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Abstract—In this paper we give an overview of recent results the optimum Power Spectral Density (PSD) for the users
on the rate maximization game in the Gaussian frequency- according to some performance measure.
selective interference channel. We focus on the competitive The results existing in the current literature [3]-[17] have

maximization of information rates, subject to global power and . LS . .
spectral mask constraints. dealt with the maximization of the information rates of all

To achieve the so-called Nash equilibrium points of the game the links, subject to individual transmit power and (possibly)
Yu, Ginis and Cioffi proposed thesequentiallterative Waterfiling ~ spectral mask constraints. The latter constraint is motivated by
Algorithm (IWFA), where, at each iteration, the users choose, one current regulations that impose strict restrictions on the usage
after the other, their power allocation to maximize their own in- of certain frequency bands, in order to limit the amount of

formation rate, treating the interference generated by the others . .
as additive colored Gaussian noise. To overcome the potential INt€rference that each transmitter can generate. In [3]-[5] a cen-

slow convergence of the sequential update, specially when thetralized approach based on duality theory [18] was proposed
number of users is large, thesimultaneousIWFA was proposed to compute, under technical conditions, the largest achievable
by the authors, where, at each iteration, all the users update rate region of the system (i.e., the Pareto-optimal set of the
their power allocations simultaneously, rather than sequentially. achievable rates). Our interest is focused on distributed algo-
Recently, the authors showed that both the sequential and the ith ith tralized trol theref f late th
simultaneous IWFAs are just special cases of a more general nthms wi r10 centralized con ro_’ erefore, we formulate the
unified framework, given by the totally asynchronousIWFA. System design under the convenient framework of game theory.
In this more general algorithm, the users update their power In particular, we formulate the rate maximization problem as
spectral density in a completely distributed and asynchronous g strategic non-cooperative game, where every link is a player
way. Furthermore, the asynchronous setup includes another form 4,5¢ competes against the others by choosing the signaling

of lack of synchronism where the transmission by the different that maximizes his own information rate. An equilibrium for
users contains time and frequency synchronization offsets. A ) q

unified set of convergence conditions were provided for the whole the whole system is reached when every player is unilaterally
class of algorithms obtained from the asynchronous IWFA. optimum, i.e., when, given the current strategies of the others,

Interestingly, there is a key result used in the proof of any change in his own strategy would result in a rate loss.
convergence of the algorithms: an alterative interpretation of This equilibrium constitutes the celebrated notion of Nash
the waterfilling operator as a projector Equilibrium (NE) in game theory [19].

. INTRODUCTION All the NEs of the rate maximization game can be reached
using Gaussian signaling and a proper PSD from each user

In this paper we focus on the frequency selective mterfe@ " [13], [14]. To obtain the optimal PSD of the users, Yu,

ence channel with Ga_ussu'_;m noise. The capacity region of is, and Cioffi proposed treequentialterative WaterFilling
interference channel is still unknown, even for the smpleil

G Nt 11, onl bound | gorithm (IWFA) [6] in the context of DSL systems, modeled

aussian V\éo-fuser case [1]. ?ilhsoline oun sltare k;avatl ?Q a Gaussian frequency-selective interference channel. The
(see, g.g.,_[ ] for a summary of the known resufts aboul tag,orithm is an instance of the Gauss-Seidel scheme [20]:
Gaussian mterfgrence chqnnel). .A pragmatic approach t users maximize their own information ratssquentially
Ieads tp an achrevable region or inner bound of the capac glne after the other), according to a fixed updating order.
(rjeglr)n '?t o _restncttthﬁ system t(l)t_operate asd_a s/edt of |dn_dep ich user performs the single-user waterfilling solution given

ent units, 1.€., not allowing multiuser encoding/decoding Qfe interference generated by the others as additive (colored)
the use of interference cancelation techniques. This achiev

o | G tical svst h limitati fse. The most appealing features of the sequential IWFA
region Is very relevant in practical systems with imitations 0gre its low-complexity and its distributed nature. In fact, to

the decoder complexity and simplicity of the system. Wit ompute the waterfilling solution, each user only needs to

this assumption, the multiuser interference is treated as NOIS€asure the noise-plus-interference PSD, without requiring

and the transmission strategy fo_r each user is smp_ly Becific knowledge of the power allocations and the channel
power allocation. The system design reduces then to fmdlrr nsfer functions of all other users

This work was supported by the SURFACE project funded by the Europe_anThe convergence of the sequential IWFA has_ been S_tUdied
Community under Contract 1ST-4-027187-STP-SURFACE. in a number of works [7]-[13], each time obtaining milder



conditions that guarantee convergence. However, despitedtstrategic non-cooperative game. Sec. IV provides the in-

appealing properties, the sequential IWFA may suffer froterpretation of the waterfilling operator as a projector. Sec.

slow convergence if the number of users in the network 6 contains the state of the art of distributed algorithms able

large because of the sequential updating strategy. In addititm,reach the NE of the game, along with their convergence

the algorithm requires some form of central scheduling fmoperties. Sec. VI shows how to modify the original game

determine the order in which users are updated. theoretic formulation to take explicitly into account the effect
To overcome the drawback of slow speed of convergenad,time and/or frequency synchronization errors in the system.

the simultaneoudWFA was proposed in [9], [13], [14]. The Finally, Sec. VII draws the conclusions.

simultaneous IWFA is an instance of the Jacobi scheme

[20]: at each iteration, the users update their own strategies Il. SYSTEM MODEL

simultaneouslystill according to the waterfilling solution, but  \we consider a Gaussian frequency-selective interference
using the interference generated by the others inpteeious channel composed by multiple links. Aiming at finding dis-
iteration. The simultaneous IWFA was shown to converge tAbuted algorithms, we focus on transmission techniques
the unique NE of the rate maximization game faster thaghere no interference cancelation is performed and multiuser
the sequential IWFA and under weaker conditions on thgterference is treated as additive colored noise from each
multiuser interference than those given in [6], [7], [11], [12]receiver. To deal easily with the frequency-selectivity of the
[15] for the sequential IWFA. Furthermore, differently fromchannel, we adopt a multicarrier approach without loss of op-
[6], [7], [11], [15], the algorithm takes explicitly into accounttimality (since it is a capacity-lossless structure for sufficiently
spectral masks constraints. However, the simultaneous IWFfige block length [22], [23]). Given the above system model,
still requires some form of synchronism as all the users ne@é make the following assumptions:

to be simultaneously updated. In a real network with many 1 Each channel changes sufficiently slowly and thus can be
users, the form of synchronism requirements of the sequentighsidered fixed during the whole transmission, so that the
and simultaneous IWFAs may not be feasible. information theoretic results are meaningful;

Recently, in [16], [17], the authors showed that both thg 2 The channel from each source to its own destination is
sequential and the simultaneous IWFAs are just special caggwn to the intended receiver, but not to the other terminals,
of a more general unified framework, given by th#ally and each receiver is assumed to measure with no errors the
asynchronousIWFA. In this more general algorithm, all psp of the noise plus the interference due to the other links.
users still update their power allocations according to thgased on this information, each destination computes the
waterfilling solution, but the updates can be performed inghtimal signaling for its own link and transmits it back to
totally asynchronousvay (in the sense of [20]). This meansts transmitter through a low bit rate (error-free) feedback
that some users may update their PSBare frequentlythan channet
others and they may even use auntdatedmeasurement of A 3 All the users are block-synchronized with an uncertainty
the interference caused from the others. These features mgkenost equal to the cyclic prefix length. We will relax these
the asynchronous IWFA appealing for all practical scenariogssymption in Sec. VI, where we will explicitly take into
either wired or wireless, where strong constraints on SyBecount the effect of time and/or frequency offsets.

chronization cannot be met. Furthermore, the asynchronouspye consider the following power constraints, required by
setup considered in [16], [17] includes also another form @fterent systems. For each transmitter

lack of sync_hror_lism where the transmission_by _uncoordinat%_l Maximum overall transmit power:
users contains time and frequency synchronization offsets, due N1
to mismatch between the oscillators of different transmitters, _
propagation delays, Doppler effects, etc.. A unified set of qu(k) s NP, @)
convergence conditions were provided for the whole class o
algorithms obtained from the asynchronous IWFA, as spec
cases. These convergence conditions enlarge those given’i :
6], [7], [11], [12], [15] for the sequential IWFA. Co.2 Spectral mask constraints:

Int.erestingly, iq [13], [16], [17], t.her_e is a common thread Pa(k) < PP(k), k=0,...,N—1, @)
relating the algorithms and the derivation of their convergence
conditions: the interpretation of the waterfilling operator agherep;**(k) represents the maximum power that is allowed
the Euclidean projector of a vector onto a convex set. tn be allocated on thé-th frequency bin from the-th user.
the single-user case, this provides an alternative perspect@nstraints like in (2) are imposed by current regulations and
of the well-known waterfilling solution, that dates back t@ttempts to limit the amounts of interference generated by each
Shannon in 1949 [21]. Interestingly, in the multiuser case, tHignsmitter at the other systems’ receivers.

interpretation plays a key role in proving the convergence of
the proposed algorithms. 1in practice, both measurement and feedback are inevitably affected by
. . . errors. This scenario can be studied by extending our formulation to games
The paper is organized as follows. Sec. Il gives the SYSt&fih partial information [24], [25], but this goes beyond the scope of the

model and Sec. Il formulates the optimization problem gsesent paper.

k=0
Lereﬁq(k) denotes the power allocated by ugever carrier
I;"imqu is power in units of energy per transmitted symbol.



[1l. PROBLEM FORMULATION AS A GAME defined a%

N-1
We formulate thgoint maximization of mutual information , » N 1 max
. . ) = eR) : — k)=1, k) < k), Yk 5,
on each link as a strategic non-cooperative game [24], [2952]" Pa= Bty I;Jpq( ) pa(k) < Py (k) }

in which the players are the links and the payoff functions a (6)
are the information rates on the links: Each player competasd R, is the payoff function of thej-th player, defined in
rationally’ against the others by choosing the signaling (i.€3).

its strategy) that maximizes its own rate, given constraints onThe optimal strategy for the-th player, given the power
the transmit power and spectral masks. A NE of the gamlocation of the others, is then the solution to the following
is reached when each user, given the strategy profile of tinaximization problem

others, does not get any rate increase by changing its own e
strategy. maximize — ¥ log (1 + sinr,(k))
Under the signal model described in Sec. Il, the achievable P« N ;::0 ! ) Vg e
rate for each playeg is computed as the maximum informa- subject to p, € &,
tion rate on they-th link, assuminghe other received signals (7)

as additive noiselt is straightforward to see that a (pure otheresinr,(k) and %, are given in (4) and (6), respectively.

mixed strategy) NE is obtained if each user transmits usif¥pte that, for eacty, the maximum in (7) is taken oves,,

Gaussian signaling, with a proper PSD [9], [14], [13]. Hencéor afixedp_, 2 (P15, Pg—1,Pg+1s---,PQ) - o

the maximum achievable rate for theth user is given by [22] ~ The solutions of (7) are the well-known Nash Equilibria,

which are formally defined as follows [19], [24], [25].

] Definition 1: A (pure) strategy profilep* = (pji,...,
Ry=+ > log (1 +sinry(k)) . ) py) € 2 x...x Zq is a Nash Equilibrium of the gam

k=0 in (5) if Rq.(p;,p*_q) > Rq(pq,p*_q),_qu € ?qi, Vq € (.
with sinr, (k) denoting the Signal-to-Interference plus Noise The definition of NE as given in Definition 1 can be

N-1

Ratio (SINR) on thek-th carrier for theg-th link: generalized to contain mixed strategies [24], i.e. the possibility
of choosing a randomization over a set of pure strategies (the
, N |H o (k)| py (k) randomizations of different players are independent). However,
sinrq (k) = o2 (k) + b \H q(k;)|2p (k:)’ (4) it is straightforward to see that one can indeed limit himself
Wq T#q T T

to adopt pure strategies w.l.0.g., since all the NEs of the game

where H,,(k) = H,o(k)\/P,/dly, with H,,(k) denoting % in (5) are reached using.pure stratggies [9], [10], [13]. '!'his
the normalized frequency-response of the channel betwdgfiows directly from the strict concavity of each rate function
source r and destinationg; d,, is the distance between!la(Pa;P—q) in Py and the structure of the joint admissible
sourcer and destinationy, and~ is the path loss exponent;Sirategy set of the players, i.e# = P, x, .-, xZq.

pa(k) = p,(k)/P, is the normalized power allocated by the According to (7), all the (pure) NEs of the game, if they

g-th user over the:-th subcarrier, subject to the spectral masgXiSt: must satisfy the waterfilling solutidor eachuser, i.e.

constraintsp, (k) < p™>(k) with p™™ (k) = s (k)/P,, the following system ofhonlinear equations:

and the power (?OﬂStraierl/N)ZéV:_().pq(k) g-l. p, = WF, (pt,--.. Py—1:Pyi1r- - p’@) , Yqe, (8)
Obs'e.rve that in the case of practical coding schemes, Whe\p]/ri% the waterfilling operatoWF, (-) defined as

only finite order constellations can be used, we can use the '

gap approximation analysis [26], [27] and write the number of wr |, 2 [, — insrq(k)]giz"“(’f) k=0,...,N—1, (9)

bits transmitted over théV substreams from the-th source by _

still as in (3) (for a given family of constellations and avhere the symbol.];, with b > a denotes the Euclidean

given error probability), simply replacingi,, (k)| in (4) with ~ projection on the intervala, b] , andinsr, (k) is defined as

H,,(k)]> /T, whereT', > 1 is th :
[Hqq(K)|” /T, wherel', > 1 is the gap _ . 5 02 (0) + 5 sy [ Houg(B) [ py(R)
In summary, we have the following structure for the game: insrq(k) = i (k)|2 . (10)
qq
G ={Q{P}qe. {Re}qeat, (5) The water-levely, in (9) is chosen to satisfy the power

H N—-1
A . constraint(1/N) >y py (k) = 1.
vgerig iﬁ]e_ S{el{ 2c;f' .a‘lér%i}sgiﬁlnem(enso:rr;eaﬁi dc;f Lgivgftg/ﬁotgla‘:‘)’ Observe that in the absence of spectral mask constraints
a U.e. whenp**(k) = +o0o, Vq, Vk), the NEs of the game

strategies, across ¥ available carriers, for the-th player, ¢ in (5) are given by the classical simultaneous waterfilling

2The rationality assumption means that each user will never chosng?’In order to avoid the trivial solutiorp*(k) = p™a*(k) for all k,
strictly dominated strategy. A strategy profile, is strictly dominated by kNgol p™a*(k) > N is assumed. Furthermore, in the feasible strategy set of
zq i ®q(Xq,¥—q) < Pq(zq,y—q), for a given admissibley_, £ each player, we can replace, w.l.o.g., the originaguality power constraint
Yi,--,¥q-1,Yq+1,---,¥YQ , Where®, denotes the payoff function of in (1) with equality, since, at the optimum, this constraint must be satisfied
playergq. with equality.



solutions [6], [7], whereWF, (-) in (8) is still obtained from  Lemma 1 ([13]): The Euclidean projection of theV-
(9) simply settingp;'®*(k) = +oo, Vg, Vk. In this special dimensional real nonpositive vectorxg £ —[zoo,---,
case, the gam@ in (5) is usually referred to in the literaturezo y—1]7 onto the simplexS defined in (13), denoted by
as the Gaussian Interference Game [6], [7], and alternativex,) s, is by definition the solution to the following convex
(sufficient) conditions for the existence and uniqueness ofoatimization problem:
NE are given in [6], [7], [9], [11], [12]. R 2

In the presence of spectral mask constraints, the derivations ™57 e = (=x0)

in [6], [7], [11] cannot be applied and thus a solution for the subject to 0 < z,<p™**(k), k=0,1,...,N —1,
system of nonlinear equations (8) can not be guaranteed for
any set of channels and spectral masks. However, the following — Zxk =1.
Proposition, whose proof comes directly from standard results N
of game theory [24], [25], provides a positive answer on the (14)
existence of a NE for the gani in (5). whose optimal solution is

_Proposition 1 ([9], [_13]): The gam_e% in (5) always ad- o = (1 — o) “’“"‘(k) k=01,... N—1, (15)
mits at least one NE in pure-strategies, for any set of channel
realizations, power and spectral mask constraints. Where u > 0 is chosen to satisfy the constraift/N)

Once proved that a NE always exists, the problem of ho@:,C o T =1
to reach such an equilibrium arises. We address this issue irCorollary 1: The waterfilling solutionp* = [p*(0),...,
the forthcoming sections. By direct product of our derivationg; (N — 1)]7 in (11) can be expressed as the projection of
we also provide sufficient conditions for the uniqueness efinsr given in (12) onto the simple$ in (13):
the equilibrium. We refer the reader to [13] for more general p* = [—inst]5 (16)

conditions for the uniqueness of the NE. Corollary 2: The waterfilling solution in the form
IV. WATERFILLING SOLUTION AS A PROJECTION

2 p™* (k)

In this section we provide an interpretation of the waterfill-p* (k) = [M — U’“Q} , k=0,....,N—1, (17)
ing operator as a proper Euclidean projector. This interpreta- wy - [H(E) o
tion is the key result to prove the convergence properties Where w = [wy,...,wy_1]" is any positive vector, can
the distributed algorithms described in the subsequent sectigasexpressed as the projection with respect to the weighted
[13], [16], [17]. Euclidean norrfhwith weightswy, ..., wx_1, of —insr given
A. A New Look at the Single-user Waterfilling Solution in (12) onto the simplexS in (13):

Consider a parallel additive colored Gaussian noise channel p* = [—insr]¥ . (18)

composed ofV subchannels with coefficien{d? (k)}, subject  The graphical interpretation of the waterfilling solution as
to some spectral mask constraifs™**(k)} and to a global 3 Eyclidean projector, for the single-user two-carriers case, is
average transmit power constraint across the subchannelgyijen in Fig. 1: for anyinsr = (insry, insry) corresponding

is well-known that the capacity-achieving solution for thigg 5 point in the interior of the gray region (e.g., poiti}, the
channel is obtained using independent Gaussian signalipgterfilling solution allocates power over both the channels.
across the subchannels with the following waterfilling powgf instead, the vectoinsr is outside the gray region (e.g.,
allocation [17] point B), all the power is allocated only over one channel, the

o? r‘“‘“(k) one with the highest normalized gain.

* k _
k)= {u [H (k)] B. Simultaneous Multiuser Waterfilling

where o7 denotes the variance of the noise on theh In the multiuser scenario described in the gathelefined
subchannelp*(k) is the optimal power allocation over thein (5), the optimal power allocation of each user also depends
k-th subchannelThe water-level. in (1N) is chosen |n order on the power allocation of the other users through the received
to satisfy the power constraiiit /N) >, ", p*( interference, according to the simultaneous multiuser waterfill-
In [13] we showed that, interestingly, the solut|on in (11hng solution in (8). As in the single-user case, invoking Lemma
can be interpreted as the Euclidean projection of the vectbrwe obtain the following.
—insr, defined as Corollary 3: The waterfilling operatotWF, (p_,) in (9)
can be expressed as the projection-dhsr onto the
insr = [og /|H(0)?,...,0%_1/[H(N — I)HT (12) smplex@pdefmed in (6): i 1(P-)

. k=0,...,N—1, (11)

onto the simple :
mplex WF, (p—q) = [—insry(p—q)], - (19)

N-1 with insr,(p_,) defined in (10).
S2lxe RV: = Zxkzl, 0 < zp<p™™(k vk, .
=0 4The weighted Euclidean norm|x||, ,, is defined as|x[,,, =

(13) ( w; |z]*)1/2 [20].



P spectral mask constraints in each sgf in (6), (i.e. setting
: py (k) = +o0, Vk, ), so that the waterfilling operator in (9)
becomes the classical waterfilling solution [22]:

WF, (p_q) = (gl —insr,)" (22)

where (z)* = max(0,z) and insr, £ [insr,(0),...,
insry(N — 1)]T, with insr, (k) given in (10).

» The following sufficient conditions for the convergence of
the sequential IWFA of [6] to the NE were derived in [6] (for

Q =2) and in [7], [15] (for@Q > 2):

-A = (-insr, -insr, ) 5 2 y
H,, (k dl. P 1
max {|rq()|2} B < —— Vrg#reQ.
Fig. 1. Graphical interpretation of waterfilling solution (11) as a projectiof=0:---N—1 |qu(k)| drq Pq Q-1
onto the two-dimensional simplex. (C1)

Conditions (C1) are also sufficient for the (existence [6] and)
uniqueness of the equilibrium [6], [7].
Comparing (8) with (19), it is straightforward to see that all However, in the presence of spectral mask constraints, the
the NEs of the gam¢/ in (5) can be alternatively obtainedresults of [6], [7], [11], [15] cannot be used anymore to
as the fixed-points of the mapping defined in (19), whosfuarantee the convergence of sequential IWFA as given in

existence is guaranteed by Proposition 1: Algorithm 1.
. * Recently, new sufficient conditions for the convergence of
= |- Vg € Q. 20 o . .
Pq [ msrq(p,q)] 2, V1€ (20) sequential IWFA, larger than those given in [6], [7], [11] were

In [13], [16], [17], the authors provided the key properties ahdependently provided in [12] and [13], [14]. Specifically, in
the mapping in (19), that are instrumental to obtain sufficiefit2], the sequential IWFA as given in Algorithm 1 was proved
conditions for the convergence of the distributed iteratii®@ converge to the unique NE of the gargein (5) if
algorithms, described in the next section. (1) < 1, 2)

V. DISTRIBUTED ALGORITHMS , N
n thi i e the state of the art of the distrib twherep(T) denotes the spectral radius of the matiix =
n this section we review the state of the art of the distributeq ﬁlow)_l 7™ with Heo, and denoting the strictly

algorithms able to reach the NEs of the gagfién (5), along lower and strictly upper triangular part of the matrH,

with their convergence properties. respectively, andd is defined, in our notation, as
A. Sequential Iterative Waterfilling Revisited {|Hrq(k)|2 }d7 P

The sequential IWFA is an instance of the Gauss-Seidgf) = ! , ™ _,\ |7, (k)] d—%‘fﬁ, ifqg#r
scheme by which each user is sequentially updated [20] - “ e otherwise.
based on the waterfilling mapping (9). In fact, in sequential ’ (23)
IWFA each player, sequentially and according to a fixed |n [13], [14], the authors obtained the following conditions
order, maximizes its own rate (3), performing the single-usgjr the convergence of sequential IWFA.
waterfilling solution in (9), given the others as interference. Theorem 1 ([13], [14]): The sequential IWFA, described
The sequential IWFA can be written in compact form as i Algorithm 1, convergegieometricallyto the unique NE of

Algorithm 1 [13], [14]. the game? in (5), if one of the two following set of conditions
Algorithm 1: Sequential Iterative Waterfilling is satisfied
[ 2 d"/
Setpflo) = any feasible power allocation; = max {lHTq(k)z} % &wr <1, Vgeq,
for n = 0:Number_of_ iterations, Wq, 7, KPPy [Hyq(K)[? ) drq Py
- C3)
1 |y (1)) 3y Py (
(n) i - — Prg\®)1 | Tgq 27
py Y = Wrq (p_q> o 1T (n+1)mod@ =g, VgeQ; wr —12;7« ke o, { [Hayg(R)2 f @y By e
pi™, otherwise = (C4)
1) wherew 2 (w1, ...,we]T is any positive vector, an®, is
q defined asD, £ {k€{0,...,N —1}:3p_, € #_, such
en that [WF, (p_,)], # 0} with WF, (-) given in (9).

Observe that Algorithm 1 generalizes the well-known se-
quential iterative waterfilling algorithm proposed by Yu et aRemark 1. The setD, defined in Theorem 1 represents the set
in [6] to the case where the spectral mask constraints @ ..., N — 1} (possibly) deprived of the carrier indices that
explicitly taken into account. In fact, the algorithm in [6] caruserq would never use as the best response set to any strategies
be obtained as a special case of Algorithm 1, by removing thsed by the other users, for the given set of transmit power



and propagation channels. Observe that one can always choodde can see, from Fig. 2, that the probability of guaranteeing
D, = {0,...,N — 1}. However, less stringent conditionsconvergence increases as the links become more and more
are obtained by removing unnecessary subcarriers, which aeparated of each other (i.e. the ratp,/d,, increases).
never used. A simple algorithm to estimate the Bgtwas More interestingly, the probability that (C3)-(C4) are satisfied,

given in [13].

differently from (C1) and (C2) exhibits a neat threshold be-

The optimal vectorw in (C3)-(C4) can be obtained as ahavior since it transits very rapidly from the non-convergence

solution of a geometric programming [13].

guarantee to the almost certain convergence, as the inter-user

Remark 2. If finite order constellations are used, Theorem gistance ratiod,,/d,, increases by a small percentage. This
i still valid using the gap-approximation method [26], [27] aghows that the convergence conditions depend, fundamentally,

pointed out in Sec. Ill. Itis sufficient to replace eamﬂ‘bq(k:)|2

in above conditions Witthq(k)|2 /Tq.

Remark 3. As expected, the convergence of the sequenti
IWFA and the uniqueness of NE are ensured if the links a
sufficiently far apart from each other. In fact, from (C1), (C3)-
(C4) one infers that there exists a minimum distance beyo
which the convergence of the algorithm (and the uniquene ﬁ
of NE) is guaranteed, corresponding to the maximum level
interference that may be tolerated by each receiver. But, tﬁg
most interesting result coming from (C3)-(C4) is that, contra
to what one could infer from (C1) and (C2), the convergené
of the sequential IWFA is robust against the worst normaT—
ized channel$H,,(k)|?/ |Hyq(k)|?; in fact, the subchannels
corresponding to the highest ratits,., (k)|?/| H,q(k)|* (and,
is vanishing)
do not necessarily affect the convergence of the algorithm, Ls

in particular, the subchannels whel#,,(k)|?

their carrier indices may not belong to the g&f.

This property strongly enlarges the conditions for the co
vergence, as shown in Fig. 2, where we compare the ra
of validity of our convergence conditions (C3)-(C4) with (C

and (C2).
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Fig. 2. Probability of (C1), (C2) and (C3)-(C4) versdsy/dqq; v = 2.5,

drq =dgr, drr = dgq = 1,Py = Py, Py/o2, =15 dB, P /(02,d)y) =5
dB, Vr,q € Q, Q = 15.

on the inter-link distance, rather than on the channel realiza-
tions. Finally, it is worthwhile noticing that our conditions
ave a broader validity than (C1) and (C2). As an example,
r a system with probability of guaranteeing convergence
of 0.99, conditions (C3)-(C4) only requird,,/d,, ~ 4.3,
(@ereas conditions (C1) and (C2) requitg,/d,, > 45 and
/dqq = 20, respectively. Furthermore, one can see that this
erence increases as the numiégiof links increases.
mark 4. It is useful in practice to have a simple criterion to

terms of some distance’s measure from the NE) is reached.
e following result provides as error estimate (to be exact,
an upper bound of the error) obtained by the sequential IWFA
in each iteration.

Proposition 2 ([17]): Under condition (C3) of Theorem
the sequence of power vecto{p(”)} generated by the
sequential IWFA converges to the unique NE of the game

¢ in (5), satisfying the following error estimate:

'%:)p the iterative algorithm, when the desired accuracy (defined

n_

* || W Ew
q%ﬁ") - Pp H2,b <

Hp(n) - p(n71)||§:b7 n= 17 2a KRN

(24)
where ||-||3Y,, denotes the weighted block maximum nérm
and

T 1l—cew

2 dY
o (Bl
(0 | @y P,

wy < 1,

(25)
with w = [w1,...,wg]T > 0 given by (C3) and D, defined
as in Theorem 1.
Remark 5. The sequential IWFA can be implemented in a
distributed way, since each user, to maximize its own rate,
needs only to measure the PSD of the thermal noise plus
the received multiuser interference (see (10)). However, the
inner loop in IWFA represents a bottleneck that slows down
the whole algorithm when the number of users increases. We
manage this issue in the next section.

B. Simultaneous lterative Waterfilling

The simultaneous IWFA proposed in [9], [13], [14] is an
instance of the Jacobi scheme [20]: the users update their own

In the figure, we plot the probability that conditions (C1)psp simultaneouslyat each iteration, performing the single

(C2) and (C3)-(C4) are satisfied versus the rafig/dgq

user waterfilling solution (9), given the interference generated

(which measures how far apart the links are from each other),
in a system withQ = 15 active users. For the sake of SGivenx, partitionated asc = X1,...,%qg , with eachx, € RV, and

simplicity, we assumed,., = dg, P, = P, Vr,q, andw = 1.

a positive vectow = [wyq, ..., wQ]T, the weighted block maximum norm,

We tested our conditions considering the $&f, obtained denoted by|x||Y, , is defined ag|x|[¥', = max, Ieall, where ||-||, is
’ B Wq

using the algorithm given in [13].

the Euclidean norm.



by the other users in thpreviousiteration. The sequential condition (C3) of Corollary Theorem 1, we have
IWFA is described in Algorithm 2 [9], [13], [14].

] 2 Y
dath = —log Inaxi max {W} dgq iwr )
Algorithm 2: Simultaneous lterative Waterfilling 7 Wa g PP [Haq(R)I* ) dra Py
]%ertpgolz ?ny feasible power gllqcation; 40P _ quee /) g?);
n = 0 : Number_of _ iterations, seq seq/
Expression (29) shows that the convergence speed of the
pg"“) = WF, (p(_”q)) , Vq € Q; (26) algorithms depends, as expected, on the level of interference:
the convergence speed increases as the interference level
end decreases.
Sufficient conditions for the convergence of the sequential Since dgﬁﬁ and dsef are only bounds of the asymptotic
IWFA are given in the following. convergence exponent, a comparison between the sequential
Theorem 2 ([13], [14]): SIWFA, given in Algorithm 2, IWFA and the simultaneous IWFA by.>" and dsty might
convergesgeometricallyto the unique NE of the gamg in  not be fair. These bound becomes meaningful§f and ds&j
(5) if approximate with equalitdsim anddseq respectively, for some

initial conditions (cf. [28]).

p(H"(k)H(k)) <1, Vk=0,...,N—1, (C4)

12 user #50

)
where p (H” (k)H(k)) denotes the spectral radius of the
[2

matrix H” (k)H(k) [20], andH (k) is defined as Jdo
| 7""(1(k)|2 d:;q Pr . !
7 — 5 it k€DyNDrqg#r .
[H(k)]or = [Hyg(F)P dio P, «NDra#

user #25

0, otherwise.
(27)
To give additional insight into the physical interpretation ]
of sufficient conditions for the convergence of SIWFA, we [T oo
provide the following.
Corollary 4 ([13], [14]): SIWFA, given in Algorithm 2, 04
convergesgeometricallyto the unique NE of the gamé in ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
(5) if conditions of Theorem 1 are satisfied. T et T
Remark 1. The simultaneous IWFA keeps the most appealirfg n-/e?;-)' Rates of the e Iﬁi?ﬂﬁ?f@f&i%ﬂ/%’?d T(fold line
features of the IWFA, namely its low-complexity and disy -1 - = 25 P, = P,, P,/02 = 10 dB, P,/(02d},) = 5 dB,
tributed nature. In addition, thanks to the Jacobi-based updateg € Q.
the simultaneous IWFA is expected to be faster than the
sequential IWFA, especially if the number of active users in In Fig. 3 we compare the performance of the sequential
the network is large. and simultaneous IWFA, in terms of convergence speed. We

To measure the rate of convergence of the these t&@nsider a network composed of 50 links and we show the rate
a|gorithm3, in [17] the authors provided an upper bound @VOlution of .thl’ee of the links COI’reSpondirjg to the S?quehtial
the the asymptotic convergence exponent for the worst-cd¥é-A and simultaneous IWFA as a function of the iteration

user #1

— = — - Simultaneous IWFA

Sequential IWFA

convergence rate, defined as indexn as defined in Algorithms 1 and 2. To make the figure
1 Hp(n) _ P*H not exces;ively overcrowded, we report qnly the cgrves of

d=— sup lim —In <(O)*> , (28) out of 50 links. As expected, the sequential IWFA is slower

p(Ozpr TN P —p* than the simultaneous IWFA, especially if the number of active

. , links @ is large, since each user is forced to wait for all the
wherep” andp' )_ denote the NE_ of the garré in (5) and other users scheduled before updating its power allocation.
the power allocation yector obtained by the al_gorlthm at t}"isemark 2. As for the sequential IWFA, also for the simul-
n-th iteration, respectively. The factdgsym as defined in (28) {anequs WFA one can obtain an upper bound of the error
gives the (asymptotic) number of iterations for the error Bstimates generated by the algorithm, similarly to the results
decrease by the factdr/e. . _ given in Proposition 2 [17].

Since the waterfilling operator is not a monotone mapping, _ -
only (upper) bounds for the asymptotic convergence exponént Asynchronous Iterative Waterfilling

can be obtained [28], as given in the following. We show now that the sequential and simultaneous IWFAs
Proposition 3 ([17]): Let dsth anddqr be the upper bound described in the previous sections are just special cases of a

of d in (28) obtained using sequential IWFA in Algorithm 1more general unified framework, based on the asynchronous
and simultaneous IWFA in Algorithm 2, respectively. UndetWFA [16], [17]. The asynchronous IWFA is an instance of the



totally asynchronous scheme of [20]: all the users maximiztrongly relax the constraints required on the synchronization
their own rate in atotally asynchronousvay via the single of the updates of the users for the sequential IWFA [6], [7]
user waterfilling solution. According to this asynchronouand simultaneous IWFA [13], [14].
procedure, some users are allowed to update their stratégy particular choice of the set§7,} and the values of
more frequently than the others, and they might perform thethee variables{r2(n)} will provide a different scheduling of
updates usingutdated information on the interference causedhe users in the updates of the PSDs. The interesting result
from the others. We show in the following that, whatever this that this choice does not affect the convergence of the
asynchronous mechanism is, such a procedure converges &dgarithm (provided that A1)-A3) are satisfied), as proved in
stable NE of the gam& in (5), under mild conditions on the the following.
multiuser interference. Theorem 3 ([14], [17]): The asynchronous IWFA, de-

In order to provide a formal description of the asynchronowssribed in Algorithm 3, converges to the unique NE of the
IWFA, we need some preliminary definitions, as we introduggame¥ in (5), if the following condition is satisfied
next. We assume, without loss of generality, that the set of I
times at which one or more users update their strategies is p (H™™) <1, ] (C5) )
the discrete seT’ = N, = {0,1,2,...} . Let pf{‘) denote the Where p (H™**) denotes the spectral radius of the matrix

power allocation of usey at then-th iteration, and lefl, C T H™ [20], defined as

denote the set of timesat Whichpfzn) is updated (thus, at time |H,q (k)2 d3q P: i

n ¢ T,, py" is left unchanged). Let?(n) denote the most [H™™] = kDD, { qu(k:)Q} dlq P, r# e
recent time at which the interference from uses perceived 0, otherwise,
by userq at the n-th iteration (observe that?(n) satisfies (33)

0 < 79(n) < n). Hence, if user updates its power allocationand D, is defined as in Theorem 1.

at the n-th iteration, then it waterfills, according to (9), the Sufficient conditions for (C5) are given in the following.
interference level caused by Corollary 5 ([14], [17]): The asynchronous IWFA, de-

scribed in Algorithm 3, converges to the unique NE of the
P, yoePgh s Pyt N . game¥ in (5), if conditions of Theorem 1 are satisfied.
(31) Remark 2. The asynchronous IWFA introduced in the previ-

The overall system is said to be totally asynchronous if tius section represents a general framework to solve the rate
following weak assumptions are satisfied for ead0]: A1) maximization game4 in (5), as it contains as special cases
0 < 74(n) < n; A2) limy—,o0 74(ng) = +o00; A3) |T,| = 0o, a plethora of algorithms, each one obtained by a possible
where {n;} is a sequence of elements i, that tends to choice of the scheduling of the users in the updating procedure
infinity. Assumption A1)-A3) are standard in asynchronou@.e. the parameter§r?(n)} and{T,}). The important result
convergence theory [20], and they are fulfilled in any practichkre is that all the algorithms resulting as special cases of the

(t9(n)) & (pgrf(n)) . p(T;’_l(n)) (T2 () (Té(n))?

implementation. asynchronous IWFA are guaranteed to reach the unique NE
Using the above notation, the asynchronous IWFA is def the game, under the same set of convergence conditions
scribed in Algorithm 3 [14], [17]. (Theorem 3). For example the sequential and simultaneous
: . — IWFAs introduced in the previous sections are special cases
Algorithm 3: Asynchronous lterative Waterfilling of the asynchronous IWFA described in Algorithm 3, using

the following parameter$, = {kQ+gq, k € Ny}, 74(n) =n
andT, = N4, 74(n) = n, Vr,q, respectively.
By direct product of this generalized framework, one infer

Setpgo) = any feasible power allocation;
for n =0:Number_of_ iterations,

) WF, (p(_‘rq(n))) . ifneT,, that the convergence for these two algorithms is robust to
p,g"+ ) = (n) I ) Vg € Q2 situations where some users may fail to follow the sequential
Pq otherwise @) O simultaneous scheduling of updates. What is affected in

this case is only the convergence time. Moreover, Theorem 3
provides alternative conditions for the convergence of both the
sequential and simultaneous IWFAs.

Remark 1. Since the asynchronous IWFA is based on the

waterfilling solution (8), it can be implemented in a distributed V!- ASYNCHRONOUSITERATIVE WATERFILLING IN THE

way, where each user, to maximize its own rate, only needs PRESENCE OFTIME AND FREQUENCY OFFSETS

to locally measure the PSD of the interference-plus-noiseln large scale distributed systems, where no cooperation
(see (4)) and waterfill over this level. More interestinglyamong different users is allowed, the assumption of perfect
according to the asynchronous scheme, the users may updgtechronization in time and/or frequency among the transmis-
their strategies using a potentially outdated version of the PSipns of all the links, as made in A.3 of Sec. Il, may not be
of the interference and, furthermore, some users are allowedtisfied, because of large propagation delays, timing errors,
update their power allocation more often than others, withoahd/or transmit-receive oscillators’ mismatch. Whenever this
affecting the convergence of the algorithm. These featurkappens, multiuser Inter-Carrier Interference (ICl) arises, since

end




the signal transmitted by each source over one carrier interfefesction ,., (k) is defined in (35) for time offsets, and in (36)

with the other links not only at the same carrier, but also &r frequency offsefs

neighboring frequencies. All the NEs of the modified gamé in (37) are reached
As every link results in a different (unknown)using, for each transmitter, Gaussian signaling and a power

time/frequency shift from the others, the loss of thellocation satisfying the simultaneous waterfilling solution as

orthogonality among the carriers cannot be recovered hy(8), where the waterfilling operatd¥F, (-) is replaced with

trying to compensate time/frequency offsets with a propete following

tuning of each local oscillator, as in single-user systems.

The correction made with respect to one user would [WF, (p_,)], £ (g _insrqﬁk(p_q)]é’;ndx(k), k=0,...,N—1,

fact misalign other already aligned users. Moreover, as our (38)

interest is in totally distributed algorithms, we do not considetith

multiuser ICI cancelation, and ICl is treated as additive ) )

noise at the receivers, which leads to carrier-coupling in the (poo) 2 T (B) + 22 sy 20 ki (b — K) [ Hrg (K)| pr(K)

(information) rate of each link. @+ \P—q |qu(k)\2 ’
In the presence of ICI, the game theoretic approach pro- (39)

posed in Sec. lll is not adequate anymore, since it ignores thiee water-levely, in (38) is chosen to satisfy the power

presence of carrier-coupling in the expression of the rates, awhstraint(1/N) ZkN:’Ol py(k)=1.

thus the resulting NEs can lead to poor performance. The mainthe existence of at least one NE for the gathén (37) is

scope of this section is then to reformulate the competitiRiaranteed by the following.

optimization proposed in Sect_ion I, taking expl?citly into Proposition 4 ([17]): The game? in (37) always admits at

account the presence of multiuser ICI, due to time and/iast one NE in pure-strategies, for any set of time/frequency

frequency offsets, and show how to modify the asynchronoygsets, channel realizations, power and spectral mask con-

IWFA proposed in Algorithm 3 so that it still converges to th&traints.

unique NE of the new game [17], [29]. The (unique) NE of the gam# can be reached in t@tally

A. Game Theoretic Formulation in the Presence of ICI asynchronousvay (in the sense described in Sec. V-C), still
Given the multiuser ICI as additive noise, an unified expre¥Sing the asynchronous IWFA given in Algorithm 3, provided

sion for the SINRsinr, (k) on thek-th carrier for theg-th link  hat the waterfilling operatowF, () in (32) be replaced by

in both the cases of time and frequency offsets is obtained!{}f Modified expression given in (38).

[17], [29]: Remark 1. Also in the presence of ICI, the asynchronous
\H (k)|2p (k) IWFA can be implemented in a totally distributed way
sinr, (k) = - ! since it just needs a local measure of the multiuser ICI and

2 )
Uﬁ)q (k) + Zr;ﬁq 22 Mg (k= K) [Hrg(K))| pr(l;)4 interference. More importantly, it does not require knowledge
(34) of the unknowntime/frequency offsets by each link.

wheren,, (k) is the ICI function defined as Remark 2. The convergence of the asynchronous IWFA in the
presence of ICI is guaranteed under the following sufficient
2 sin? (lkjy ) "
ST N k£ () conditions.
(k) 2 N2 sin® (£k) (35) Theorem 4 ([17]): The asynchronous IWFA in the presence
hrgt%) = V2 4 (N = 1yg)? of ICI converges to the unique NE of the gaiffein (37), if
il e "’ otherwise, the following condition is satisfied
in the case of time synchronization errors, and as p(ﬁmaX) <1, (C6)
Nrq(k) 2 % SmQ (7; (k= NAfrg)) . (36) where p(H™**) denotes the spectral radius of the matiix
N?sin® (§ (k = NAfrg)) [20], defined as
in the case of frequency synchronization offsets [30]. In (35), ~ o~ )
vrq denotes the (unknown) time offset at receiyebetween [ﬁmaX] g = { I Hrgll2, if 7 # & (40)
the block transmitted from user and the block transmitted 0, otherwise,

from userr; whereas in (36)Af,, is the carrier frequency with
offset between transmitter and receivey.

Taking ICl into account, the structure of the rate maximiza- ¥l = gk — k), if ke 25q andk'e D,
tion game in both cases of time and frequency offsets becomeé ralkk = 0, otherwise,

7 = {2{Zu}sea {Rabeen (37)
: . . . ICI has to be considered in writing the SINR. Since this term is similar to
where(2 and @q are defined as in the original gartfein (7), the one already written in (34), for the sake of notation we will not consider

ﬁq is defined in (3), withsinr, (k) given in (34), and the ICI itin the following.

(41)

6In the presence of both time and frequency offsets, an additional term of



and ﬁrq is a diagonal matrix, whose diagonal entries are: [5]
~ | Ay ()| Yy P,
[Hrq]k’k = |qu(k)|2 qu Pq7

0

)

if ke Dy, (42) [6]

otherwise.
_ (7]
The setD, is defined as in Theorem 1, withVF, (-) given in
(38).
Corollary 6 ([17]): A sufficient condition for (C6) is given

by one of the following

dag

dlg

> {
}quPr
d}q P,

w
Tr=1,r#q

whereY,, is defined in (41) andv 2 [w;, ...
positive vector.

Remark 3. As expected, in the presence of ICl, the convel-
gence of the asynchronous IWFA is affected by both the ML[J]l3]
and the coupling due to the ICI. Observe that in the absence
of ICI condition (C6) coincides with (C5).

(8]

El

1
Y.,

Hyq(F)?

Hoq(R)?
Hyg ()2
)

r

P
I

max wr <1, Vg e

2 k€§7*

" [10]
(C7)
wy < 1, Vr € Q, [11]

max
2 keP,

H‘I‘I(k ‘2

Wy

(C8)

,wo|T is any 12l

[14]
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