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Abstract—The Markov chain embedding technique is com- as
monly used to study the distribution of statistics associated

with regular patterns (i.e. set of strings described by a regular 7 = min{n>1:Xy---X,, € L}, Q)
expression) in random strings. In this extended abstract, we n
formalize the concept Markov chain embedding for random S, = Z[[Xr"Xi € L], 2)

strings produced by a possibly non-stationary Markov source.
A notion of memory conveyed by the states of a deterministic
finite automaton is introduced. This notion is used to characterize for n > 1. Above [-] denotes the Iverson's bracket i.e. a

the smallest state-space size Markov chain required to specify the quantity defined to be 1 whenever the statement within the
dlstrlbutlon of the count statistic of a given regl_JIar pattern. The brackets is true, and O otherwise.

research finds applications in problems associated with regular ) . . .

patterns in random strings that demand exponentially large state 10 fix some ideas regarding the above definitionsyiebe a
spaces. given pattern (e.g. a finite set of strings) and defihe A*W

i.e. L is the set of all strings of the formw, with z € A*
andw € W. The sooner-statistic then corresponds to the

We first introduce some general notation and terminologgmallestn such thatX; --- X,, has a suffix inW. On the
In what follows A denotes a finite set (of characters) calledther hand, ifW is areduced set of stringf.e. no string in
the alphabet The set of all words obtained by concatenatingyV is a substring of another string ¥V) thenS,, corresponds
a finite number of characters id is denotedA*. Elements to the total number of (possibly overlapping) substrings of
in A* are usually callecstrings The lengthof a stringz is  X; --- X,, that belong toV.
the number of characters that form it and it is denofed Although our discussion will be specialized to the so called
By definition theempty string(denoted ag) is an element of Markov models of random strings and regular patterns, for
A* and it is the only string of length zero. We defige™ := the sake of completeness we describe briefly other settings
AN\ {e}. considered in the literature. The simplest probabilistic model

If z¢,...,2, € A* then z;---z, denotes the word for X is the so callednemoryless modéh which X, X5, ...
obtained by concatenating (from left to right) the string®rm ani.i.d. sequence [1], [8], [10], [12]. Among the simplest
x1,...,T,. (For small values ofi such asn = 2 we write models of random strings that convey a correlation structure,
r12o instead ofzxy ---x5.) Forx,y € A* we write x = y... one finds Markov models[14], [15], [17], [18] and more
to mean that there is a string (possibly empty) such that generallyhidden Markov modelgl9]. At the highest level of
x = yw. Similarly, we writexz = ...y to mean thatr = wy generality (that is analytically tractable) one findgnamical
for some stringw. We say thaty is asubstringof = provided models[3], [4]. In this case, for eaclh > 1, the distribution
that there are strings); and w- (possibly empty) such that of X,,.; may depend on all the variables,, ..., X,,.

T = wWiYws. The simplest type of patterns considered in the literature
For the remaining of this manuscript> 0 is a fixed integer arecompound patternsThis term is used to refer to a pattern
parameter. We defind® := AS* N A2F, whereASF .= {x € consisting of a finite number of strings. However, these types

A* |z <k} and AZF = {z € A* : |x| > k}. of patterns are just particular casesrefjular patterns[11],

We are interested in the occurrence and frequency of pf20]. Broadly speaking, a pattern is said to tegular if it
terns in random strings. Aattern (also calledlanguage is can be described by a regular expression over the alphabet
by definition is any subset ofi*. We model arandom string characters of the type used by computer scientists. According
of length! as X - -- X;, whereX = (X,,),>1 is a sequence to Kleene’s and the Rabin-Scott theorem [11], [20], a pattern
of A-valued random variables defined on a certain probabilityregularif and only if it corresponds to the pattern recognized
space(Q2, F,P). Much of the literature of patterns in randomby a certain deterministic finite automaton. deterministic
strings is devoted to the understanding of the distribution @hite automator(in short, automaton) is &tuple of the form
the sooner-timeand count-statisticsassociated with a given G = (V, A, f,q,T), whereV is a non-empty set (calleset
patternL. These are the random variables respectively definetistate}, ¢ € V is a unique distinct state (called thmitial

i=1
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stat§, andT C V is a distinguishable set of states (called If X is produced by a memoryless source th& is
set of terminal statgs The termf : V x A* — V is a clearly a first-order homogeneous Markov chain. This last
function (called thdransition function that must satisfies the feature is very useful to determine the moment generating

fundamental properties function associated with the joint distribution of the sooner-
times and count-statistics of several regular patterns [13].

flo,e) = v () However, regardiess of the probabilistic nature Xt the

fv,zy) = f(f(v,2),9), (4) following result applies — in general — as long & turns

out to be a first-order homogeneous Markov chain.
Proposition 1.2:(Generating functions associated with
I}gquovian embeddings.) Assume thaf“ is a first-order
homogeneous Markov chain. If. denotes the row-vector
associated with the initial distribution o¥“ and P denotes
the probability transition matrix of{“ then the following

for all v € V andx,y € A*. The pattern recognized by is
the set{z € A*: f(q,x) € T'}.

Automata are usually represented as directed graphs with
beled edgesan arrow labeled with the character connecting
a stateu with a statev is drawn provided thatf (u,«) = v
(See the top of Figure 1 for an example.)

applies.
A. The Markov chain embedding technique. (@) Letu_ be the vectop but with all entries associated with
For the remaining of this manuscrigt = (V, A, f,¢,T) is T rempved. Similarly, letP_ be the matrix obtained_by
an automaton and is the regular pattern recognized &y We removing all rows and columns associated with Fi-

also specialize to the case of Makov models of random strings. nally, letp_ be the column-vector obtained by removing
By this we mean thakX is a k-th order homogeneous Markov all rows associated witll" from the vector obtained by
chain. If k = 0 this means thafX;, X,, ... is a sequence of adding up all the columns i associated with". If I
i.i.d. random variables. In this case we talk more specifically is the identity matrix then

about amemoryless modeDtherwise, fork > 0 this means o0
that for alln > k anday, . . ., ay, € A, S Plr=na" =2 p_-(I-z-P_)"'-p_. (5)
n=2
PlXn = an | Xpo1 = an1,, Xo = (b) Let u, be the row-vector obtained by multiplying by
=PXps1 =an | Xk =an_1,..., X1 = ani]. a marker-variable, all the entries iny associated with

states inT. Similarly, let P, be the matrix obtained by
multyplying byy the columns ofP associated with states
in T'. If T is the identity matrix and. is a column-vector

of ones then

Since the right-hand side above does not really depend, on
the above is equivalent to say thgtX,, 1, ..., Xn1k))n>o0
is a first-order homogeneous Markov chain with state space
AP (in the sense used by most introductory probability text-
books [5], [6]). > " _

The Markov chain embedding technique is a well estab- Z PSy = Kla"y* =z ppy - (I—2-P,) " -1 (6)
lished technique use to understand the distribution of the n=1k=0

o . .. "|dentity (5) is equivalent to hav@[r = n] = u_-P" 2.p_,
statistics in (1) and (2) as well as other statistics assoc@f%(rl all n > 2. This last identity follows from elementary results

with £ and X (e.g. the distance between two non-overlappmgn homogeneous Markov chains after taking into account the
and consecutive occurrences of a pattern [16]). The termf(')?lowing two observations: (i) the entry in columnef .
attributed to Fu and Koutras [7] however the technique €32 i the probability thé.t{XG X6 YT = (Z)Ma_nd
be traced back to the work of Gerber and Li [8] and othef,, v, and (ii) the entry in ;07\/;& .o7f niils the probability
authors [1], [2]. A major generalization of this technique i%g{;{(} E,T given thatX¢ | — p-
i i it i n n—1 "
due to Nicoéme et al. [15], [14] who formalized it in the On the other hand, identity (6) follows bytensfer matrix
context of regular patterns as opposed to compound or other

special (yet still regular) patterns. See [13] for a self-containeg thodargument [9]. The use of this method in the context

discussion of the Markov chain embedding technique. O pattern statistics was introduced by Nieooe et al. [15],

Broadly speaking, the Markov chain embedding techniqLElA']' See [13] for other applications. The main idea here is

o . T ﬁatIP’[Sn = k] corresponds to the coefficient gf' of the

consists in transforming a random string.tf into a random ; -1 o - :

. . ._.polynomial p,, - P}~" - 1. This is because the coefficient in
string in V*, whereV is the state space of an appropriat Y1 o .

) columnw of u, - P~" is a polynomial in the variablg, and

automaton (that usually recognizes the regular pattern . v, . :
. . o . the coefficient ofy” of this polynomial corresponds to the
interest). The following definition [13] conceptualizes the tech—robabilit that|{1 <1 <n: XS € T}| — k and X&
nigue in a probabilistic framework as used by most authord’ y SR n =

Definition 1.1: (Automata embeddings.) The embedding of Il. MAIN RESULTS

i H G _ G i .. e . . .
X in G is the processX™ = (X;)n>1 With state space  propgsition 1.2 is limited to embeddings that are markovian.

flgAY) = {f(g,z) : = € A'} C V, where X7 = However, when the infinite sequencé is not produced by

fg, X1 --- X,,). In particular, due to (4), it applies for all 3 memoryless source, there is no warranty that will be

n > 2 that G o markovian. This is because the markovianityf depends
X = (X0, Xn). on an affinity between the probabilistic model &f and



the automatorG where the infinite sequence of symbols i3 C [f(¢, X1 - Xn-1) = v,—1]. In particular, sinceG
embedded into. In this extended abstract we consider th@nveys a memory-length of ordér there exists\,,_; € A*
following questions: (ijwhat conditions on the automatd® such thatB C [X,,_1--- X,,_x = A\,—_1]. As a result, using
ensure thatX @ is a first-order homogeneous Markov chajn?that B € o(Xy,..., X, 1) and that X is a k-th order
(i) is there an automatol that recognize<C for which X¢ homogeneous Markov chain, we obtain that

is also markovian?and (iii) what is the smallest state space

G
size automatords that recognizes for which the embedding P([X, = va] N B)
X is markovian? = P(B)-P(X{ =w,|B),
The first and second question are considered in Section II- — P(B) - P(f(vn_1,Xn) = vn

A. We emphasize that question (ii) could be answered using
the Markov automata proposed by Niéwde et al. in [14],
[15]. In here, we provide an alternative construction of this = P(B)- Y P(Xiy1 =a|Xp-- X1 = Aoo1),
automaton using a synchronization argument. The third ques- o
tion is addressed in Section II-B. The discussion that followsghere the indices in the above summation are restricted to
part of an ongoing research project by the author as the abavesea € A such thatf(v,_1, @) = v,. Since the summation
guestions are addressed only partially in this manuscript. on the right-hand side above can be regarded as a function of
(vn—1,v,) that does not depend om the above shows that
X is a first-order homogenous Markov chain for> k.
Forz € A* definex ) to be the longesy € A=* such that Formula (10) is now immediate from the above identitym
= ...y. Observe that in general= ...z(x). Furthermore, for  Proposition 2.2 answers question (i). We may now rephrase
all z,y € A*, it applies that question (ii) as followsare there automata that recognize the
regular languagel however convey arbitrarily large memory
lengths?We answer this question positively. The construction
Ewyw = (@Yw- ®) we propose is based on the combinatorial concepiedBruijn
%{aph which we restate next but in the framework of automata
conveyed by the states i. eory. (See [14] for an essentially equivalent construction to

Definition 2.1: (Memory-length.) Foru € V, say thaty "€ automaton we propose in here.) )
conveys a memory-length of ordérif there exists a\ € A* Definition 2.3: (de Bruijn automaton.) The de Bruijn au-
Sk _ _ tomaton of ordek: is the automatod B, = (ASF, A, g, ¢, A¥)
such that ifx € A=* and f(q,x) = v thenz = ..\. We say “h N 2 )
that G conveys a memory-length of ordérif every v ¢ v With transition functiong : A=" x A* — A=" defined as
conveys a memory-length of ordér g\ z) == (M) (11)
It follows from the definition that every automaton conveys T (k)
a memory-length of orded. See the top of Figure 1 for angq
example of an automaton that conveys a memory-length |RP
order1 but not of order2.
The appropriateness of the above definition in the cont aLtgomaton Before addressing question (ii) we introduce one
X ) ) ) re automaton.
?f”the. MarkovI chain embedding technique is revealed by theDeflnltlon 2.4: (k-th order automaton.) Thek-th order
0F?rvc\:lp?c?sirtiec;c’rllJ ; 2:1f the automatonG conveys a memory automaton associated witity Is the automatonGi =
e "V Ty), where Vj, = ASF x V, =
length of orderk and X is ak-th order homogeneous Markov( k’f ﬁ“ quTk)and f y AT x U (&,4)
chain then(XG)n>k is a first-order homogeneous Markov F
functlon defined as
chain, with initial distribution and probability transition matrix

|BO[Xnot - Xk = Anoa]),

A. K-th order automata

T =r & || <k, (7

We start our discussion by introducing a notion of memo

serve thay satisfies the fundamental properties described
(3)-(4) due to (7)—(8). In particularlB), is a well-posed

: Vi, x A* — V,, is the transition

given, respectively, by the formulae fe((\ ), @) = (g(\, @), fv,2) = (Ax) 1y, f (v, @)). (12)
Xy =v) ka X Xp =) [flg,A) =], (9) (As a side remark we notice that, = dB x G, where x
o C’;EA is the product operation between automata. See [11], [20] to
PX, =v| X, =u) = follow up on the concept of product automata). The above
Z P(Xpi1=oa|Xp-- X1 =N - [f(u,a) = 0], (10) automaton_is wgll—posed as the consistency propertieg of
acA and f are inherited byf,. Indeed, for all(A\,v) € V} and

where the string\ in (10) is the one associated with the®>¥ € A" it applies that

memory-length ofu according to Definition 2.1. _
Proof: Formula (9) is direct. To show the markovian fil (A ), 2), ) Inl
property aboutX®, let n > k andwvy,...,v, € V. We (
determine the probability of the evepX ¢ = vn] N B, where =
B=[X%, =uv,1,...,XF = v]. For this observe that = fi

(9N ), f(v,2)),y),
g\ z),y), f(f(v,2),9)),
Azy), fv,zy)),

(A v), zy).



The positive answer to question (ii) is finally conveyed b. Minimality
the following result. ) o )
Proposition 2.5:1f G is a deterministic finite automaton According to the Mihill-Nerode theorem [11], there exists
that recognizes the regular languagethen G, conveys a a unique automaton/ that recognize£ and has the smallest

memory-length of order: and it recognizes the IanguageOOSSible number.of states._ (Herg unigueness is to be interpreted
(AZk N L), up to automata isomorphisms i.e. one-to-one transformations

between state spaces that preserve initial and terminal states as
well as transitions between states.) However, when confronted
(@@, F(g,2)) and Ty = AF x T, this is equivalent to say tha,[W|th a k-th order homogeneous Makov chal, there is no

LA et

2 € A" and f(g,x) € T. In particular,z| > k andz € £ warranty that the embedding YVI|| turn out to be_ a fII’S.t .

ie.z € (A% N ). Therefore,G), recognizes(A>* N L£). order homogeneous Markov chain. The goal of this section is
: h to characterize the smallest possible state space size Markov

of order k, consider(), v) € Vi and suppose that ¢ A>* chain that can be used to study the sooner-time or count
is such tﬁatfk(qk. z) _ (A U)" Then z;) = A, but since statistics of £ in the context of Markov models. In what

|x| > k, we conclude that = ...\ with |A\| = k. SinceX does foIIows,_we reserve the scrip(sU, A, 8,m, F) to refer to M.
not depend orx, (A, v) conveys a memory-length of ordér Our main result is the following one.

Proof: To see thaiG}. recognizes.A=* N L), consider
x € A* such that fy(qr,z) € Tg. Since fi(qx,z) =

On the other hand, to show th&, conveys a memory-lengt

In particular, so doesy,. m Theorem 2.6:1f M is the minimal automaton that rec-
ognizesL and G = (V, A, f,q,T) is any automaton that
. . recognizesC that conveys a memory-length of orderthen
() 170, AZ9)] 2 |6, A7)

()
@;\a@;@;@\;@ Above Mj, is the k-th order automaton associated witt.
b b
b U b

U In particular, my is the initial state of M and §; is the

transition function ofd/,. Theorem 2.6 asserts that the number

of states inGG accessible frong using words of length at least
N N k is as least as large as the number of statesd/jnthat are
' N . . accessible fromn;, also using words of length at ledstSince
@@ > @ 2 @@ the states ir]f(q,AZk_) are all the states thatX¢'),,>, could
b ‘ b ‘ ever visit, the following result follows.
b b

Corollary 2.7: If M is the minimal automaton that rec-
ognhizesL then, for all automatorG that recognizesC and

a a conveys a memory-length of ordgr there exists &-th order
homogeneous Markov chaill with state spaced for which
(aa,5) Jo{ (ba,5) (an,2) @ the state space ofX$),> is at least as large as that of
b ‘\a b a a/v b (X',]L\/Ik)n>k-
b a b a .. .
»//' / @ \ ;//' To fix ideas consider the automatad on the top of
b b

Figure 1. This is the minimal automaton that recognizes
the regular patternC of binary strings that have an equal
number of occurrences ab andba as substrings. According

, . . . to the above discussion, X is a 2-nd order homogeneous
Fig. 1. Top, visual representation of automatéhthat recognizes

the pattern of all strings constructed with the characteand b that Markov chain of {a, b}-valued random variables SUChzthat
have an equal number of occurrences of the pattetnandba as 0 < P(Xy, =a| Xp1X,2 =)) <1, for all A € {a, b},
substrings. Staté is the initial state. States 1, 2 and 3 are termindhen the state Spa({e’(S)nZk — whereG is any automaton
states. According to Definition 2.17 conveys a memory-length of that recognizesC and conveys a memory-length of order
order1 but not of order2. Middle, visual representation of the first-__ will have at least 8 states (corresponding to the set of states

order automatoii7; associated with the automatehrepresented on
top. Only states that are accessible from the initial state are displayé%fm’ 2), (ab, 4), (bb, 4), (ba, 2), (ba, 5), (aa, 5), (ab, 3), (bb, 3)}
the automaton at the bottom of Figure 1).

State (¢, 1) is the initial state. Stategs, 2) and (b, 3) are terminal ©
states. According to Proposition 2(5; conveys a memory-length of ~ The proof of Theorem 2.6 follows closely the construction
order 1 and recognizes all non-empty strings with an equal numkg the minimal automaton that recognizésprovided by the

of occurrences of the patterns andba as substrings. Bottom,_wsual Mihill-Nerode Theorem. Indeed, following the lines of the
representation of the second-order automat@rassociated witlGy.

. . . R .
Only states that are accessible from the initial state are display®0Of Of this theorem in [11], consider iA=" the equivalence
State (¢, 1) is the initial state. Stategaa,2), (ba,2), (ab,3) and relations

(bb, 3) are terminal states. According to Proposition 235, conveys

a memory-length of order 2 and recognizes all strings of length at L ®\ L

least two that have an equal number of occurrences of the patterns eR7y & (VzeA):(mzeleyzel)

ab andba as substrings. andx ) = ye);

eR% <  f(q,2) = f(g,y) andz gy = y).

( (ab,3) >_>b (bb,3)

b



The number of equivalence classesRf and R® are respec- that ® is surjective and this completes the proof of part (c).

tively denoted|R*| and|R“|. Furthermore, in what follows,

a relation overd=* is thought of as a set whose elements are The proof of Theorem 2.6 goes as follows. @f is any
the equivalent classes of the relation. Theorem 2.6 is almasitomaton that recognize8 and conveys a memory-length
a direct consequence of the following intermediate result. of order k, it follows from the above lemma thafzMx| <

Lemma 2.8:The following applies:
(@) R = RMx,
(b) If G recognizes then|R*| < |RY|.
(c) If G conveys a memory-length of ordérthen

|RE| = 1f(a, A=")].

|f(q, A=¥)|. Since, according to Proposition 25, conveys
a memory-length of ordek, part (c) above implies that
|RMx| = |63 (mg, AZ*)| and the theorem follows.
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Proof: To show (a) consider,y € A=*. Notice that

sRMby & 23 = yuy andé(m, z) = 5(m, y). (13)
[1]
In particular, if zR*y then, according to (4), the following

logic equivalences hold for alf € A*: 2]

rz€e L &

( 3]
< 6(6(
(

& 6 (4]

54

- [5]

(14) o]
As a result,zRMry implies 2R“y. To show the converse, 7]
we see from (13) that it is enough to verify thatR‘y
implies 6(m, z) = 6(m, ). For this we appeal to the Mihill- &
Nerode theorem which asserts that up to an isomorphism
M = (U, A, é,m,F),whereU is the set of equivalence classes[9]
of R when regarded as a relation ovét. Furthermore, ifz]
denotes the equivalence classaofE A*, thenm = [¢], F =
{[z] : € L} and, for allz € A* anda € A, §([z], a) = [za].
Thus suppose that,y € AZ* andzR*y. Then, in particular,
[x] = [y] but thend(m,z) = [z] = [y] = d(m,y). Hence
xRMry. This completes the proof of part (a).

To prove (b) it is enough to show th&C is a refinement of 12
R* i.e. thatz Ry implieszR*y. Indeed, since Ry implies  [14]
that f (¢, ) = f(q,y), it follows from the same argument used
in (14) that for allz € A*, zz € £ if and only if yz € L.
Hencexz Ry and this shows (b).

To verify (c), consider the transformatio® : R —
f(q, AZF) defined as®(E) := f(q,z), for x € E € RC,
Observe that®(FE) is uniquely defined because if,y €
E € R€ then, in particular,f(q,z) = f(q,y). Furthermore,
®(E) € f(g, A=) becauseRC is an equivalence relation in!
A=*. To demonstrate (c) we show thétis a bijection. First [19]
we show that® is one-to-one. Indeed, if;, F, € RC are
such that®(E;) = ®(E2) then f(¢,z1) = f(g,z2), for all
x1 € Fp andxy € E,. SinceG conveys a memory-length
of orderk and |x,|, |z2| > k, it follows thatzy ) = 22(s).
Thereforex; R¢ z,, in particular,E; = E5. This shows thaf®
is one-to-one. Finally, to verify thab is surjective, consider
v € f(q, AZ*). In particular, there exists € A=* such that
f(q, ). Since R¢ is an equivalence class iA=*, there
exists E € R® such thatr € E. Since®(E) = v, it follows

(20]
(11]

(12]

(15]
(16]

(17]

(20]

theory.
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