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Abstract— The Markov chain embedding technique is com-
monly used to study the distribution of statistics associated
with regular patterns (i.e. set of strings described by a regular
expression) in random strings. In this extended abstract, we
formalize the concept Markov chain embedding for random
strings produced by a possibly non-stationary Markov source.
A notion of memory conveyed by the states of a deterministic
finite automaton is introduced. This notion is used to characterize
the smallest state-space size Markov chain required to specify the
distribution of the count statistic of a given regular pattern. The
research finds applications in problems associated with regular
patterns in random strings that demand exponentially large state
spaces.

I. I NTRODUCTION

We first introduce some general notation and terminology.
In what followsA denotes a finite set (of characters) called
the alphabet. The set of all words obtained by concatenating
a finite number of characters inA is denotedA∗. Elements
in A∗ are usually calledstrings. The length of a stringx is
the number of characters that form it and it is denoted|x|.
By definition theempty string(denoted asε) is an element of
A∗ and it is the only string of length zero. We defineA+ :=
A∗ \ {ε}.

If x1, . . . , xn ∈ A∗ then x1 · · ·xn denotes the word
obtained by concatenating (from left to right) the strings
x1, . . . , xn. (For small values ofn such asn = 2 we write
x1x2 instead ofx1 · · ·x2.) For x, y ∈ A∗ we write x = y...
to mean that there is a stringw (possibly empty) such that
x = yw. Similarly, we writex = ...y to mean thatx = wy
for some stringw. We say thaty is a substringof x provided
that there are stringsw1 and w2 (possibly empty) such that
x = w1yw2.

For the remaining of this manuscriptk ≥ 0 is a fixed integer
parameter. We defineAk := A≤k∩A≥k, whereA≤k := {x ∈
A∗ : |x| ≤ k} andA≥k := {x ∈ A∗ : |x| ≥ k}.

We are interested in the occurrence and frequency of pat-
terns in random strings. Apattern (also calledlanguage) is
by definition is any subset ofA∗. We model arandom string
of length l asX1 · · ·Xl, whereX = (Xn)n≥1 is a sequence
of A-valued random variables defined on a certain probability
space(Ω,F , P). Much of the literature of patterns in random
strings is devoted to the understanding of the distribution of
the sooner-timeand count-statisticsassociated with a given
patternL. These are the random variables respectively defined

as

τ := min{n ≥ 1 : X1 · · ·Xn ∈ L}, (1)

Sn :=
n∑

i=1

[[X1 · · ·Xi ∈ L]], (2)

for n ≥ 1. Above [[·]] denotes the Iverson’s bracket i.e. a
quantity defined to be 1 whenever the statement within the
brackets is true, and 0 otherwise.

To fix some ideas regarding the above definitions, letW be a
given pattern (e.g. a finite set of strings) and defineL = A∗W
i.e. L is the set of all strings of the formxw, with x ∈ A∗
and w ∈ W. The sooner-statisticτ then corresponds to the
smallestn such thatX1 · · ·Xn has a suffix inW. On the
other hand, ifW is a reduced set of strings(i.e. no string in
W is a substring of another string inW) thenSn corresponds
to the total number of (possibly overlapping) substrings of
X1 · · ·Xn that belong toW.

Although our discussion will be specialized to the so called
Markov models of random strings and regular patterns, for
the sake of completeness we describe briefly other settings
considered in the literature. The simplest probabilistic model
for X is the so calledmemoryless modelin which X1, X2, . . .
form an i.i.d. sequence [1], [8], [10], [12]. Among the simplest
models of random strings that convey a correlation structure,
one finds Markov models[14], [15], [17], [18] and more
generallyhidden Markov models[19]. At the highest level of
generality (that is analytically tractable) one findsdynamical
models[3], [4]. In this case, for eachn ≥ 1, the distribution
of Xn+1 may depend on all the variablesX1, . . . , Xn.

The simplest type of patterns considered in the literature
arecompound patterns. This term is used to refer to a pattern
consisting of a finite number of strings. However, these types
of patterns are just particular cases ofregular patterns[11],
[20]. Broadly speaking, a pattern is said to beregular if it
can be described by a regular expression over the alphabet
characters of the type used by computer scientists. According
to Kleene’s and the Rabin-Scott theorem [11], [20], a patternL
is regular if and only if it corresponds to the pattern recognized
by a certain deterministic finite automaton. Adeterministic
finite automaton(in short, automaton) is a5-tuple of the form
G = (V,A, f, q, T ), whereV is a non-empty set (calledset
of states), q ∈ V is a unique distinct state (called theinitial



state), and T ⊂ V is a distinguishable set of states (called
set of terminal states). The termf : V × A∗ → V is a
function (called thetransition function) that must satisfies the
fundamental properties

f(v, ε) = v; (3)

f(v, xy) = f(f(v, x), y), (4)

for all v ∈ V andx, y ∈ A∗. The pattern recognized byG is
the set{x ∈ A∗ : f(q, x) ∈ T}.

Automata are usually represented as directed graphs with la-
beled edges:an arrow labeled with the characterα connecting
a stateu with a statev is drawn provided thatf(u, α) = v.
(See the top of Figure 1 for an example.)

A. The Markov chain embedding technique.

For the remaining of this manuscriptG = (V,A, f, q, T ) is
an automaton andL is the regular pattern recognized byG. We
also specialize to the case of Makov models of random strings.
By this we mean thatX is ak-th order homogeneous Markov
chain. If k = 0 this means thatX1, X2, . . . is a sequence of
i.i.d. random variables. In this case we talk more specifically
about amemoryless model. Otherwise, fork > 0 this means
that for all n > k andα1, . . . , αn ∈ A,

P[Xn = αn | Xn−1 = αn−1, . . . , X1 = α1]
= P[Xk+1 = αn | Xk = αn−1, . . . , X1 = αn−k].

Since the right-hand side above does not really depend onn,
the above is equivalent to say that((Xn+1, . . . , Xn+k))n≥0

is a first-order homogeneous Markov chain with state space
Ak (in the sense used by most introductory probability text-
books [5], [6]).

The Markov chain embedding technique is a well estab-
lished technique use to understand the distribution of the
statistics in (1) and (2) as well as other statistics associated
with L andX (e.g. the distance between two non-overlapping
and consecutive occurrences of a pattern [16]). The term is
attributed to Fu and Koutras [7] however the technique can
be traced back to the work of Gerber and Li [8] and other
authors [1], [2]. A major generalization of this technique is
due to Nicod̀eme et al. [15], [14] who formalized it in the
context of regular patterns as opposed to compound or other
special (yet still regular) patterns. See [13] for a self-contained
discussion of the Markov chain embedding technique.

Broadly speaking, the Markov chain embedding technique
consists in transforming a random string inA∗ into a random
string in V ∗, where V is the state space of an appropriate
automaton (that usually recognizes the regular pattern of
interest). The following definition [13] conceptualizes the tech-
nique in a probabilistic framework as used by most authors.

Definition 1.1: (Automata embeddings.) The embedding of
X in G is the processXG = (XG

n )n≥1 with state space
f(q,A+) = {f(q, x) : x ∈ A+} ⊂ V , where XG

n :=
f(q, X1 · · ·Xn). In particular, due to (4), it applies for all
n ≥ 2 that

XG
n = f(XG

n−1, Xn).

If X is produced by a memoryless source thenXG is
clearly a first-order homogeneous Markov chain. This last
feature is very useful to determine the moment generating
function associated with the joint distribution of the sooner-
times and count-statistics of several regular patterns [13].
However, regardless of the probabilistic nature ofX, the
following result applies — in general — as long asXG turns
out to be a first-order homogeneous Markov chain.

Proposition 1.2: (Generating functions associated with
Markovian embeddings.) Assume thatXG is a first-order
homogeneous Markov chain. Ifµ denotes the row-vector
associated with the initial distribution ofXG and P denotes
the probability transition matrix ofXG then the following
applies.
(a) Letµ− be the vectorµ but with all entries associated with

T removed. Similarly, letP− be the matrix obtained by
removing all rows and columns associated withT . Fi-
nally, let p− be the column-vector obtained by removing
all rows associated withT from the vector obtained by
adding up all the columns inP associated withT . If I
is the identity matrix then

∞∑
n=2

P[τ = n]xn = x2 · µ− · (I− x · P−)−1 · p−. (5)

(b) Let µy be the row-vector obtained by multiplying by
a marker-variabley all the entries inµ associated with
states inT . Similarly, let Py be the matrix obtained by
multyplying byy the columns ofP associated with states
in T . If I is the identity matrix and1 is a column-vector
of ones then

∞∑
n=1,k=0

P[Sn = k]xnyk = x ·µy · (I− x ·Py)−1 · 1. (6)

Identity (5) is equivalent to haveP[τ = n] = µ− ·Pn−2
− ·p−,

for all n ≥ 2. This last identity follows from elementary results
on homogeneous Markov chains after taking into account the
following two observations: (i) the entry in column-v of µ− ·
Pn−2
− is the probability that{XG

1 , . . . , XG
n−1} ∩ T = ∅ and

XG
n−1 = v, and (ii) the entry in row-v of p− is the probability

that XG
n ∈ T given thatXG

n−1 = v.
On the other hand, identity (6) follows by atransfer matrix

methodargument [9]. The use of this method in the context
of pattern statistics was introduced by Nicodème et al. [15],
[14]. See [13] for other applications. The main idea here is
that P[Sn = k] corresponds to the coefficient ofyk of the
polynomial µy · Pn−1

y · 1. This is because the coefficient in
column-v of µy ·Pn−1

y is a polynomial in the variabley, and
the coefficient ofyk of this polynomial corresponds to the
probability that|{1 ≤ l ≤ n : XG

l ∈ T}| = k andXG
n = v.

II. M AIN RESULTS

Proposition 1.2 is limited to embeddings that are markovian.
However, when the infinite sequenceX is not produced by
a memoryless source, there is no warranty thatXG will be
markovian. This is because the markovianity ofXG depends
on an affinity between the probabilistic model ofX and



the automatonG where the infinite sequence of symbols is
embedded into. In this extended abstract we consider the
following questions: (i)what conditions on the automatonG
ensure thatXG is a first-order homogeneous Markov chain?,
(ii) is there an automatonG that recognizesL for which XG

is also markovian?, and (iii) what is the smallest state space
size automatonG that recognizesL for which the embedding
XG is markovian?

The first and second question are considered in Section II-
A. We emphasize that question (ii) could be answered using
the Markov automata proposed by Nicodème et al. in [14],
[15]. In here, we provide an alternative construction of this
automaton using a synchronization argument. The third ques-
tion is addressed in Section II-B. The discussion that follows is
part of an ongoing research project by the author as the above
questions are addressed only partially in this manuscript.

A. K-th order automata

For x ∈ A∗ definex(k) to be the longesty ∈ A≤k such that
x = ...y. Observe that in generalx = ...x(k). Furthermore, for
all x, y ∈ A∗, it applies that

x(k) = x ⇔ |x| ≤ k, (7)

(x(k)y)(k) = (xy)(k). (8)

We start our discussion by introducing a notion of memory
conveyed by the states inG.

Definition 2.1: (Memory-length.) Forv ∈ V , say thatv
conveys a memory-length of orderk if there exists aλ ∈ Ak

such that ifx ∈ A≥k andf(q, x) = v thenx = ...λ. We say
that G conveys a memory-length of orderk if every v ∈ V
conveys a memory-length of orderk.

It follows from the definition that every automaton conveys
a memory-length of order0. See the top of Figure 1 for an
example of an automaton that conveys a memory-length of
order1 but not of order2.

The appropriateness of the above definition in the context
of the Markov chain embedding technique is revealed by the
following result.

Proposition 2.2: If the automatonG conveys a memory-
length of orderk andX is ak-th order homogeneous Markov
chain then(XG

n )n≥k is a first-order homogeneous Markov
chain, with initial distribution and probability transition matrix
given, respectively, by the formulae

P(XG
k = v) =

∑
λ∈Ak

P(X1 · · ·Xk = λ) · [[f(q, λ) = v]], (9)

P(XG
n = v |XG

n−1 = u) =∑
α∈A

P(Xk+1 = α |Xk · · ·X1 = λ) · [[f(u, α) = v]], (10)

where the stringλ in (10) is the one associated with the
memory-length ofu according to Definition 2.1.

Proof: Formula (9) is direct. To show the markovian
property aboutXG, let n > k and v1, . . . , vn ∈ V . We
determine the probability of the event[XG

n = vn]∩B, where
B = [XG

n−1 = vn−1, . . . , X
G
1 = v1]. For this observe that

B ⊂ [f(q, X1 · · ·Xn−1) = vn−1]. In particular, sinceG
conveys a memory-length of orderk, there existsλn−1 ∈ Ak

such thatB ⊂ [Xn−1 · · ·Xn−k = λn−1]. As a result, using
that B ∈ σ(X1, . . . , Xn−1) and that X is a k-th order
homogeneous Markov chain, we obtain that

P([XG
n = vn] ∩B)

= P(B) · P(XG
n = vn |B),

= P(B) · P(f(vn−1, Xn) = vn

|B ∩ [Xn−1 · · ·Xn−k = λn−1]),

= P(B) ·
∑
α

P(Xk+1 = α |Xk · · ·X1 = λn−1),

where the indices in the above summation are restricted to
thoseα ∈ A such thatf(vn−1, α) = vn. Since the summation
on the right-hand side above can be regarded as a function of
(vn−1, vn) that does not depend onn, the above shows that
XG is a first-order homogenous Markov chain forn ≥ k.
Formula (10) is now immediate from the above identity.

Proposition 2.2 answers question (i). We may now rephrase
question (ii) as follows:are there automata that recognize the
regular languageL however convey arbitrarily large memory
lengths?We answer this question positively. The construction
we propose is based on the combinatorial concept ofde Bruijn
graphwhich we restate next but in the framework of automata
theory. (See [14] for an essentially equivalent construction to
the automaton we propose in here.)

Definition 2.3: (de Bruijn automaton.) The de Bruijn au-
tomaton of orderk is the automatondBk = (A≤k,A, g, ε,Ak)
with transition functiong : A≤k ×A∗ → A≤k defined as

g(λ, x) := (λx)(k). (11)

Observe thatg satisfies the fundamental properties described
in (3)–(4) due to (7)–(8). In particular,dBk is a well-posed
automaton. Before addressing question (ii) we introduce one
more automaton.

Definition 2.4: (k-th order automaton.) Thek-th order
automaton associated withG is the automatonGk =
(Vk,A, fk, qk, Tk), where Vk := A≤k × V , qk := (ε, q),
Tk := Ak × T , and fk : Vk × A∗ → Vk is the transition
function defined as

fk((λ, v), x) := (g(λ, x), f(v, x)) = ((λx)(k), f(v, x)). (12)

(As a side remark we notice thatGk = dB × G, where×
is the product operation between automata. See [11], [20] to
follow up on the concept of product automata). The above
automaton is well-posed as the consistency properties ofg
and f are inherited byfk. Indeed, for all(λ, v) ∈ Vk and
x, y ∈ A∗, it applies that

fk(fk((λ, v), x), y) = fk((g(λ, x), f(v, x)), y),
= (g(g(λ, x), y), f(f(v, x), y)),
= (g(λ, xy), f(v, xy)),
= fk((λ, v), xy).



The positive answer to question (ii) is finally conveyed by
the following result.

Proposition 2.5: If G is a deterministic finite automaton
that recognizes the regular languageL then Gk conveys a
memory-length of orderk and it recognizes the language
(A≥k ∩ L).

Proof: To see thatGk recognizes(A≥k ∩ L), consider
x ∈ A∗ such that fk(qk, x) ∈ Tk. Since fk(qk, x) =
(x(k), f(q, x)) andTk = Ak×T , this is equivalent to say that
x(k) ∈ Ak andf(q, x) ∈ T . In particular,|x| ≥ k andx ∈ L
i.e. x ∈ (A≥k ∩ L). Therefore,Gk recognizes(A≥k ∩ L).
On the other hand, to show thatGk conveys a memory-length
of order k, consider(λ, v) ∈ Vk and suppose thatx ∈ A≥k

is such thatfk(qk, x) = (λ, v). Then x(k) = λ, but since
|x| ≥ k, we conclude thatx = ...λ with |λ| = k. Sinceλ does
not depend onx, (λ, v) conveys a memory-length of orderk.
In particular, so doesGk.

1 23 45

(ǫ,1) (a,2)(b,3)(a,5) (b,4)

(ǫ,1) (a,2)(b,3)

(aa,2)

(ab,4) (bb,4)

(ba,2)

(ab,3)

(aa,5) (ba,5)

(bb,3)

ab

a

b

a

b

a

b

a

b

ab

a

b

a

b

a

b

a

b

ab

a

b

a

b
b

a

a

b

b

a

a

b

a

b

a

b

a

b

a

b

1

Fig. 1. Top, visual representation of automatonG that recognizes
the pattern of all strings constructed with the charactersa andb that
have an equal number of occurrences of the patternsab and ba as
substrings. State1 is the initial state. States 1, 2 and 3 are terminal
states. According to Definition 2.1,G conveys a memory-length of
order1 but not of order2. Middle, visual representation of the first-
order automatonG1 associated with the automatonG represented on
top. Only states that are accessible from the initial state are displayed.
State(ε, 1) is the initial state. States(a, 2) and (b, 3) are terminal
states. According to Proposition 2.5,G1 conveys a memory-length of
order 1 and recognizes all non-empty strings with an equal number
of occurrences of the patternsab andba as substrings. Bottom, visual
representation of the second-order automatonG2 associated withG.
Only states that are accessible from the initial state are displayed.
State (ε, 1) is the initial state. States(aa, 2), (ba, 2), (ab, 3) and
(bb, 3) are terminal states. According to Proposition 2.5,G2 conveys
a memory-length of order 2 and recognizes all strings of length at
least two that have an equal number of occurrences of the patterns
ab andba as substrings.

B. Minimality

According to the Mihill-Nerode theorem [11], there exists
a unique automatonM that recognizesL and has the smallest
possible number of states. (Here uniqueness is to be interpreted
up to automata isomorphisms i.e. one-to-one transformations
between state spaces that preserve initial and terminal states as
well as transitions between states.) However, when confronted
with a k-th order homogeneous Makov chainX, there is no
warranty that the embeddingXM will turn out to be a first-
order homogeneous Markov chain. The goal of this section is
to characterize the smallest possible state space size Markov
chain that can be used to study the sooner-time or count
statistics ofL in the context of Markov models. In what
follows, we reserve the scripts(U,A, δ, m, F ) to refer toM .
Our main result is the following one.

Theorem 2.6:If M is the minimal automaton that rec-
ognizesL and G = (V,A, f, q, T ) is any automaton that
recognizesL that conveys a memory-length of orderk then
|f(q,A≥k)| ≥ |δk(mk,A≥k)|.

Above Mk is thek-th order automaton associated withM .
In particular, mk is the initial state ofMk and δk is the
transition function ofMk. Theorem 2.6 asserts that the number
of states inG accessible fromq using words of length at least
k is as least as large as the number of states inMk that are
accessible frommk also using words of length at leastk. Since
the states inf(q,A≥k) are all the states that(XG

n )n≥k could
ever visit, the following result follows.

Corollary 2.7: If M is the minimal automaton that rec-
ognizesL then, for all automatonG that recognizesL and
conveys a memory-length of orderk, there exists ak-th order
homogeneous Markov chainX with state spaceA for which
the state space of(XG

n )n≥k is at least as large as that of
(XMk

n )n≥k.
To fix ideas consider the automatonG on the top of

Figure 1. This is the minimal automaton that recognizes
the regular patternL of binary strings that have an equal
number of occurrences ofab andba as substrings. According
to the above discussion, ifX is a 2-nd order homogeneous
Markov chain of {a, b}-valued random variables such that
0 < P(Xn = a | Xn−1Xn−2 = λ) < 1, for all λ ∈ {a, b}2,
then the state space(XG

n )n≥k — whereG is any automaton
that recognizesL and conveys a memory-length of order2
— will have at least 8 states (corresponding to the set of states
{(aa, 2), (ab, 4), (bb, 4), (ba, 2), (ba, 5), (aa, 5), (ab, 3), (bb, 3)}
of the automaton at the bottom of Figure 1).

The proof of Theorem 2.6 follows closely the construction
of the minimal automaton that recognizesL provided by the
Mihill-Nerode Theorem. Indeed, following the lines of the
proof of this theorem in [11], consider inA≥k the equivalence
relations

xRLy ⇔ (∀z ∈ A∗) : (xz ∈ L ⇔ yz ∈ L)
andx(k) = y(k);

xRGy ⇔ f(q, x) = f(q, y) andx(k) = y(k).



The number of equivalence classes ofRL andRG are respec-
tively denoted|RL| and |RG|. Furthermore, in what follows,
a relation overA≥k is thought of as a set whose elements are
the equivalent classes of the relation. Theorem 2.6 is almost
a direct consequence of the following intermediate result.

Lemma 2.8:The following applies:

(a) RL = RMk .
(b) If G recognizesL then |RL| ≤ |RG|.
(c) If G conveys a memory-length of orderk then

|RG| = |f(q,A≥k)|.

Proof: To show (a) considerx, y ∈ A≥k. Notice that

xRMky ⇔ x(k) = y(k) andδ(m,x) = δ(m, y). (13)

In particular, if xRMky then, according to (4), the following
logic equivalences hold for allz ∈ A∗:

xz ∈ L ⇔ δ(m,xz) ∈ T

⇔ δ(δ(m,x), z) ∈ T

⇔ δ(δ(m, y), z) ∈ T

⇔ δ(m, yz) ∈ T

⇔ yz ∈ L. (14)

As a result,xRMky implies xRLy. To show the converse,
we see from (13) that it is enough to verify thatxRLy
implies δ(m,x) = δ(m, y). For this we appeal to the Mihill-
Nerode theorem which asserts that up to an isomorphism
M = (U,A, δ, m, F ), whereU is the set of equivalence classes
of RL when regarded as a relation overA∗. Furthermore, if[x]
denotes the equivalence class ofx ∈ A∗, thenm = [ε], F =
{[x] : x ∈ L} and, for allx ∈ A∗ andα ∈ A, δ([x], α) = [xα].
Thus suppose thatx, y ∈ A≥k andxRLy. Then, in particular,
[x] = [y] but thenδ(m,x) = [x] = [y] = δ(m, y). Hence
xRMky. This completes the proof of part (a).

To prove (b) it is enough to show thatRG is a refinement of
RL i.e. thatxRGy impliesxRLy. Indeed, sincexRGy implies
thatf(q, x) = f(q, y), it follows from the same argument used
in (14) that for allz ∈ A∗, xz ∈ L if and only if yz ∈ L.
HencexRLy and this shows (b).

To verify (c), consider the transformationΦ : RG →
f(q,A≥k) defined asΦ(E) := f(q, x), for x ∈ E ∈ RG.
Observe thatΦ(E) is uniquely defined because ifx, y ∈
E ∈ RG then, in particular,f(q, x) = f(q, y). Furthermore,
Φ(E) ∈ f(q,A≥k) becauseRG is an equivalence relation in
A≥k. To demonstrate (c) we show thatΦ is a bijection. First
we show thatΦ is one-to-one. Indeed, ifE1, E2 ∈ RG are
such thatΦ(E1) = Φ(E2) then f(q, x1) = f(q, x2), for all
x1 ∈ E1 and x2 ∈ E2. SinceG conveys a memory-length
of order k and |x1|, |x2| ≥ k, it follows that x1(k) = x2(k).
Thereforex1R

Gx2, in particular,E1 = E2. This shows thatΦ
is one-to-one. Finally, to verify thatΦ is surjective, consider
v ∈ f(q,A≥k). In particular, there existsx ∈ A≥k such that
v = f(q, x). SinceRG is an equivalence class inA≥k, there
existsE ∈ RG such thatx ∈ E. SinceΦ(E) = v, it follows

that Φ is surjective and this completes the proof of part (c).

The proof of Theorem 2.6 goes as follows. IfG is any
automaton that recognizesL and conveys a memory-length
of order k, it follows from the above lemma that|RMk | ≤
|f(q,A≥k)|. Since, according to Proposition 2.5,Mk conveys
a memory-length of orderk, part (c) above implies that
|RMk | = |δk(mk,A≥k)| and the theorem follows.
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