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Abstract— A message-passing decoder for GF'(q) low-density
parity-check codes is defined, which uses discrete messages
from a subset of all possible binary vectors of length q. The
proposed algorithm is a generalization to GF(q) of Richardson
and Urbanke’s decoding “Algorithm E” for binary codes. Density
evolution requires a mapping between the probability distribution
spaces for the channel, variable and check messages, and under
the proposed algorithm, exact density evolution is possible.
Symmetries in the message densities permit reduction in the
size of the probability distribution space. Noise thresholds are
obtained for LDPC codes on discrete memoryless channels, and
as with Algorithm E, are remarkably close to noise thresholds
under more complex belief propagation decoding.

I. INTRODUCTION

Although binary LDPC codes can approach the capacity of
a variety of channels for asymptotically long block lengths, for
moderate block lengths, GF'(q) LDPC codes decoded using
belief propagation have better performance than their binary
counterparts on AWGN and BSC channels [2]. Furthermore,
codes constructed over GF'(q) are appealing for use on bursty
channels such as partial-response channels. However, belief
propagation decoding of such codes is complex, although
efforts have been made to reduce the decoding complexity
(31 [5] [4].

Density evolution has been successfully used for the design
and analysis of binary LDPC codes and belief-propagation
decoders because scalar log-ratios are easily quantized [1].
However, for belief propagation decoding of GF(¢q) LDPC
codes, the message is a vector with dimension ¢ — 1, and the
complexity of density evolution is quite high, even for small
field sizes ¢ > 3. Davey and MacKay used a Monte Carlo
approach to estimate the message densities, and showed good
codes with average variable node degree of between 2 and
3 [6]. Monte Carlo approaches, however, are computationally
intensive, and are not effective for designing more powerful
codes.

To address this quantization problem, Bennatan and
Burshtein approximated log-ratio messages with a multi-
dimensional Gaussian distribution, and used EXIT chart tech-
niques to design irregular GF'(q) LDPC codes. However, as
with binary LDPC codes, the check-to-variable message is
poorly modeled by a Gaussian distribution [7].

In this paper, a framework for message-passing decoding of
GF(q) LDPC codes is given, and then a specific decoder is

analyzed. Here, belief-propagation decoders, where the mes-
sages are probabilities and decoding rules are probabilistically
derived, are viewed as a case of message-passing decoders.
In Section II, some notation and preliminaries are given. In
Section III, generalized message-passing decoding is given
for GF(q) LDPC codes, and a straightforward description
of density evolution using enumerator functions is given. In
Section IV, the symmetries of the enumerator function are
found and used to reduce the complexity of density evolution.

Richardson and Urbanke proposed a simple message-
passing algorithm for decoding binary low-density parity
check (LDPC) codes when transmitted over the binary sym-
metric channel, which used just three level messages corre-
sponding to a 0, 1 and an erasure. This Algorithm E had
modest performance loss relative to the more complicated
belief propagation [1].

In Section V, a generalization of Algorithm E to the decod-
ing of GF(q) LDPC codes is given, and it is analyzed using
the proposed methods. Section VI gives numerical results.
Section VII is the conclusion.

II. PRELIMINARIES

In this section, we establish notation and give some prelim-
inaries that will be used throughout the paper.

The random variable V is a GF'(q)-indexed random vector
with

V = {V07V717""/;]71} (1)

if the ¢ scalar components V; are indexed by the ¢ distinct field
elements of GF(q). A script letter V denotes the alphabet,
which is a set of points from the g-ary space of real numbers,
from which V takes on values. Thus V= {vq,va,..., vy, },
where v; € R9. The cardinality of the alphabet is denoted by
Ny = |V|. Without loss of generality, V will be indexed by
the integers {1,2,..., Ny }.

The distribution of V is given by a lowercase Greek letter,
v; = Pr(V =1), with Zfivl v; = 1.

Bennatan and Burshtein [7] introduced the following no-
tation for probability vectors and log-ratio vectors, and here
is extended to more general alphabets. The +¢g operator on a
GF(q)-indexed random vector is:

VT = (Vg Vigg,- s Vig—1)1g); 2)



where addition in the subscript indices is performed over
GF(q).
Similarly, the xg operator defined as:

ng = (‘/Oavgavégw"?‘/(qfl)g)a (3)
where multiplication in the subscript indices is performed over
GF(q).

For any v € V, define v* as the set:
vio= {v,v*2 .. vxlahy 4)

It is assumed that v* C V. Note that for any u € v* that
ut =v*.
ITIT. LDPC CODES
A. LDPC Codes Over GF(q)
A GF(q) LDPC code is the set of code vectors

x = (x1,...,z,) of length n with elements A4 =
{0,a% at, .-+ a2} with primitive element o from GF(q)
such that:

xH' = 0, &)

where H is a sparse parity check matrix with constant column
weight dy and row weight d.. The rate of the code is R =
1—d,/d.. The non-zero entries in H are drawn randomly and
with equal probability from .4\ {0}.

The arbitrary code symbol x is transmitted over a sym-
metric, g-ary input discrete memoryless channel, with output
alphabet O, and the received symbol is z € O.

B. Message-Passing Decoding Algorithm

Message-passing decoding was described in general terms
by Richardson and Urbanke [1], but here we give a similar
algorithm which explicitly accounts for GF(q) LDPC codes.

Message-passing decoding is performed using a bipartite
graph where variable nodes corresponding to columns of
H and check nodes corresponding to rows of H are con-
nected by an edge where there is a non-zero entry in the
parity-check matrix. The variable-to-check messages R are
vectors R = (Rg, Ry, ,Rq—1), where Ry, R1,...,Rq_1
are scalar messages for 0,a°;...,a972, respectively. Sim-
ilarly, the check-to-variable messages L are vectors L =
(Lo, L1,-++ ,Lg—1), where Lo, L1,...,Lq_1 are scalar mes-
sages for 0,0, ..., a? 2, respectively. The messages R (sim-
ilarly L) are drawn from a message alphabet R (L).

A node’s output message on edge e is generated using
incoming messages on all edges except for e. Only the
computation for a single edge’s output is shown, where the
generalization to the other edges’ output is clear. At iteration
¢, the variable node with degree d, computes outgoing mes-
sage R, using the channel value z and incoming messages
Ls,...,Lg,, by a mapping function <I>\(,£):

<I>\(,£) O x LY SR,

and similarly for all Ro,..., Rg,.

v

Fig. 1. Message-passing decoding.

Distinct from binary LDPC codes, the message passed from
variable node ¢ to check node j is scaled by the non-zero parity
check matrix coefficient h;;:

R = R, (©)

The check node computes outgoing message L; using the
incoming messages R, . .., Ry, by a mapping function q>£“:

R

and similarly for all Ly, ..., Lq..

This map can be decomposed into partial sums. At the check
node, 1 + --- + %4 = 0, where z; = h;x;. Let s; = T1 +
~oo 4+, for 1 < i < d.. Associated with each partial sum
is a message S;, drawn from the message alphabet S. This
message is analogous to the forward state metric in the BCJR
algorithm. The element sy € S is the message corresponding
to T = 0. A mapping function ®s specifies the computation
of the partial sum:

ds : RxS—S.

Initially, S; = ®s(Ry,sg). The mapping is applied recursively
de — 2 ‘more times to obtain So,...,S4 ;. Then, the check
output L, is generated by:

P : S— L.

The message passed from check node j to variable node 4’ is
scaled by the non-zero parity check matrix coefficient —h;;:
scaled message is:

X—h;r

L = L . )

C. Discrete Density Evolution

Under belief-propagation decoding, messages L, R are of
the general form Pr(z = «'~1), in which case £L = R =
[0,1]9, or may be in a log-domain representation such as
log Pr(z = a*~1)/Pr(z = 0), in which case £L = R = RI7L.
Bennatan and Burshtein gave a method for performing density
evolution under the assumption that belief-propagation is used.
Here, we assume only the message-passing decoder of the
previous section.

Density evolution tracks the probability distribution of the
messages L and R as LDPC decoding iterations progress, and



searches for the greatest channel noise parameter under which
convergence is obtained.

We consider message passing not on continuous alphabets,
but using messages drawn from discrete vector sets. The
variable-to-check message alphabet is R with cardinality Ng.
Similarly, the check-to-variable message alphabet is £ with
Np =|L].

The variable-to-check messages R, R are random variables,
and under density evolution the distribution of the Ilatter
message is tracked, p; = Pr(R = r;), where 271\2?1 pi = L
Similarly, the check-to-variable messages L, L are random
variables, and the former is tracked, \; = Pr(L = l;), where

Np
g A=1

Let II4 be the space of probability distributions for the
set A. Density evolution requires a mapping function at the
variable node:

(0 My x %! — Tg.

At the check node the analogous mapping is:
*@((:é) H%—l _ H£7

which here is expressed as d. — 1 steps of the recursion:

*ol) x x s — Ils,
followed by
ol Mg — T,

We consider the performance assuming the all-zeros code-
word, and generalize to the performance of all codewords for
an ensemble of linear codes with the specified degree distri-
butions. Accordingly, the probability of receiving symbol z,
given that the zero symbol was transmitted, is v,, and assume
that the channel satisfies necessary symmetry conditions.

1) Variable Node Probability Map: Now we introduce a
method to compute the map *®,. The variable node message
indicator function N\,(t)(z7 w,n1,N2,...,nyN,) is a one if
channel message z € O with positive integer weight w and n;
incoming messages 4, ¢ € £ generate output message t € R
at the variable node output; otherwise it is a zero. Note that
N\St)(') is taken without regard to order of the inputs, and is
only defined for ZjV:Ll n; = dy— 1. The weight w is a positive
integer which depends upon the iteration number £.

After scaling by h;;, the equivalent enumerator function is
denoted N. All messages from the set j* will have the same
distribution, namely,

(i 1
N(J)('Z?wanla"'anNL) = WZN(E)(27M,TL1,...7HNL)
J ecj*
For any i € j*, i* = j*, thus N(j)(z,w,nl,...,nNL) =
Zaw7n17"'anNL)'

If the incoming distribution is p;, and the outgoing distribu-
tion is A;, then we can express the variable node probability

map *®, as:
dy—1
2€0 n;:Y ni=d,—1 ny,..., NN
.N\(/t)(zgw,nl, e ’nNL) . VzA?l . )\’X/IZL,

2) Check Node: The above procedure for the variable node
can be repeated to find the density map at the check node
*®.. However, to reduce the computational complexity, density
evolution on the partial sum messages will be performed.

If at some fixed index ¢, the partial sum message for s; is
S =i € &, the input message R; is k¥ € R and the partial
sum message for s;41 is 8’ = j € S, then Ns(j)(i,k:) is a
one; in all other cases it is zero. The distribution on S, S’ is
oj = Pr(S = j), o0; = Pr(S’ = j), respectively. We can
express *®g as:

Ns Nr

of = S S N (i k)aipr. 9)

i=1 k=1

If the check node output Ly is k and the partial sum

message is ¢, then N(G )(z) is a one, otherwise it is zero. The
check node message indicator, after scaling by h is:

N 1 —=(e) .
NOO = g N (). (10)
eek!
Then, the check node probability map is:
Ns
o= Y NP(i)o (11)
i=1

Thus, check node probability map *®, is found by (9)
initialized with o5, = 1 and o; = 0 for i # sp. Then, (9)
is applied recursively d. — 2 times. Finally (11) is applied to
obtain the output distribution.

Convergence is corresponds to the condition I(z;R) = 1.

IV. REDUCTION TO CLASSES

Density evolution described in the previous section is
computationally and memory intensive, and we can exploit
message symmetries to reduce the complexity. The probability
spaces are reduced by grouping messages with equal proba-
bilities.

A. Definition of Partitions

The set £ is partitioned into S non-overlapping subsets
L1,...,Lq which cover L. Let £;(1) denote the first element
of L;. Such a partition is denoted P.. Let Sl'f be the size of the
subset that element i belongs to, that is Sp = |£;] if i € L.
Define \; = 0. Aj.

This notation is similarly used for the other messages R, S
and z, which are partitioned as Pz, Ps and Py, respectively.



Y\(/t) (a/a w,my, - -

my,) = > Y

2€0, njic(my)

>

ni:c(mgl)

N\(,t)(z w, ny,

( dv_l > , W, ...,’I’LNL)
Ny, NN, ‘Oa|'(S%)Trll"'(SEL)77LSL

(12)

B. Classes Lemma

Let R € R be computed from L;, z by ®,:

R = ®,(zLi,...,Lg_1). (13)

In any realization of Ly, ... Lg,_1, let m; denote the number
of occurrences of some member of the partition £;, so that:

St
Zmi = dv —1.
i=1

Let X(j)(a,w,ml, -+« ,my) denote the number of ways we
can have m,; members from class 4, with z a member of O,,
to produce j € R. Then Y&J) can be computed from N,’
shown in (12). In (12), the summation range c(my) is {n;|j €
Sks D jes, i = Mk}

Lemma 1. For the conditions stated above, two distinct
messages ¢ and 7 have equal probabilities:

(14)

pi = pj (15)
if and only if
() _ @
Xv (aawamh'" 7mSL) - Xv (aaw7m17"' 7mSL)7
(16)
for all m; such that >_m; =d, —1and all @ € {1,...,5°}.

We have a similar lemma for the partial sum messages S.
If the partial sum S is from class Ss, the incoming message
is from class R;, then Xék)(s,t) is the number of ways to
produce the a partial sum message S’ = u € S. The function
Xs can be computed from Ns as follows:

ZZN(u)zk

zES kER:

XM (s,t) = (17)

Lemma 2. Two distinct messages u,v € S have equal
probabilities:

(18)
if and only if

XMt = X (s,0), (19)

for all s,t € S.

If the final partial sum message S is from class k, then

Y(Gu)(k) is the number of output messages L = u. Then Xg
can be computed as:

XMk = (20)

|ﬁk

> N

€Ly

A subset Ly, is a class if for all i,5 € L;, \; = \;. From
here, we are interested in partitions where all subsets are are
classes. For classes:

i =Sz 0) 1)

This notation of classes is similarly used for the other mes-
sages R, S and z.

C. Construction of Classes and Class-based Probability Maps

Now, the output messages are placed into classes, and
simplified density evolution is presented.

Variable Node The variable node class weight function
M\gu)(a7 w,my, My, -+ ,mg) is the number of ways a chan-
nel message from class O, (with weight w on iteration ¢) and
m; messages L from class ¢, generate an outg)ut message R
from class u € {1,2,..., SR}. Note that M ) is non-zero
only for Y7 , m; = d, — 1. Then MM(-) is found as:

Z X9 (a,w,mq,. ..,
JERY

M\f”)(a,w,ml,...,msL) = mgl).

(22)

Density evolution at the variable node using the class
distributions A, v and p is simplified as:

S0
~ ~ Tm N
Pu = E E M (@, w,my, ... ,mgL) - DA - Ag® s
a=1 m;

where the inner sum taken over all m; such that .7, m; =
d, — 1.

Check Node The set S is partitioned into classes of size S°.
The partition distributions of S and S’ are 7;, 7, respectively.
If the partial-sum message S is from class 4, and the incoming
message L is from class k, then MS(J)(i, k) is the number of
partial sum messages S’ which belong to class j. Then MS(‘) )

is found as:
MP st = Y XM (). (23)
uESK
The probability map *®g is simplified as:
ss st
7 = SN MY k)Fin. (24)
i=1 k=1

If the final partial-sum message Sq,—1 is from class 4 then
M((;J )(z) is the number of check output messages L which
belong to class j. Then M(‘)(-) is found as:

= > x¢

uUES;

ME (i) (25)



Then, the simplified probability map *®¢ is:

SL
k) /-
o = ZMé)(’L)O'i.
i=1

V. PROPOSED DECODING ALGORITHM
A. Message Set

(26)

Algorithm E is a decoding algorithm for binary LDPC codes
on the binary symmetric channel. The decoding algorithm
uses three-level messages, a one, a zero and an erasure. The
algorithm can be explained by some simple heuristics. In this
section, this idea is generalized to codes with field order
¢, while maintaining a simple heuristic, using the following
message alphabet. Let V¢ be the set of binary g-vectors with
c or fewer ones. The message alphabet is £ = R = V¢ with
¢ > 1, and cardinality:

2] =R = (g)+<§)+...+<g).

An arbitrary element of £ is (lg,l1,...,l4—1). A value of
l; = 1 indicates that the corresponding field element is a
candidate symbol, and /; = 0 indicates it is not a candidate.
The all-zeros vector is an “erasure” message, and the g vectors
with weight one correspond to a “correct” message for each
element of A. In the case of ¢ = 2, and ¢ = 1, this
reduces to the message-passing set {(0,0),(1,0), (0,1)} used
by Algorithm E.

Code symbols are transmitted over a discrete-memoryless
channel. Under density evolution, we’ll consider the perfor-
mance of the all-zeros codeword and under linearity and
appropriate restrictions on the channel, will generalize this to
the performance of any codeword.

The channel output alphabet O is a subset of £, so that z
can be represented as a binary vector y = (Yo, Y1, - - - Yqg—1)>
where y; € {0, 1}. It is assumed that O C L. If each element
of O is mapped to distinct element of £, then there is no loss
of information in quantizing the channel.

B. Variable Node Map

The variable node receives messages which are “votes”
for the ¢ symbols. The output message is for the symbol(s)
receiving the maximum number of votes.

Specifically, the incoming messages Li,...,Lg _; are
of the form Lj = (L07j,L1,j,-.-,Lq_17j). Let S =
(S1,852,...,8,) be a vector. The channel observation z re-
ceives an iteration-dependent weight w. The variable-node
map b, is:

q)v(zavala'”devfl) =

To explicitly find ®,, first compute S;,7 =1, ...
dy

WOy + 3" Lo
j=2

Let b = max; S;, and let J;(S) be an indicator matrix or vector
with the same number of elements as S, which has a one in
each position that S is equal to j, and zeros elsewhere.

R, .

v

,q as:

S = 27

The output message Ry, is:
R, - { I,(S)

(0,0,...,0)
and similarly for R, ..., Rg,. Note that if the winning vector
I;(S) is not in the message set R, then the output is an erasure.

if I,(S) e R

otherwise ’ (28)

C. Check Node Map

At an arbitrary check node the parity check equation
Zf‘zl hiz; = 0 is satisfied, where h; € A\ {0} are the
non-zero parity-check matrix coefficients. Without loss of
generality, we consider how to compute the output messages
L, using input messages Rq,...,Rg. 1.

In a word, there will be a one for position ¢ in Ly, if
the GF(q) symbol for that position plus the sum of any
combination of symbols which have a one in Ry, ..., Rq4.1,
is equal to O.

More precisely, we can perform decoding on a trellis using
a BCJR-like algorithm. We let A; be the forward partial
sum, and B; be the backward partial sum. Initialize A; =
Bi+1 = (1,0,...,0). Let T'; be the g-by-g matrix of state
transition metrics. State metric recursions can be expressed via
matrix multiplication (see for example [9]), where the forward
recursion is:

A = ATy, (29)
and the backward recursion is:
B, = B}, (30)

where superscript ¢ denotes matrix transpose.
For the fully-connected trellis of the GF'(q) single parity

check code, we have:
RO
R
r, = ) (3D

R

Because 0 and 1 correspond to binary “candidate” and “not
candidate” messages, in the above matrix multiplications, we
define addition as the logical OR operation (0+0 = 0,1+0 =
0+1 =141 =1), and multiplication as the logical AND
operation (0-0=0-1=1-0=0,1-1=1).

Define T to be the g-by-q transition matrix for the trellis,
where T, ,,, is the label between state n at time ¢ to state m at
time ¢ 4 1. Each state n, m may be assigned to an element of
A. So if n, m, e € A are the partial sum at time ¢, the partial
sum at time ¢ + 1 and the edge transition respectively with
n+ e = m, then T}, ,,, is m — n. Let I(T) be an indicator
matrix of the same size as 7', which has a 1 in positions T’
is equal to k, and a O otherwise. Then we express the check
node output as

Ly, =

)

A (I(T))" - Bi, 4,

forke Aand i =1,2,...,d..



TABLE I
THRESHOLDS €* FOR PROPOSED ALGORITHM.

R=1/2,d,=3,d. =6

€ €OPt (eopt — 6*)/Eopt
q c=1]|c=2]|c=3]c=4]c=5 BP
2 0.039 — — — — 0.082 | 0.110 64.5%
4 0.072 | 0.111 0.110 — — 0.149 | 0.189 41.3%
8 0.073 | 0.137 | 0.143 | 0.141 0.140 0.194 | 0.247 42.2%
16 | 0.075 | 0.148 | 0.161 0.231 | 0.290 74.1%
R=2/5,d,=3,dc=5
e €oPt (Eopt — e*)/EOPt
q c=1 c=2|c=3|c=4|c=5 BP
2 | 0.061 — — — — 0.113 | 0.146 58.2%
4 10092 | 0.153 | 0.154 — — 0.194 | 0.248 37.9%
8 0.093 | 0.186 | 0.196 | 0.194 | 0.193 0.254 | 0.319 41.7%
16 | 0.094 | 0.200 | 0.218 0.296
R=1/3,d, =4,d. =6
P 0Pt (Eopt — E>k)/€opt
q c=1 c=2]|c=3 BP
2 | 0.082 — — 0.119 | 0.174 52.8%
4| 0.131 | 0.125 | 0.117 0.196 | 0.292 59.9%
8 | 0.146 | 0.174 0.248 | 0.373 53.3%
R=1/4,d, =3,d. =4
€ €oPt (eopt — E*)/EoPt
q c=1]c=2]c¢c=3]c=4|c=5 BP
2 | 0106 | — — — — | 0166 | 0215 50.7%
4 0.123 | 0.222 | 0.223 — — 0.277 | 0.355 37.2%
8 0.124 | 0.269 | 0.284 | 0.285 | 0.285 0.354 | 0.448 36.7%
16 | 0.120 | 0.287 | 0.315 0.407 | 0.512 43.9%
Rate = 1/4 (d, =3, d =4) In computing the densities, we assume a fixed weight
- gomt w = 1. However, as was shown in [1] [8], we expect some
m gp improvement in the thresholds by optimizing this parameter.
05) ; 23 PP ) For the g-ary output channel, d, = 2 codes are not suitable
&= c=1 IOt for the proposed decoder. In this case, only weight-1 output
_04r ot IR messages are produced at the output of the check node on
It /" the first iteration. This input to the variable node does not
2o3 ‘—xs lead to improved message reliability as iterations progress, and
£ ',' / convergence is never reached. This observation is in contrast
0ol & with belief propagation on AWGN channels, where good codes
> with column weight d, = 2 can be used [4].
o.]t’/k D— P> Density evolution is performed by choosing a candidate
value of €, and repeatedly applying *®, and *®.. The noise
0 ‘ ‘ ‘ threshold €*, is the largest channel parameter e for which
2 4 8 16 convergence is obtained.
Field Size q

Fig. 2. Thresholds for the proposed decoding algorithm on the g-ary
symmetric channel, decoding rate 1/4 codes

VI. NUMERICAL RESULTS FOR PROPOSED ALGORITHM

In this section, we obtain numerical results for discrete
density evolution for a g-ary symmetric channel, characterized
by a parameter €, where the probability of correctly receiving
a transmitted symbol is 1 — ¢, and the uniform probability of
receiving any of the ¢ — 1 erroneous symbols is €/(qg — 1).
The outputs of the channel {0,1,...,a97 2} are one-to-one
mapped to O = {[1,0,...,0],[0,1...0],---,[0,0,...,1]}.

Table 1 shows noise thresholds computed using the pro-
posed techniques, for various values of ¢, R, and c. As can
be seen, compared to thresholds with ¢ = 1, which we had
found in [8], increasing c generally improves noise thresholds.
Particularly encouraging is rate 1/4, ¢ = 16 where there was
a substantial gain by using ¢ = 2 over ¢ = 1, see Fig. 2. In
Table 1, we also show €°Pt, the channel which has capacity
equal to the specified rate. Empty table cells indicate numbers
that are computationally difficult to obtain; “—” indicates non-
meaningful combinations of ¢ and c.

VII. CONCLUSION

Generalized message-passing decoding of GF(q) LDPC
codes has been considered, and a means to efficiently perform
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Z Y\(,s)(a,w,ml,-~

density evolution was given. Distinct from belief-propagation
decoding, such a system requires the proposal of a specific
message alphabet and decoding rules. Accordingly, we have
proposed an algorithm for the decoding of GF(q) LDPC
transmitted over the g-ary symmetric channel. Because of the
small number of message values, it is possible to compute the
message distributions under density evolution, and thresholds
for GF(q) LDPC codes of various field sizes and rates were
found. As with Algorithm E for binary codes, the proposed
algorithm has modestly lower thresholds than belief propaga-
tion decoding. This framework forms a basis for designing
irregular GF'(q) LDPC codes, which are expected to have
superior performance to the regular codes considered in this

paper.
APPENDIX

In this appendix, Lemma 1 and 2 are justified.

To show Lemma 1 for check variable node, the terms n;
in the summation (8) are separated according to the partitions
P, and Pn. From this (32) is obtained. If m = nq + ns + ng,
then clearly A"t \"2\"3 = \"™,

Then, (33) is obtained by applying (21), which showed that
the probability for the class is the probability of any element
times the size of the class. Next, (34) is obtained by application
of the definition of X, (12).

The condition that two outputs are equal, that is, p; = ps
is equivalent to (35). Finally, (35) holds if and only if (16)
holds.

The justification of Lemma 2 follows similar lines. Begin-
ning with (9), the summation is separated according to the
partition Pz and Ps:

()
Z Z [Z Z ab SSZrRk SiSUiS;?pk} (36)

s=1ieSs t=1keLl,

a=1 =d,—1
(35)
Then, the definition of X5 is applied:
s° st
o = Y X507 (37
s=1t=1
Outputs u,v € S are in the same class if:
o, = o, (38)
s9 gt s st
YN X 0am = 30 X (s, t)Fp (39)

s=1t=1 s=1t=1

The above statement holds if and only if:

X (s,t) X (s,1), (40)

which proves Lemma 2.
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