [0, 00, 01,93, 04, 05]. The asymptotic weight enumerator
c is shown in Fig. 5. The figure shows that there is no typical
a”(w) = mnax {H(Pw)}, (15)  minimum distance’,;, for this code (0r§,.;, = 0) so that
w dmin for this code ensemble does not grow linearly with
under the constraint thgtP,, } is the set of solutions taw = n. We also evaluated the asymptotic weight enumerator for

Py - MC, p1,pa,...,px > 0 and ZkK:lpk = 1. These are the case when the variable nodg is punctured. Equation
the asymptotic equivalents of the constraints mentionéalbe (18) still holds but the constraint becom§$f:1 0; =0. The

(). result is represented by the rate-1/5 HD-LDPC curve in Fjig. 5
Let d,,;, be the minimum distance of a linear block codewhere again we see thady,;, for the ensemble does not grow
In [1] it was shown that linearly withn. (In spite of this, we have found via simulation

i G that short codes designed according to this protograpligeov
n . :
Pr{d, i, < né} < Pl =S4, 16) 9ood performance in both the waterfall and the floor region
{emin < };<l> © ; b 00 o) O
. - , Example 4: Consider the protograph in Fig. 4, where the
wh_ere P_(l) is the pro_babmty that a particular sequence Oﬁarity—check matrixH, corresponds to the (7, 4) Hamming
weight! is a codeword in the ensemble. L, be the second ,qe generated b of Example 2. The parity-check matrix
zero crossing of(9) (the first crossing is(0) = 0). Assuming H, corresponds to the following column-permutationkf:
Omin €Xists, it is called the typical minimurp distance if(6 7.1,2,3,4,5). That is, thel®" column of Hs is the 6%
r(0) < 0forall 0 < & < Gmin O If 2557 A = olumn ofHy, ..., and ther” column ofH, is the5t" column
Ans ., @S becomes large, theRr{dyin < ndmin — 1} < of H;. A code constructed per this protograph has rate 1/7

NOmin—1 ; ili _
i=1""_ A1 — 0, so that with probability near oném» =  since each CN represents 3 redundant bits. The variablesnode
ndmin. That is, the minimum distance of virtually all of thevl, Vs, ...;u7 have the normalized weights, 3, . . . , 3. The

members of the code ensemble increases linearly mith asymptotic weight enumerator i€5) = 7(75)/7, where
Example 3: We evaluate the asymptotic weight enumerator

for the rate-1/6 HD-LDPC code presented in [17]-[20], which

is based on the protograph in Fig. 3 (HD = “Hamming- #(5) = max ¢ a"1(81) +a"*(85) = > H(5;) p. (19)

doped”). The constraint node marked WY is a (6, 3) 0150507 =1
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Fig. 5. Asymptotic weight enumerator for the Rate-1/6 (1/5)-HDPC Fi%' 6. Asymptotic weight enumerator for the Rate-1/7 (1/6)-HDPC
code. code.

Tz % 5 53 3 5 _
suchthah_;_, d; = 9, whered, = [01,02,...,07], andd> = ¢ yo \ariable nodes in the protograph have the same degree,

[96, 97, 01, 02, 03, 04, 05]. We also evaluated the asymptoliGne 4nove ohservations will hold. We apply this conjecture in
weight enumerator for the rate-1/6 HD-LDPC code whic e next example

results from puncturing one of the VNs. The result is presgnt _ . ) o
in Fig. 6. Note that this ensemble has a relatively lafgg,. ~ Ex@Tple 5 Consider again the protograph in Fig. 4, but

Consequently, a code based on this protograph has, wiffih (15, 11) Hamming codes for the constraiifs and H,
probability near one, a large minimum distante. [17]-{19], where

IV. ON ASYMPTOTIC ENSEMBLE WEIGHT ENUMERATORS 10101010 101010
In this section we discuss the following: First, we discusfy, _ g, M) = 01100110 011001
the difficulty in evaluating the asymptotic weight enumerat 00011110 000111
of arbitrary protograph-based G-LDPC code via the tectesqu 00000001 111111
of the previous sections. This motivates a conjecture whicH, = [M. M;].

if provable, can vastly simplify computations. Second, we
show how to utilize the asymptotic weight enumerators in the

design of protograph-based G-LDPC codes. Specifically, \Mao(;e that there arlg(; 2%; coldewords Iin each confs “““;ﬁ“
give an example which demonstrates the impact of colunfff9c: SO It wou e difficult to evaluate (15) for this

permutations of the parity-check matrices of CNs (first pexin code. Because the conditions of the conjecture (sar_ne
out by Tanner [11]). CN weight enumerators, same VN degree) hold, we will

fdopt the two observations above as assumptions. Let us

%%ﬁne p(®) as the proportion of occurrence of a codeword
weight p in the constituent CN code, and lg® =

?p 0), p(3)7 p(4)7 p(5)7 p(6)7 p(7)’ p(8)’ p(9)’ p(10)7 ph), p(12)7 p(15)]_

By adopting the first observation above as an assumption,

The drawback of our method in evaluating the asympto
weight enumerators can be seen from (15): the number of
maximization arguments equals the number of the codewor
K, in the constituent cod€. In the previous examples we
considered constituent codes wifki small, but this is not T T p
the case in general. Our future research will include finding?! €/émMents; in & will have the same value, say. Also,
general method to alleviate this issue of having to maximiZ&CaUSe2_;_1 5}'{_? g, it follows that &' = 4/15 = 4.
over large sets. However, we have made the following obsé&tonsequentlya™: (4), j =.1,2, is a function ofé, and so
vations when performing Example 4 and examples of oth¥€ Write
protographs with similar characteristics (not includedefe
1) In maximizing over th~ef$l-’s in (12), the optimal point . . -
occurs when all of thé; are equal. a7 (0) =a"(6) = max {H(P(5))}7 (20)

2) In the maximization in (15), the optimal point occurs
when codewords of equal weight have the same propor-
tion of occurrence in the constituent CN code. under the cgnstrair{tP(S)} = {[p1,p2, ..., pK]} is the set of

These observations have led us to make the followirsplutions tod = [4,6,...,6] = P(8)-MC, p1,pa,...,px >0
conjecture:Whenever all of the constraints nodes in the G- and Y.+, pr = 1. Now, with the second observation above
LDPC protograph have the same weight enumerators, and all as an assumption (codewords of equal weight had the same
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Fig. 8. Asymptotic weight enumerator for the Rate-1/6 HD-LD&de with

Fig. 7. Asymptotic weight enumerator for the Rate-7/15 (1/2)-EDPC two different edge-labeling at the Hamming constraint.

code.
proportion of occurrence)H(P(S)) simplifies as constituent codes’ parity-check matrices) of G-LDPC codes
produces different codes with different properties. Inwief
- K this, we show in this example how permuting the labeling
H(P(9)) = — Zpk In py, on the CNs in the protograph of Example 3 greatly changes
k=1 ) ) the asymptotic weight enumerator for the corresponding en-
= —p@np® - 35p® I p® — 105p@1n p® semble of codes. The results are shown in Fig. 8, where

— 168p®1n p® — 280p @1 p® — 435p(M1np(™ in the first labeling, L;, the columns ofH are labeled
_435p(8)1np(8) _280p(9)1np(9) _168p(1o)1np(10) by g, U0, Po, P2, P3, P4 and, in the second Iabelinng, the
_ _. columns ofH are labeled byug,uo, p2,po,p3,psa. That is,
—105p™ V1 pMY — 35p(12) 0 p12) — p(15)1n p{1%) referring to Fig. 3 and equation (17), for labelihg, nodep-
2 H(P) represents the (6,3) Hamming parity bit whereas for lalgelin
. ) ) ) Lo, nodep, represents the (6,3) Hamming parity bit (while it
where we have utilized weight enumerator information fqg ginyitaneously an accumulator output). We see in Figa8 th
the (15, 11) Hamming code (e'CgAQ = 1, A3 = 35). The labeling L, leads to a particularly poor ensemble: in addition
constraint[d, 4, ...,d] = P(d) - M® yields the two equivalent t0 6,5m — 0 (true also for labelingl), the multiplicities A

i 0 — 1 _ (4) (5) (6) :
const;amtSp N 1 ‘25 + 35p o +112p u + 280p12 T are very large as evidenced by the large values(6f. O
580p(") +725p®) +560p?) +392p10) 4-280p(1D) +-105p(12) +

4p(15) and p®) = 1/76 — 4p™® — 8p®) — 16p(®) — 29p(7) —

(232/7) p®) —24p®) 16010 1111 _4p(12) _ (1 /7) p(15). V. CONCLUSION

Thus, (20) can be replaced by We extended the ensemble weight enumerator technique
of [9] to protograph-based G-LDPC codes. The method is

als () = max {H(P)}, relatively simple for CN’s with small dimensionality and
{P} it allowed us to show which G-LDPC ensembles under con-

under the two constraint equations above. Finally, the @syn§ideration had the property thd’t”” grows With COd? Ie_ngth.
totic weight enumerator is given by(d) = #(155)/15, where Unfortunately, the computational complexity for findingeth
7(5) = 2at (5/15) . 15H(5/15) — 2451(8) — 15H(5) vector weight enumerator grows a§. In fact, we relied on

Clearly, under these assumptions, the computation‘of5) a conjecture to find the ensemble weight enumerator of a G-
hencer(9), is vastly simplified. Ther(d) result appears in LDPC code with .(1.5’11) Hamming CN.S' . .
Fig. 7. Also included in the figure is() for a rate-1/2 code Further work will include a proof of this conjecture and will

obtained by puncturing one bit in the protograph. Note thaHEi”rz]e t:es_e resfults along Witg othe_rhtools ée.g., EXI.T mri
for both casesd,;, for the ensemble increases linearly witd" the design of G-LDPC codes with good properties (large
n. O dmin and good iterative decoding threshold). We also know

QW to derive stopping set enumerators for protographebase

We now give an example which demonstrates the im . .
9 b P -LDPC codes and this is the topic of a future paper.

of column permutations of the parity-check matrices of CNSs;
thus demonstrating how asymptotic weight enumerators may
be utilized in the design of protograph-based G-LDPC codes.
Example 6: Tanner [11] pointed out that permuting the
CN labeling (equivalently, permuting the columns of the
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