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Abstract— Protograph-based LDPC codes have the advan-
tages of a simple design (or search) procedure and highly
structured encoders and decoders. These advantages have also
been exploited in the design of protograph-based generalized
LDPC (G-LDPC) codes. Recently, a technique for computing
ensemble weight enumerators for protograph-based LDPC codes
has been published. In the current paper, we extend those results
to protograph-based G-LDPC codes. That is, we first derive
ensemble weight enumerators for finite-length G-LDPC codes
based on protographs, and then we consider the asymptotic case.
The asymptotic results allow us to determine whether or not the
typical minimum distance in the ensemble grows linearly with
codeword length.

I. I NTRODUCTION

Weight enumerating functions (or weight enumerators) for
specific codes are useful for bounding or estimating the decod-
ing error probability of channel codes. As noted by Gallager
in his seminal monograph on LDPC codes [1], it is generally
impractical to calculate the weight enumerator for a given
code. In this case, Gallager and others have calculated the
average performance for ensembles of codes. In many cases, it
is often easier to calculate the asymptotic weight enumerators,
that is, the weight enumerators for code ensembles with code
length tending to infinity. The asymptotic results allows us
to make statistical statements about the distance properties
of code ensembles (particularly, the minimum distance) and
on the minimum operable signal-to-noise-ratio (i.e., SNR
threshold) for maximum-likelihood decoders.

Gallager derived asymptotic weight enumerators for the
“Gallager ensembles” of regular LDPC codes in [1]. This
result was extended to the irregular LDPC ensembles in [2]–
[5]. In [6], [7], ensemble weight enumerators for serially con-
catenated codes and turbo-like codes were derived. Asymptotic
weight enumerators for ensembles of protograph-based LDPC
codes were computed in [8], [9]. In the latter paper, Divsalar
first derived the ensemble weight enumerators for finite-length
protograph-based LDPC codes [10] and then obtained the
asymptotic results by letting the code length go to infinity.

In the current paper, we extend the work in [9] to
protograph-based generalized LDPC (G-LDPC) codes. G-
LDPC codes, for which more complex constraints than single
parity-check (SPC) constraints are permissible, were firstpro-
posed by Tanner [11]. The Tanner graph of a G-LDPC code
with length n and mc constraints (n variable nodes andmc

constraint nodes) is depicted in Fig. 1. Selected types of such
codes were investigated in [12]–[15]. G-LDPC codes based
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Fig. 1. Tanner graph of generalized LDPC code.

on protographs were studied in [16]–[21]. In this paper, we
follow [9] to derive the finite-length weight enumerators and
the asymptotic weight enumerators for protograph-based G-
LDPC code ensembles.

This paper proceeds as follows: In Section II, we define our
notation and derive the weight enumerators for the protograph
G-LDPC codes. In Section III, we extend this result to the
asymptotic case and provide some examples. In Section IV,
we discuss topics which are related to asymptotic weight
enumerators.

II. ENSEMBLE WEIGHT ENUMERATOR FOR FINITE-LENGTH

PROTOGRAPH-BASED G-LDPC CODES

We start by defining a G-LDPC protograph. A protograph
[10], [22] is a relatively small bipartite graph, containing
variable nodes (VNs) and generalized constraint nodes (CNs),
from which a larger graph can be obtained by a copy-and-
permute procedure: the protograph is copiedN times, and
then the edges of the individual replicas are permuted among
the replicas (under restrictions) to obtain a single, largegraph.
The edge permutations cannot be arbitrary. In particular, the
nodes of the protograph are labeled so that if variable nodev is
connected to constraint nodec in the protograph, then variable
nodev in a replica can only connect to one of theN replicated
c constraint nodes. Doing so preserves the decoding threshold
properties of the protograph. A protograph can possess parallel
edges, i.e., two nodes can be connected by more than one edge.
The copy-and-permute procedure must eliminate such parallel
connections in order to obtain a derived graph appropriate
for a parity-check matrix. The copy-and-permute process can
be simply represented by replacing each node with a vector
of nodes of the same type and replacing each edge with a



2

Fig. 2. Vectorized protograph.

bundle of (permuted) edges the same type. This “vectorized”
protograph is depicted in Fig. 2.

Following the notation of [9], consider a G-LDPC proto-
graph,G = (V,C,E), whereV = {v1,v2,. . . ,vnv

} is the set
of nv VNs, C = {c1,c2,. . . ,cnc

} is the set ofnc CNs, and
E is the set of edges. Each edgee ∈ E connects a variable
node inV to a constraint node inC. Denote byqvi

(qcj
) the

degree of variable (constraint) nodevi (cj). Now consider the
G-LDPC code constructed from a protographG by makingN
replicas ofG and using uniform interleavers, each of sizeN ,
to permute the edges among the replicas of the protograph. In
order to exploit the results in [6], [7], we treat the VNs and
CNs as constituent codes in a concatenated coding scheme.
More specifically, the group ofN VNs of typevi is considered
to be a constituent (repetition) code with a weight-di input of
length N and qvi

length-N outputs. Also, the group ofN
CNs of typecj is considered to be a constituent code with
qcj

inputs, each of lengthN , and a fictitious output of weight
zero.

Let A(d) be the average (over the ensemble) number
of codewords having weight vectord = [d1, d2, . . . , dnv

]
corresponding to thenv VN N -groups and satisfying the
protograph constraints.A(d) is the vector weight enumerator
for the ensemble of codes of lengthN · nv described by the
protograph. Let us further define

• Avi(wi) =
(

N
di

)

δdi,wi,1
· · · δdi,wi,qvi

= the vector weight
enumerator for the type-vi (VN) constituent code for a
weight-di input, wherewi =

[

wi,1, wi,2, ..., wi,qvi

]

is a
weight vector describing the constituent code’s output,
and

• Acj (zj) = the vector weight enumerator for the type-

cj (CN) constituent code andzj =
[

zj,1, zj,2, ..., zj,qcj

]

,

where zj,l = wi,k if the lth edge of CNcj is the kth

edge of VNvi.

As shown in [9, Eq. 2], by exploiting the uniform interleaver
property, we may write

A(d) =
∑

wm,u

∏nv

i=1 Avi(wi)
∏nc

j=1 Acj (zj)
∏nv

s=1

∏qvs

r=1

(

N
ws,r

)

=

∏nc

j=1 Acj (dj)
∏nv

i=1

(

N
di

)qvi
−1 (1)

where the summation in the first line is over all weights
wm,u, m = 1, ..., nv and u = 1, ..., qvm

, and dj =

[

dj1 , dj2 , ..., djqcj

]

is a weight vector which describes the
weights of theN -bit words on the edges connected to CN
cj , produced by the VNs neighboringcj . The elements ofdj

are a subset of the elements ofd.
Let St be the set of transmitted VNs and letSp be the set

of punctured VNs. Then the average number of codewords of
weight d in the ensemble, denoted byAd, equals the sum of
A(d) over all d for which

∑

{di:vi∈St}
di = d. Notationally,

Ad =
∑

{di:vi∈St}

∑

{dk:vk∈Sp}

A(d) (2)

under the constraint
∑

{di:vi∈St}
di = d. To evaluateAd in

(2), one first needs to compute the vector weight enumerators,
Acj (dj), for the constraint nodescj , as seen in (1). This
was done for SPC nodes in [9]. In this section, we extend
this computation to constraint nodes which correspond to any
linear block code.

Consider the constituent (µ, κ) linear block codeC. We
need to find its vector weight enumeratorAC(w), wherew =
[w1, w2, . . . , wµ] is the weight vector at the input to the con-
stituent code. Following [9], the{AC(w)} may be found as the
coefficients of the multi-dimensional z-transform of{AC(w)},
which is easy to obtain. Exploiting the uniform interleaver
property and the fact that the multi-dimensional z-transform
of a single constraint node is

∑

x∈C W x1

1 W x2

2 . . . W
xµ
µ , the

multi-dimensional z-transform forN copies of the protograph
is

AC(W1,W2, . . . ,Wµ) =

(

∑

x∈C

W x1

1 W x2

2 . . . W xµ
µ

)N

, (3)

where theWi’s are indeterminate bookkeeping variables and
x = [x1, x2, . . . , xµ], xi ∈ {0, 1}, is a codeword inC.
Expanding the righthand side of (3) will yield the form

AC(W1,W2, . . . ,Wµ) =
∑

w

AC(w)Ww1

1 Ww2

2 . . . Wwµ
µ , (4)

from which we may obtainAC(w). The direct application of
the multinomial theorem on the righthand side of (3) gives

AC(W1,W2, . . . ,Wµ) =
∑

n1,n2,...,nK≥0
n1+n2+...+nK=N

C (N ;n1, n2, . . . , nK)

×
∏

x∈C

(

W x1

1 W x2

2 . . . W xµ
µ

)ni

(5)

where K = 2κ is the number of codewords inC and
C (N ;n1, n2, . . . , nK) is the multinomial coefficient, given by

C (N ;n1, n2, . . . , nK) =
N !

n1!n2! . . . nK !
.

Let M
C be theK × µ matrix with the codewords ofC as

its rows andn = [n1, n2, . . . , nK ]. Then (5) can be written as

AC(W1,W2, . . . ,Wµ) =
∑

w

∑

{n}

C (N ;n1, n2, . . . , nK)

× Ww1

1 Ww2

2 . . . Wwµ
µ ,

(6)
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where {n} is the set of integer solutions tow = n · MC ,
under the constraintsn1, , n2, , . . . , nK ≥ 0 and

∑K
k=1 nk =

N . To see the last step, note that the product in (5) can be
manipulated as follows

∏

x∈C

(

W x1

1 W x2

2 . . . W xµ
µ

)ni
= Ww1

1 Ww2

2 . . . Wwν
ν ,

wherewj =
∑

x∈C xjni, j = {1, 2, . . . , µ}. Also, if w =
n·MC has more than one solution, the termW x1

1 W x2

2 . . . W
xµ
µ

will appear as a common factor in all of the terms that are
associated with these solutions. This explains the presence of
the second summation in (6). Finally, comparing (4) and (6)
leads to the expression of the vector weight enumerator,

AC(w) =
∑

{n}

C (N ;n1, n2, . . . , nK) , (7)

where{n} is the set of integer solutions tow = n ·MC , with
n1, n2, . . . , nK ≥ 0 and

∑K
k=1 nk = N .

Example 1: Consider the degree-4 SPC constraint node.
The codeword set isC = {0000, 1001, 0101, 1100, 0011,
1010, 0110, 1111}, and soK = 8.
(a) ConsiderN = 3 protograph copies and the weight vector
w = [2, 2, 2, 2]. From w = n · M

C and the associated
constraints onn, it is easy to see that{n} = {[0, 0, 0, 1,
1, 0, 0, 1], [0, 0, 1, 0, 0, 1, 0, 1], [0, 1, 0, 0, 0, 0, 1, 1], [1,
0, 0, 0, 0, 0, 0, 2]}, from this AC(w) = 21 (via (7)).
(b) WhenN = 4 andw = [4, 2, 2, 2], {n} = {[0, 1, 0, 1, 0,
1, 0, 1]} and soAC(w) = 24.
(c) WhenN = 4, andw = [3, 2, 2, 2], {n} is empty and so
AC(w) = 0. �

Example 2: Consider the protograph with a single (7, 4)
Hamming constraint node and 7 degree-1 VNs, all transmitted.
Noting that the denominator in (1) is unity (sinceqvi

= 1 for
all i) and the numerator isAc1(d1) (sincenc = 1), we will
compute the first fourAd’s assumingN = 4 copies of the
protograph. The Hamming code is generated by

G =









1 0 0 0 0 1 1
0 1 0 0 1 1 0
0 0 1 0 1 1 1
0 0 0 1 1 0 1









,

from which the matrixMC may be obtained; we assume the
codewords are listed in the natural binary order with respect to
the 16 input words. From (1) and (2), withnv = 7 andnc = 1,
Ad =

∑

d
AHamm(d) such that

∑

dj = d. Thus, A0 =
A[0,0,0,0,0,0,0] = C(4; 4, 0, . . . , 0) = 1. A1 =

∑

d
AHamm(d)

such that
∑

dj = 1, but any suchd must result in{n}
empty. Consequently,A1 = 0. Similarly, one findsA2 = 0.
With A3 =

∑

d
AHamm(d) such that

∑

dj = 3, d =
{[1,0,0,0,0,1,1], [0,1,0,0,1,1,0], [1,0,1,0,1,0,0], [0,1,1,0,1,0,0],
[0,0,0,1,1,0,1], [1,1,0,1,1,0,0,0], [0,0,1,1,0,1,0]}. Eachd yields
only one solutionn to the equationd = n ·MC . Each solution
has n1 = 3 together withnk = 1, where k corresponds to
a row in M

C containing one of the 7 weight-3 codewords.
Note, the otherd’s that achieve

∑

dj = 3 result in {n}
empty. Using (1), (2), and (7),Ad =

∑

d
AHamm(d) =

∑

{n} C (4; 3, 0, ..., 1, ..., 0) = 28. �

III. A SYMPTOTIC ENSEMBLE WEIGHT ENUMERATORS

In this section we will extend the results of the previous
section to the asymptotic case. Let us start by defining the
asymptotic weight enumerator,r(δ), as

r(δ) = lim
n→∞

sup
lnAd

n
, (8)

whereδ = d/n (recalln is the number of transmitted variable
nodes in the code). Following [9], because the formulas in the
previous section involve the number of copies,N , instead of
n, we define the function

r̃(δ̃) = lim
N→∞

sup
lnAd

N
, (9)

where δ̃ = d/N . Note thatn = |St| · N and so

r(δ) =
1

|St|
r̃(|St| · δ). (10)

We also define max∗(x, y) , log (ex + ey) and we similarly
define max∗ when more than two variables are involved. When
x and y are large and distinct (so thatex and ey are vastly
different), then max∗(x, y) ≃ max(x, y), and similarly for
more than two variables.

From (2), we have

lnAd = max∗
{dl:vl∈St}

{

max∗
{dk:vk∈Sp}

{lnA(d)}

}

,

= max
{dl:vl∈St}

{

max
{dk:vk∈Sp}

{lnA(d)}

}

,

= max
{dl:vl∈St}







max
{dk:vk∈Sp}







nc
∑

j=1

lnAcj (dj)

−

nv
∑

i=1

(qvi
− 1) ln

(

N

di

)

}}

,

(11)

under the constraint
∑

{di:vi∈St}
di = d. The second equality

holds whenN is very large and the third equality follows
by invoking (1). Taking the limit asN → ∞ and applying
the result (from Stirling’s formula)limN→∞ sup ln

(

N
di

)

/N =

H(δ̃i) = −(1− δ̃i) ln(1− δ̃i)− δ̃i ln δ̃i, whereδ̃i = di/N , we
obtain

r̃(δ̃) = max
{δ̃l:vl∈St}







max
{δ̃k:vk∈Sp}







nc
∑

j=1

acj (δ̃j)

−

nv
∑

i=1

(qvi
− 1)H(δ̃i)

}}

,

(12)

under the constraint
∑

{δ̃i:vi∈St}
δ̃i = δ̃. In (12),acj (δ̃j) is the

asymptotic vector weight enumerator of the constraint nodecj ,
and δ̃j = dj/N . For a generic constituent CN codeC, this
enumerator is defined as

aC(ω) = lim
N→∞

sup
lnAC(w)

N
, (13)

ω = w/N .
We may obtain a simple expression foraC(ω) using the

method of types [23, Ch. 12]. We define the typePω as
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Fig. 3. Rate-1/6 HD-LDPC protograph.

the relative proportion of occurrences of each codeword in
constituent CN codeC. In other words,Pω = [p1, p2, . . . , pK ]
is the empirical probability distribution of the codewordsin C
given a sequence ofN such codewords, wherepk = nk/N
and nk is the number of occurrences of thekth codeword.
Then the type class ofPω , T (Pω), is the set of all length-N
sequences of codewords inC, each containingnk occurrences
of the kth codeword inC, for k = 1, 2, ...,K. Observe that
|T (Pω)| = C (N ;n1, n2, . . . , nK). From [23, Thm.12.1.3]
|T (Pω)| → eN ·H(Pω), as N → ∞, where H(Pω) =
−
∑K

k=1 pk ln pk. Consequently, asN → ∞ we rewrite (7)
as

AC
w

=
∑

{n}

C (N ;n1, n2, . . . , nK)

=
∑

{Pω}

|T (Pω)|

→
∑

{Pω}

eN ·H(Pω) . (14)

It follows from (13) and (14) that

aC(ω) = max
{Pω}

{H(Pω)} , (15)

under the constraint that{Pω} is the set of solutions toω =
Pω · MC , p1, p2, . . . , pK ≥ 0 and

∑K
k=1 pk = 1. These are

the asymptotic equivalents of the constraints mentioned below
(7).

Let dmin be the minimum distance of a linear block code.
In [1] it was shown that

Pr{dmin ≤ nδ} ≤

nδ
∑

l=1

(

n

l

)

P (l) =

nδ
∑

l=1

Al, (16)

where P (l) is the probability that a particular sequence of
weightl is a codeword in the ensemble. Letδmin be the second
zero crossing ofr(δ) (the first crossing isr(0) = 0). Assuming
δmin exists, it is called the typical minimum distance if
r(δ) < 0 for all 0 < δ < δmin [9]. If

∑nδmin

l=1 Al →
Anδmin

asn becomes large, thenPr{dmin ≤ nδmin − 1} ≤
∑nδmin−1

l=1 Al → 0, so that with probability near one,dmin =
nδmin. That is, the minimum distance of virtually all of the
members of the code ensemble increases linearly withn.

Example 3: We evaluate the asymptotic weight enumerator
for the rate-1/6 HD-LDPC code presented in [17]–[20], which
is based on the protograph in Fig. 3 (HD = “Hamming-
doped”). The constraint node marked byH is a (6, 3)

Fig. 4. Rate-1/7,nv = 7, (or, rate-7/15,nv = 15) HD-LDPC protograph.

shortened Hamming code with parity check matrix

H =





1 1 0 1 0 0
0 1 1 0 1 0
1 0 1 0 0 1



 . (17)

Associate the vector of normalized weights
[δ̃0, δ̃1, δ̃2, δ̃3, δ̃4, δ̃5] with the vector of variable nodes
[u0, p0, p1, p2, p3, p4], and label the columns ofH by
[u0, u0, p0, p2, p3, p4], in accordance with Fig. 3. Note that
the two SPC nodes have the same neighborhood, and so they
have the same vector weight numerator. Under this setup,
because|St| = 6, the asymptotic weight enumerator is given
by r(δ) = r̃(6δ)/6, where

r̃(δ̃) = max
δ̃0,...,δ̃5

{

2aSPC(δ̃1) + aH(δ̃2)

−5H(δ̃0) − 2H(δ̃1) − H(δ̃2)
}

.

(18)

such that
∑5

i=0 δ̃i = δ̃, where δ̃1 = [δ̃0, δ̃0, δ̃1, δ̃2] and
δ̃2 = [δ̃0, δ̃0, δ̃1, δ̃3, δ̃4, δ̃5]. The asymptotic weight enumerator
is shown in Fig. 5. The figure shows that there is no typical
minimum distanceδmin for this code (orδmin = 0) so that
dmin for this code ensemble does not grow linearly with
n. We also evaluated the asymptotic weight enumerator for
the case when the variable nodeu0 is punctured. Equation
(18) still holds but the constraint becomes

∑5
i=1 δ̃i = δ̃. The

result is represented by the rate-1/5 HD-LDPC curve in Fig. 5,
where again we see thatdmin for the ensemble does not grow
linearly with n. (In spite of this, we have found via simulation
that short codes designed according to this protograph provide
good performance in both the waterfall and the floor region
[17]–[20].) �

Example 4: Consider the protograph in Fig. 4, where the
parity-check matrixH1 corresponds to the (7, 4) Hamming
code generated byG of Example 2. The parity-check matrix
H2 corresponds to the following column-permutation ofH1:
(6, 7, 1, 2, 3, 4, 5). That is, the1st column of H2 is the 6th

column ofH1, ..., and the7th column ofH2 is the5th column
of H1. A code constructed per this protograph has rate 1/7
since each CN represents 3 redundant bits. The variable nodes
v1, v2, . . .,v7 have the normalized weights̃δ1, δ̃2, . . . , δ̃7. The
asymptotic weight enumerator isr(δ) = r̃(7δ)/7, where

r̃(δ̃) = max
δ̃1,...,δ̃7







aH1(δ̃1) + aH2(δ̃2) −

7
∑

j=1

H(δ̃j)







. (19)
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Fig. 5. Asymptotic weight enumerator for the Rate-1/6 (1/5) HD-LDPC
code.

such that
∑7

i=1 δ̃i = δ̃, whereδ̃1 = [δ̃1, δ̃2, . . . , δ̃7], andδ̃2 =
[δ̃6, δ̃7, δ̃1, δ̃2, δ̃3, δ̃4, δ̃5]. We also evaluated the asymptotic
weight enumerator for the rate-1/6 HD-LDPC code which
results from puncturing one of the VNs. The result is presented
in Fig. 6. Note that this ensemble has a relatively largeδmin.
Consequently, a code based on this protograph has, with
probability near one, a large minimum distance.�

IV. ON ASYMPTOTIC ENSEMBLE WEIGHT ENUMERATORS

In this section we discuss the following: First, we discuss
the difficulty in evaluating the asymptotic weight enumerators
of arbitrary protograph-based G-LDPC code via the techniques
of the previous sections. This motivates a conjecture which,
if provable, can vastly simplify computations. Second, we
show how to utilize the asymptotic weight enumerators in the
design of protograph-based G-LDPC codes. Specifically, we
give an example which demonstrates the impact of column
permutations of the parity-check matrices of CNs (first pointed
out by Tanner [11]).

The drawback of our method in evaluating the asymptotic
weight enumerators can be seen from (15): the number of the
maximization arguments equals the number of the codewords,
K, in the constituent codeC. In the previous examples we
considered constituent codes withK small, but this is not
the case in general. Our future research will include findinga
general method to alleviate this issue of having to maximize
over large sets. However, we have made the following obser-
vations when performing Example 4 and examples of other
protographs with similar characteristics (not included here):

1) In maximizing over thẽδi’s in (12), the optimal point
occurs when all of thẽδi are equal.

2) In the maximization in (15), the optimal point occurs
when codewords of equal weight have the same propor-
tion of occurrence in the constituent CN code.

These observations have led us to make the following
conjecture:Whenever all of the constraints nodes in the G-
LDPC protograph have the same weight enumerators, and all

0 0.1 0.2 0.3 0.4 0.5

−0.02
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0.1
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Rate−1/7: δ
min

=0.186 
Rate−1/6: δ

min
=0.183 

Fig. 6. Asymptotic weight enumerator for the Rate-1/7 (1/6) HD-LDPC
code.

of the variable nodes in the protograph have the same degree,
the above observations will hold. We apply this conjecture in
the next example.

Example 5: Consider again the protograph in Fig. 4, but
with (15, 11) Hamming codes for the constraintsH1 andH2

[17]–[19], where

H1 = [M1 M2] =









1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 1 1 1 1 1 1 1 1









H2 = [M2 M1].

Note that there areK = 2048 codewords in each constituent
code, so it would be difficult to evaluate (15) for this
code. Because the conditions of the conjecture (same
CN weight enumerators, same VN degree) hold, we will
adopt the two observations above as assumptions. Let us
define p(ρ) as the proportion of occurrence of a codeword
of weight ρ in the constituent CN code, and let̄P =
[p(0), p(3), p(4), p(5), p(6), p(7), p(8), p(9), p(10), p(11), p(12), p(15)].
By adopting the first observation above as an assumption,
all elements̃δi in δ̃ will have the same value, sayδ′. Also,
because

∑15
i=1 δ̃i = δ̃, it follows that δ′ = δ̃/15 = δ.

Consequently,aHj (δ̃), j =, 1, 2, is a function ofδ, and so
we write

aHj (δ̃) = aHj (δ) = max
{P (δ̃)}

{

H(P (δ̃))
}

, (20)

under the constraint{P (δ̃)} = {[p1, p2, . . . , pK ]} is the set of
solutions tõδ = [δ, δ, . . . , δ] = P (δ̃)·MC , p1, p2, . . . , pK ≥ 0
and

∑K
k=1 pk = 1. Now, with the second observation above

as an assumption (codewords of equal weight had the same
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Fig. 7. Asymptotic weight enumerator for the Rate-7/15 (1/2) HD-LDPC
code.

proportion of occurrence),H(P (δ̃)) simplifies as

H(P (δ̃)) = −

K
∑

k=1

pk ln pk

= −p(0)ln p(0)− 35p(3)ln p(3)− 105p(4)ln p(4)

− 168p(5)ln p(5) − 280p(6)ln p(6) − 435p(7)ln p(7)

−435p(8)ln p(8)−280p(9)ln p(9)−168p(10)ln p(10)

− 105p(11)ln p(11)− 35p(12)ln p(12)− p(15)ln p(15)

, H(P̄ )

where we have utilized weight enumerator information for
the (15, 11) Hamming code (e.g.,A0 = 1, A3 = 35). The
constraint[δ, δ, . . . , δ] = P (δ̃) ·MC yields the two equivalent
constraintsp(0) = 1 − 5δ + 35p(4) + 112p(5) + 280p(6) +
580p(7)+725p(8)+560p(9)+392p(10)+280p(11)+105p(12)+
4p(15) and p(3) = 1/7δ − 4p(4) − 8p(5) − 16p(6) − 29p(7) −
(232/7) p(8)−24p(9)−16p(10)−11p(11)−4p(12)−(1/7) p(15).
Thus, (20) can be replaced by

aHj (δ) = max
{P̄}

{

H(P̄ )
}

,

under the two constraint equations above. Finally, the asymp-
totic weight enumerator is given byr(δ) = r̃(15δ)/15, where
r̃(δ̃) = 2aH1(δ̃/15) − 15H(δ̃/15) = 2aH1(δ) − 15H(δ).
Clearly, under these assumptions, the computation ofaHj (δ),
hencer(δ), is vastly simplified. Ther(δ) result appears in
Fig. 7. Also included in the figure isr(δ) for a rate-1/2 code
obtained by puncturing one bit in the protograph. Note that,
for both cases,dmin for the ensemble increases linearly with
n. �

We now give an example which demonstrates the impact
of column permutations of the parity-check matrices of CNs,
thus demonstrating how asymptotic weight enumerators may
be utilized in the design of protograph-based G-LDPC codes.

Example 6: Tanner [11] pointed out that permuting the
CN labeling (equivalently, permuting the columns of the

0 0.1 0.2 0.3 0.4 0.5
0

0.02

0.04
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0.08

0.1

0.12

δ

r(
δ)

HD−LDPC, L1
HD−LDPC, L2
Random

Fig. 8. Asymptotic weight enumerator for the Rate-1/6 HD-LDPCcode with
two different edge-labeling at the Hamming constraint.

constituent codes’ parity-check matrices) of G-LDPC codes
produces different codes with different properties. In view of
this, we show in this example how permuting the labeling
on the CNs in the protograph of Example 3 greatly changes
the asymptotic weight enumerator for the corresponding en-
semble of codes. The results are shown in Fig. 8, where
in the first labeling, L1, the columns ofH are labeled
by u0, u0, p0, p2, p3, p4 and, in the second labeling,L2, the
columns ofH are labeled byu0, u0, p2, p0, p3, p4. That is,
referring to Fig. 3 and equation (17), for labelingL1, nodep2

represents the (6,3) Hamming parity bit whereas for labeling
L2, nodep0 represents the (6,3) Hamming parity bit (while it
is simultaneously an accumulator output). We see in Fig. 8 that
labelingL2 leads to a particularly poor ensemble: in addition
to δmin = 0 (true also for labelingL1), the multiplicitiesAd

are very large as evidenced by the large values ofr(δ). �

V. CONCLUSION

We extended the ensemble weight enumerator technique
of [9] to protograph-based G-LDPC codes. The method is
relatively simple for CN’s with small dimensionalityk and
it allowed us to show which G-LDPC ensembles under con-
sideration had the property thatdmin grows with code length.
Unfortunately, the computational complexity for finding the
vector weight enumerator grows as2k. In fact, we relied on
a conjecture to find the ensemble weight enumerator of a G-
LDPC code with (15,11) Hamming CNs.

Further work will include a proof of this conjecture and will
utilize these results along with other tools (e.g., EXIT charts)
in the design of G-LDPC codes with good properties (large
dmin and good iterative decoding threshold). We also know
how to derive stopping set enumerators for protograph-based
G-LDPC codes and this is the topic of a future paper.
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