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Abstract— Cyclic division algebra (CDA) has recently become a K to make it a cyclic extension ove(i) or Q(j). For the
major technique to construct nonvanishing determinant (NWD)  second step, based on Kiran and Rajan’s sufficient condition
space-time block codes. The CDA based construction method for a non-norm element, we develope an elementary condition

usually consists of two steps. The first step is to construct af | ts that i to check
degreen cyclic extension over a base field and the second step Or non-norm elements that 1S easy (o check.

is to find a non-norm algebraic integer in the base field. In ths This paper is organized as follows. In Section 2, we give a
paper, we first propose a simple construction method for cyet  brief description of the CDA-based NVD STBC construction.
extensions and then propose an elementary condition for nen |n Section 3, we present a construction of cyclic extensions

norm elements for QAM and HEX signal constellations. Design In Section 4, we present an elementary condition for non-
examples are shown forn = 2 to n = 20, where n is the . .
number of transmit antennas, and it is shown that with our NOrM elements. In Section 5, we present some design examples

newly proposed construction, non-norm elements with smadir and some comparison with the existing codes. Throughasit thi

absolute values than the existing ones can be found. paper, we us& andQ to denote integer ring and rational field,
respectivelyi = v—1 andj = exp(%’f), and¢ can be either
iorj.

I. INTRODUCTION

Space-time block codes (STBC) with nonvanishing deter-
minant (NVD) have attracted much attention lately, see for
example [1]-[14]. In particular, Elia et. al. [6] have shothat A cyclic algebraA over a number field is determined by
full rate STBC with NVD achieve the diversity-multiplexing 1) a degree: cyclic extensionL/F, i.e., Galois group
tradeoff obtained by Zheng-Tse [15]. There are two major Gal(L/F) = (o) is cyclic;
methods to construct full rate STBC with NVD. One is to 2) ayeF* 2 F\{0}.
use the multi-layer (threaded) structure, see for examgile [
[9], [10], [13], [14] and the other is to use the cyclic diasi
algebra (CDA) structure that was first used to construct fJ

II. STBC BASED ONCYcCLIC DIVISION ALGEBRA

Every element inA can be represented by a matrix in the
Wllowing form,

diversity STBC in [16], see for example [5]-[8], [11], [12]. [ 2o yo(a_1) o o™ Y(zy) ]
This paper is only interested in the CDA approach. o1 o (o) e e ()

In [5], Kiran and Rajan presented a general construction Lo o(z1) oy N ag)
of CDA-based NVD STBC for a class aof: n = 2™,2 - C = ) ) ) ) , (@
3m.3-2™, andn = ¢*(q¢ — 1), ¢ is prime andg = 3 mod 4, : : B :
wheren is the number of transmit antennas. In [6], Elia et. al. Tno  0(Tp-3) - 0" Hwpo1)
presented a more general construction of NVD STBC based on [Tn—1  0(Tp—2) -+ o™ (o)

CDA for anyn and all of them are for QAM signals (similar ; .
constructions were also obtained for HEX signal&Zigl). In Wherexfl_el Ll =01,....n=11If v & Nye(L) ie,
this paper, we propose a simple construction method, whith # [1;= o/ () for anyz € L, I = 1,2,...,n — 1, then
is easy to implement on a computer. The CDA constructidi€ cyclic algebral is a division algebra, i.e., every non-zero
usually consists of two steps. The first step is to construc€lement inA has a multiplicative inverse. The above condition
degreen cyclic extension over a base field and the seco@Posed om is callednorm condition A ~ satisfying norm
step is to find a non-norm algebraic integer in the base fiegfndition is said to be mon-norm elemen(6], [16], [17].
For the first step of the construction, we propose a simpf¥é always havelet(C) € F, a concise proof is given in [6].
construction method by using the Kronecker-Weber Theoreéhfid We also have thatiet(C) = 0 if and only if z; = 0
that implies that any cyclic extensidii over Q is a subfield for all I, i.e., code{C} has full diversity. If we choosé& —
of some cyclotomic field. Theri, or j is properly added to Q(§) andz;,0=0,1,....n —1, to be algebraic integers i
with ;" «; # 0, in addition, we choose a € Z[¢] which
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0,1,...,n — 1, be a relative integer basis &f/Q(&), where Conversely, sincek/Q is a cyclic extension, the Galois

Oy, is the integer ring of the field., and letz; in (1) be group of m,(x) is a cyclic group (the Galois group of a
ne1 polynomial is defined as a permutation group of the roots)
T = Z T i€ 1=01.....n—1 @ [21]. Becausen,(z) is an irreducible polynomial ove®(£),
P Y ’ for the field extension
for z;; € O, then we can embedn? variables K(£)/Q(&) = Q(&)[z]/ (ma(z)), @)
; i<n—1 INto th d trixC, and th Iti : . . .
g'cl'lég:oigslfratleﬁ”(]fgll ra?e;:cl)\l\(/aDrl?)(;Z. and the Testiting e Galois group ofK(£)/Q(¢&) is isomorphic to the Galois
group ofm,(x), which is cyclic. This leads to the conclusion
that K(&)/Q(&) is also a cyclic extension. [ |

I1l. CONSTRUCTION OFCYCLIC EXTENSIONS OVERQ(¢) As a direct consequence of Theorem 2, we have the follow-

We now present our simple construction method of degreiag corollary,
n cyclic extensions ove®Q(&) by first introducing a general  Corollary 1: Let K = Q(a) andK/Q be a degree cyclic

theory and then a detailed implementation method. extension. Letn, (x) be the minimal polynomial ofv over
Q. If all the roots ofm,, (z) in C are real, therK(£)/Q(¢) is
A. Construction of Cyclic Extensions: Theory also a cyclic extension of degree

Proof: Since all the roots ofn,(z) are real,m.(z)

We first construct a cyclic extensid/Q, then extend to . : Do :
. . ’ . is also irreducible inQ(¢). By Theorem 2K(£)/Q(€) is a
make it a cyclic extension ové®(£). The following theorem cyclic extension of degree. =

about abelian field extension from the algebraic numbertheo Thus, a cyclic extension can be constructed in two steps:

is a guideline for the purpose of constructing a cyclic estem first we search for a cyclic extensidii/Q, i.e., to identify

over Q. An abel_|an field e_xten3|on_|s a f|_eld extension foiri primitive elementy and its associated minimal polynomial
which the associated Galois group is abelian.

: , meq(z); then we check whethen,, () is irreducible inQ(¢),
Theorem 1 (Kronecker-Weber [18]Every abelian field .., . 7 . . . 4
extension oveEQ is a subfield of s[orrPeE cygiotomic field. if this is true, therK(£)/Q(€) is a desired cyclic extension,

Si i is abeli i tensi where the irreducibility holds automatically if all the rtsoof
Ince a cyclic group is abelian, a cyclic extension oer m,(z) are real according to the above study. Existing cyclic

is just a particular case of the abelian field extension over. .’ . .
Q. Therefore, according to the Kronecker-Weber Theorer%;tnegﬁlzgs ccc))\;igggegoiﬂsttmsc t:;lg;n (21 [5], [6]. [11], [12]

every cyclic extension ovep is a subfield of some cyclotomic
field. To construct a degree-cyclic extension over), first
we need to choose a suitable cyclotomic field. kgt denote B. Construction of Cyclic Extensions: Implementation

the m-th root of unity. The degree of the cyclotomic field \ye next explain our detailed implementation method of
E = Q(wm) over Q is ¢(m), whereg is the Euler totient gearching cyclic extensions ovél. First we need an easy
function [19], [20]. We choose® such that there exists amanipulating group that is isomorphic to the Galois group
subgroupd in Gal(E/Q) whose associated quotient grouR;,1(k /@), so that we can use a computer program to search

Go = Gal(E/Q)/G: is an ordem cyclic group. Thus, ac- for cyclotomic field E whose Galois grougial(E/Q) has
cording to thefundamental theorem of Galois thedsee [6], an ordern cyclic quotient group. It is well known that the
[21]), the fixed fieldK of G; is a cyclic extension ove@, and multiplicative group

Gal(K/Q) = Gy. A necessary condition for such a cyclotomic

field E for constructing a degree cyclic extension ovefQ G={k|0<k<m, ged(k,m)=1} (4)

is that ¢(m) must be a multiple o.. The details about the . ) .

implementation will be explained later. Now we assume this iSomorphic to the Galois grougal(Z/Q), where the

we have already found a cyclic extension o@rhow to get .mult|pI|caj[|on defined as modulqn multlpllcatlon. The

a cyclic extension ove®(&)? The following theorem gives us SOMOrPhiSMN : Gal(E/Q) — G is defined by

a way 1o do so. , . M(g) =k, g € Gal(E/Q), k € G, (5)
Theorem 2:Let K = Q(«), K/Q be a cyclic extension of

degreen, m(x) be the minimal polynomial ofx over Q. whereg and#k satisfies

ThenK(£)/Q(€) is a cyclic extension of degreeif and only 2 2%

if mq(x) is irreducible overQ(¢). g <exp <—>) = exp ( ) . (6)

Proof: We have thatk(¢) = Q(«, &) = Q(&,a) =

[Q(&)](), « is the primitive element ofK(£)/Q(€). Since In our implementation, we usé& to represent the Galois

K(€)/Q(&) is a cyclic extension of degree, the minimal group Gal(E/Q) since it is easier to manipulate. We search

polynomial 7, (x) of « over Q(&¢) has degreer. Suppose subgroups in& to find all the subgroupé&’; such thatG, =

meq(2) is reducible oveQ(¢), sincem,(a) = 0, there must G/G; are ordem cyclic groups. This can be done by our

be one prime factorn,(z) of m,(z) such thatm;(«) = 0. MATLAB program [22]. By the isomorphism betweéhand

Then, deg(mq(x)) < deg(mi(x)) < n, which contradicts Gal(E/Q), we can get the corresponding subgra@pin the

with the fact thatdegr,(x) = n. Therefore,m,(z) is Galois groupGal(E/Q), andG, = Gal(E/Q)/G; is an order-

irreducible and it is the minimal polynomial @f. n cyclic group.




Now we have cyclotomic fieldE, the Galois group
Gal(E/Q), the subgrougj; and the quotient groug,. Next,
we explain how to find the fixed fielll of G, or equivalently,

find a primitive elementr of K/Q and the corresponding
minimal polynomialm, (x). The following theorem gives a

characterization of the primitive element

Theorem 3:Let E/Q be a degreer Galois extensiong,
be a subgroup oGal(E/Q), and the fixed field off; be K.
Then, « is a primitive element of the extensidd/Q if and
only if o satisfies the following two conditions:

1) «is invariant under the transforms 6f, i.e.,g(a) = «
for Vg € Gy;

2) « is fully variant under the transforms ofj,
Gal(K/Q) = Gal(E/Q) /G, i.e., for any two different
elementsjy, g2 in Go, g1(a) # ga(a).

Proof: Sincea € K andK is the fixed field ofG;, for
any g € Gy, we haveg(a) = a. Let mq(x) be the minimal
polynomial of «. We know [K = Q(«) : Q] equals to the
degree ofm,(z). By the Galois theory, we also hayg)| =

[K : Q]. Thus,m,(x) has|Gy| numbers of roots. By the field

theory,R = {g§(«), § € Go} is the full set of roots ofn,(z),
so |R| = |Go|. Hence, we must have fully variant under the
transforms ofG,.

Next, we prove the converse part. By the first condition, we

know«a € K. Since for any two different elemengs, g2 € Go,
g1(a) # go(a), the setR = {g(«), § € Go} has|Gy| distinct
elements. By the field theory, the minimal polynomialcofs

()

and the degree ofn,(x) is |Go|. By the Galois theory, we
know |Gy| = [K : Q]. And we havelQ(«) : Q] equals to the
degree ofm,(x), i.e., [Q(a) : Q] = |Go|, therefore[Q(«) :
Q] = [K: Q]. Sincea € K, Q(«) is a subspace dk. Since
it has the same dimensionality & we haveK = Q(«) and
therefore,« is a primitive element oK /Q. [ |

In the following, we give a systematic method to find @n
satisfying the two conditions given in the above theorem.

Corollary 2: LetK andgG; be as mentioned above. Ltx)

o ()]

Then, there exists amy € Z so that f(zo) is a primitive
element for the extensiok/Q.

Proof: Let zyp € Q, for anyg € G C Gal(E/Q),
we haveg(zg) = zo, which is becauseg is an element in

fz) =

[I

IS

(8)

Gal(E/Q) and it fixes the elements i@. Then

9(f(x0)) =g ( IT @ - g(exp(i%/m)))

IS

— T 7 (@0 — glexplizn/m))

g€G1

= [I @(x0) — Gg(exp(izn/m))
9g€G

I (@0 — glexp(izn/m))
9g€GG1

= H (xo — glexp(i2n/m)) = f(x0).

9€G1

9)

The last equality holds because for any grdiipandh € H,

we always havehH = H. SoVxy € Q, f(zo) is invariant
under the transform of any elementdh, i.e., f(xo) satisfies
the first condition in Theorem 3.

Similarly, letz € Q andg € Gy, we have

3(f @) = [ (= = gglexp(izn/m))
9g€G1
' (10)
= [I - g(exp(izn/m)),
9€391

which is because, whei runs throughg,, §G; runs through
all the cosets oG, in Gal(E/Q). Polynomialsg(f(z)) for
different § € Gy are different, since otherwisei(z) =
[lseg, 9(f(x)) is reducible. So{g(f(x)),g € Go,z €
Q} contains|Gy| numbers of different polynomials. We use
{p1(x),...,px(x)} to denote these polynomials, wheke=
|Gol. We want f(xz() to befully variant under the transforms
of Go, i.e.,{p1(x0), ..., pr(xo)} arek different numbers. Note
that for k& different polynomials{p;(z),...,pr(z)}, we can
always find a numbet, in Z so that{p;(xo),...,pr(xo)}
are k different numbers, i.e.f(zo) is fully variant under the
transforms ofG,. Thus, we can choose such i) as a
primitive elementy of K/Q. [ |

Another method that often works is to choaserom the
coefficients of f(z), since by Eq. (9) all the coefficients are
invariant under the transforms ¢f. From these coefficients,
we choose one that fally variantunder the transforms .

The minimal polynomial ofx can be obtained by (7). Sinég

is the fixed field ofG,, any rational number is invariant under
the transforms ofj,. Thus, we only need to consider those
non-rational coefficients. There must be at least one of the
coefficients of f(z) that is not a rational number, otherwise
f () is a proper factor ofng(z) in Q, which then contradicts
with the fact thatm(z) is irreducible inQ. The coefficients

of f(x) are algebraic integers with relatively smaller absolute
values. Thus, in our implementation, we first check whether
there is a coefficient of (x) that is fully variant undeg,. If

this fails, we choose amg € Z so thatf(zo) is fully variant
under the transforms ofj,, which can be done by simply
searching integers if.



IV. AN ELEMENTARY CONDITION FORNON-NORM If we only consider the case whéh= Q, as a consequence
ELEMENTS 7y of theprime ideal factorization theorerwe have the following

In this section, we present an elementary condition for Grollary.
non-norm element, of the Galois extensioi(¢)/Q(¢). we ~ Corollary 3: Let K = Q(a), o € Ok, K/Q be a degree-
first introduce the following theorem by Kiran and Rajan. 7 Galois extension. Letn,(z) be the minimal polynomial
Theorem 4 (Kiran and Rajan [5])Let L be a degreer ©Of @ overQ. Letp be a prime number ifZ, which can not
Galois extension of a number fieldl Let p be a prime ideal divide disc(ma(z)). If ma () is irreducible over the finite
in Og. Let prime ideal} € Oy, be one of the factors qf¢®;,  field Z/(p), thenpOx is a prime ideal inOk.

in O, and the inertial degree 6B overF be f(B/p) = f. In the_ above coroll_arydisc(ma(x)) i; the discriminant of
If v is any element ofp\p?, then7 ¢ Ny (L) for any the minimal polynomiain, (z) [25]. Write ma(z) = [[(z —
j=1,2,... f—1. r;), thendisc(m,(z)) is defined as

Let F = Q(§). We know thatOq¢) = Z[£] is a principal . _ Y
ideal domain foré = i or & = j. Thus, every prime ideal in disc(ma(@)) = E(Tz i) (13)

Z[€] can be written agp) for some primep in Z[£]. Let (p)
be a prime ideal irZ[¢] and (p) be inert inL, i.e., pOL = P Proof: From the algebraic number theory, we know
is a prime ideal, therf = £(/(p)) = n. Sincep € (P)\(p)?2, |Ox/Ogla]|> = |disc(ma())/ disc(K)| [26], wheredisc(K)
according to Theorem 4/ ¢ Nijge)(L),j=1,2,...,n—1, is the discriminant of fieldK. If p is not a factor of
namely,p is a non-norm element ih/Q(¢&). This leads to the disc(ma(z)), thenp cannot divide{Ok /Og|a]|. By Theorem
following lemma, which is used in the proof of Theorem 5. 6, sincem, (z) is irreducible over the finite field/(p), pOx
Lemma 1:LetL be a degreer Galois extension of the field is also reducible, i.epOx remains prime inOk. [

Q(¢) and letp be a prime inZ[¢]. If pOy is a prime ideal By combining Corollary 3 and Theorem 5, we immediately
in O, thenp’ ¢ Nijow)(K),j=1,2,....,n—1,i.e,pis a have the following theorem on sufficient conditions for a

non-norm element. non-norm element, which is more elementary and easier to
Based on the above theorem and lemma, we can prove #iglerstand than the existing ones.
following theorem [23]. Theorem 7:Let K = Q(a), o € Ok, K/Q be a degreer

Theorem 5:Let K = Q(«) andKK/Q be a degreer Galois Galois extension. Letn,(x) be the minimal polynomial of
extension. Letm,(z) be the minimal polynomial ofx and « and it remains irreducible iQ(§). Let p be a prime in
remain irreducible inQ(¢). Let p be a prime inZ andpOx  Z, which cannot dividelisc(mq (z)). If m() is irreducible

remain prime inOg. Then overZ/(p), then
1) if p is also a prime inZ[¢] andn is odd, thenp’ ¢ 1) if p is also a prime inZ[¢] andn is odd, thenp’ ¢
Ni(ey/oce)(K(€)),5 = 1,2,...,n — 1, i.e., p is a non- Nreyroe)(K(€)),j =1,2,...,n — 1, i.e,, p is a non-
norm element ik (&)/Q(¢); norm element ink(§)/Q(¢);
2) if pis not a prime irZ[¢], thenp = p,p;, for some prime ~ 2) if p is not a prime irZ[¢], thenp = p,p; for some prime
Po in Z[é], andp{; Q NK(E)/Q(E) (K(é)),] =12...,n— Po in Z[S]v andpg Q/ NK(E)/Q(&) (K(S))vj =12...,n-
1, i.e.,p, is a non-norm element i (¢)/Q(¢&). 1, i.e., p, is @ non-norm element i (&) /Q(€).

In order to use Theorem 5 to find a non-norm element
v, we have to check whether a prime numbeis inert in V. DESIGN EXAMPLES AND COMPARISON WITHEXISTING
K, i.e., whethemOk remains prime. The following theorem CODE
is the prime ideal factorization theorerj24], which tells us
the relationship between the factorization p®; and the
factorization of m,(z) over the finite field Op/p, where
L = F(«) andyp is a prime ideal inOy.

Theorem 6 (Prime Ideal Factorization Theorenbet L/F
be a number field extension, afid = F(a), a € Op. Let
meq(z) denote the minimal polynomial af overF. Suppose
thatp is a prime ideal i and the characteristic of the finite
field Og/p is p, which can not dividgOr/Or[a]|. If m(z)
can be factorized over the finite fiel@y/p as follows,

In Table I, we list some design examples of cyclic extensions
over@. The primitive elements and their conjugates are listed
in the third column. The corresponding minimal polynomials
are listed in Table Il. It can be easily checked (imMAB we
can use MPLE functionirreduc) that all the minimal polymi-
als are irreducible ove(i), so all these cyclic extensions over
Q can be extended to be a cyclic extensions @V by just
addingi to the field.

We next apply Theorem 7 to prove that thé&s listed in
Table | are non-norm elements &(i)/Q(i). For the cases

.. n=23456,79 10, 11, 12, 13, 14, 15, 17, 18, 19,
e () = H mj’ (), (11) 920, the discriminants of the minimal polynomials as listed in
j=l1 Table Il are all odd numbers, which cannot be divided2by
wherem;(z) are distinct irreducible polynomials ovél /p, We check whethem,, (x) can be factorized over the finite field
then Z/{2). It turns out that in all these cases, («) are irreducible
g e; over Z/(2). In addition, all these minimal polynomials are
pOL = Hlpj ’ (12) irreducible overQ(i). Since2 = (1 +1i)(1 — i) in Q(i), by
j=

using Theorem 7, we conclude that= 1 + i satisfies the
wherep; = (p, m;(a)). norm condition for all these cases.



10° .

For the cases = 8, 16, the discriminants of the minimal
polynomials m,(xz) are coprime with5, and m(z) are
irreducible over the finite fieldZ/(5) (note that they are
reducible overZ/(2)), and m,(z) are also irreducible over
Q(i). Since5 = (2 +1i)(2 —1i), by Theorem 7y =2+iis a
non-norm element for these two cases.

In the case of HEX constellations, we need to find non-
norm elements ifQ)(j). By a similar procedure, we can prove =
thaty = 2+ j is a non-norm element fas = 3, 4, 5, 7, 8, 9,

13, 14, 16, 17, 18, 19, 20; v = 3 + j is a non-norm element
for n = 10, 11, 12, 15. But for n = 2, 6, the minimal 107
polynomialm,, (x) is reducible inQ(j), so we can not extend
the field to a cyclic extension field @@(j). A proper choice
for n = 2 is to choose the cyclic field with primitive element
a = —% + ig and the corresponding minimal polynomial

iS my = 22 + x + 2. Forn = 6, we can choose primitive

elementa = —cos(%) — isin(%X) and the corresponding

7 7
minimal polynomial ismg = 2% —2° + 24 — 23 + 22—z +1. 9L

For these two cases, thecan be chosen to b2+ j.

Next, we show an example to compare the normalizgghere~ — 2 1 i, the total engergy of the generator matrices
diversity product between the code we constructed and € 5| three layers is103.1957, and the minimum determi-

code constructed in [6] for QAM signals. The normalizeﬁam(g(cm) — 1. Thus, the normalized diversity product is

—-O- Code with y = 2+i, 4-QAM
—O— Code with y = 2+i, 16-QAM
—©— Code with y = 1+i, 4-QAM

—0— Code with y = 1+i, 16-QAM

100

10 12

E, /N, (dB)

20 22

Comparison of the codes with=2 +iandy=1+1

diversity product is defined as

1

103.19573 *
5(Cov) The generator matrices of the code constructed using our
¢(C) = “En (14) method are of the same form as the previous one, except

v = 1+ 1i. The total engergy of the generator matrices of
where§(C) is the minimum determinanas defined in [2], all three layers is55.0489 and the minimum determinant
[8] and £ is the total energy of the generator matrices of ali(C..) = 1. Thus, the normalized diversity productgim,
layers. We can see that by using our newthe normalized diversity

Considern = 3 and lete = [eg, e1,e2] be the relative productis much larger. The reason for this is that the ndwas
integer basis. The code matriX in (1) can be written as smaller absolute values than thepresented in [6] does. The
simulation results in Fig. 1 show that for 4-QAM and 16-QAM

C = diag[Axo] + diag[Bz1]51 + diag[C'z2]S2,  (15)  constellations, the performance of the code with= 1 + i
is about2 dB and1.5 dB better than that of the code with
where ~v = 2+1i, respectively.
xry = [Ilﬂo,xlyl,.rlyg]T, | = O, 1, 2,
[ e e e VI. CONCLUSION
A=lo(e)|,B=| ale) |, C=|~ole) |, In this paper, we proposed a simple construction method of
a?(e) o2 (e) vo2(e) CDA-based NVD STBC for both QAM and HEX constella-
:0 0 1 01 0 tions. For the first step, we start from a cyclotomic field and
Si=11 0 0ol.s5=10 0o 1 then find a cyclic subfield. Because there exists an isomor-
1 ) P2 . . . T .
01 0 10 0 phism between the Galois group and a simple multiplicative

- group, the searching procedure is easy to implement on a
We call 4, B, C the generator matrices of the code matrixcomputer. For the second step, we presented an elementary
The generator matrices of ttiex 3 code constructed in [6] condition for non-norm elements that is easy to check.
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TABLE |

CYCLOTOMIC FIELDSE, PRIMITIVE ELEMENTS v AND THEIR
CONJUGATES AND NON-NORM ELEMENTS~y

E

TS

Q(ws)

14i

Q(wr)

2 cos(2mm/3), m =1,
2cos(2mm/7), m = [1

14i

Q(ws)

exp(i2mn/5), m =[1

14i

Q(w11)

2cos(2mm/11), m =1

14i

Q(wog)

727
exp(i2mn/9),m =[1,2,4,8,

14i

~N| o 0 A w| NS

Q(w29)

2 cos(2mm/29) + 2 cos(2man/
m1 = [17 27 47 87 137 37 6]7
ms = [12,5,10,9,11,7, 14]

1+4i

2 cos(2mn /17), m =1, 3,8,7,4,5, 2, 6]

2+i

©| 0O

2 cos(2mm /19),
m=1[1,2,4,8,3,6,7,5,9]

1+4+i

10

exp(i2mn/11),
m=[1,2,4,8,5,10,9,7,3,6]

1+4+i

11

2 cos(2mm [23),
m=11,2,4,8,7,9,5,10,3,6,11]

1+i

12

exp(i2mn /13),
m=[1,2,4,8,3,6,12,11,9, 5,10, 7]

1+4+i

13

2 cos(2mim/53) + 2 cos(2mam/53)

my = [1,2,4,8,16,21, 11, 22,9,
18,17,19, 15,

ma = [23,7, 14,25, 3,6,12, 24, 5,
10,20, 13, 26]

1+i

14

Q(w29)

2 cos(2mm /29)
m=[1,2,4,8,13,3,6,12,5,
10,9, 11,7, 14]

1+4+i

15

Q(we1)

2 cos(2mym/61) + 2 cos(2mam/61)

my1 = [1,2,4,8,7,14, 3,5, 10, 20,
13,19,9, 15, 25]

my = [11,22,17, 27, 16, 29, 28, 6, 12, 24,
21, 26, 23, 18, 30]

1+i

16

Q(wi7)

exp(i2mn /17),
m = [1,3,9,10,13,5,15, 11,
16,14,8,7,4,12,2, 6]

2+i

17

Q(w103)

2 cos(2m1m/103) + 2 cos(2mam/103)

+2 cos(2m37/103)

my = [1,2,4,8,15,30,21,17,19, 3,
6,12,5,10,7, 14, 23]

mo = [46,9, 18, 36, 16, 32, 39, 25, 34, 35,
27,24, 45, 13, 26, 28]

mg = [47,11, 38,22, 29, 33, 20, 44, 48, 49,
40, 31,42, 50, 43, 51, 41]

1+4i

18

Q(w19)

exp(i2mmn/19)
m=[1,2,4,8,16,13,7, 14,
9,18,17,15, 11,3, 6, 12, 5, 10]

1+i

19
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1+4+i

20
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THE MINIMAL POLYNOMIALS AND THEIR DISCRIMINANTS ASSOCIATED

TABLE I

WITH TABLE |

n | ma(x) disc(ma(x))

2 | 2Z4+z+1 -3

3 | 23 +a22—20—1 49

4 2T+ 3+ 224+ 41 125

5 | 2>+ 2T —423 — 322+ 3x+ 1 112

6 20+ 23+1 —39

7 7 + 2% — 1225 — 727 17%.29°
+2823 + 1422 — 9z + 1

8 28+ 27 — 725 — 625 177
+152% + 1023 — 1022 — 4z + 1

9 29 + 28 — 8z7 — 728 + 212° 198
+15z% — 2023 — 1022 + 5z + 1

10 | 250+ 29 + 28 + 27 + 28 + 2P —11°
trt4+ a3+ 2441

11 | 211 + 219 — 1029 — 928 2310
+3627 + 2826 — 5625 — 3524
+3522 + 1522 — 6z — 1

12 Z.lz +:C11 +1‘10 +SC9 +Z‘8 1115
+aT + 28 + 25 + 2t + 23
24z +1

13 | 213 4+ 212 — 24211 — 19210 23%. 5312
+1902° + 11628 — 60127 — 24626 -832.3172 - 7192
+73825 + 21524 — 29143
—68z2 + 10z + 1

14 | 21T+ 253 — 13212 — 12217 + 66210 239
+5529 — 16528 — 12027 + 21026
+12625 — 1262 — 5623
+2822 + Tx — 1

15 | 2T° 4 1% — 28213 — 23,12 111% . 6117 . 5992
+276211 + 182210 — 119329
—59228 + 230727 + 95626 — 172125
—908z% + 31623 + 26222 + 422 + 1

16 1‘16 _ xls + Z‘14 _ xl.& + xu _ xll 1715
+SL‘10 _ xg +x8 _ x7 + xG
—d 4t — 34—z 41

17 | 277 + 21® — 48z™ — 105217 + 763z 13 47710318
+2579x12 — 3653211 — 23311210 .149% . 9832
—11031z° 4 74838z8 4 107759z 26772 - 54132
—50288z% — 1986152° — 10297624
+58507x3 + 7572222
+25763x + 2837

18 xls +IE17 +xlb +IE15 +$14 +IE1‘5 _1917
+m12 +x11 +m10+x9 +w8 +m7
42+t 3+ a2+ +1

19 | 219 + 2™ — 90217 — 57216 + 30442 | 7°2.1097 - 19118
+11242 — 51184213 — 4822412 -3832 . 3892
+474003z — 90110210 — 24650842 4212 . 4312
+115323928 + 68540987 -4912 . 15672
—502312525 — 87111145 -91612 - 68832
+8950277x* + 260013623 -18012
—512579222 + 1553447x — 117649

20 Z.2() +x15 +1‘10 +SC5 +1 555




