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Abstract— Suppose we have a directed graph G with set
of nodes V = {1,...,N} and a measure z; for every node
i € V. The average consensus problem consists in computing
the average z4 = N ! > ;x; in an iterative way, exchanging
information among nodes exclusively along the available edges
in G. This problem appears in a number of different contexts
since the 80’s (decentralized computation, load balancing, clock
syncronization) and, recently, has attracted much attention for
possible applications to sensor networks (data fusion problems)
and to coordinated control for mobile autonomous agents. Several
algorithms for average consensus can be found in the literature:
they differentiate on the basis of the amount of communication
and computation they use, on their scalability with respect to
the number of nodes, on their adaptability to time-varying
graphs, and, finally, they can be deterministic or random. In this
presentation we will focus on random algorithms: we will review
some algorithms present in the literature and we will propose
some new ones. We will present some performance results which
will allow to make some comparison. Finally, we will establish
some probabilistic concentration results which will give a stronger
significance to previous results.

I. INTRODUCTION

Suppose we have a (directed) graph G with set of nodes
V ={1,..., N} and a measure x; for every node i € V. The
average consensus problem consists in computing the average
xqg = N1 >, @i in an iterative distributed way, exchang-
ing information among nodes exclusively along the available
edges in G. This problem appears in a number of different
contexts since the early 80’s (decentralized computation [1],
load balancing [2], [3], [4]) and, recently, has attracted much
attention for possible applications to sensor networks (data
fusion problems [5], [6], [7], [8], [9], clock syncronization
[10]) and to coordinated control for mobile autonomous agents
[11], [12], [13], [14], [15], [16], [17]. Other places where
consensus algorithms have been studied in general are [18],
(191, [201, [21], [22], [23]

Several algorithms for average consensus can be found in
the literature: they differentiate on the basis of the amount of
communication and computation they use, on their scalability
with respect to the number of nodes, on their adaptability to
time-varying graphs, and, finally, they can be deterministic or
random.

We now briefly review two of the possible applications of
average consensus, to better understand which are the impor-
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tant issues of this problem. In load balancing the nodes can
be thought as identical processors, computers, and the edges
as physical connections among themselves. The corresponding
communication graph presents in general some nice symmetry
(e.g. a line, a ring, a torus, a hypercube, etc...) and also a
symmetry with respect to communication exchange (if ¢ and
7 are connected by an edge, it means that ¢ can send data to j
and viceversa). In many situations the communication graph is
fixed. The measure x; at each node is in this case the amount
of tasks (all considered to be equal) which the processor i
has to accomplish. The idea is that, in order to speed up the
whole computation, processors should exchange tasks along
the available edges in order to equilibrate as much as possible
the tasks among the various processors. The natural goal is that
each processor will have at the end the same quantity of tasks
to work on namely a quantity of task close to the average
x 4. There are two different approaches to this problem. In
the first approach each processor evaluate the average x4
with an iterative consensus algorithm and afterwords, there
is a physical movements of tasks among processors. In the
second approach instead the movement of tasks is coupled to
the evolution of the iterative algorithm: this physical transfer
forces the iterative algorithm to be inherently symmetric with
respect to any pair of communicating processors.

In the context of sensor networks, nodes are sensors de-
ployed (often randomly) in some geographical area. They typ-
ically transmit in a wireless fashion and the common adapted
model is that they can communicate to the other sensors within
a distance R. The communication graph obtained in this case
is typically a random graph: a good model is the geometric
graph. The quantities z; they want to average can be in this
case some measurement all the sensors have done (e.g. a
temperature) and the averaging is done in order to increase
precision, by filtering out the noise. In other cases they may
want to average an internal state (e.g. cell charge) to obtain
aggregate information on the whole net.

One of the key points in these applications is that both
computation and transmission are time and energy consuming
tasks which have to be kept as low as possible. Also it
should be pointed out that in many practical applications a
node can not simultaneously receive data from two different
neighbor nodes (for instance collision can delete messages



in wireless environment) and in some applications it cannot
simultaneously transmit to more than a node (this happens
for instance for processors nets). Thus, even in case where
the communication graph is quite dense, algorithms should
take into considerations these fundamental limitations. This
fact makes the use of random algorithms quite appealing as it
turns out that they allow to achieve better performance than
deterministic ones with comparable complexity.

In the context of mobile autonomous agents instead, the
consensus problem often takes the form of the so called
rendez-vous problem: here x; represent the position of node
1 and the goal is to make physically the agents meet in
their centroid x,4. Mathematically, it appears as a similar
problem: while the agents increase their precision in the
evaluation of x4, they also move towards it. However, the
analogy is here a bit misleading. Indeed, a natural model
for the communication graph is the geometric one as for
sensor networks: each agent can only talk to the other agents
within a given distance. However, since the agents change
their position, their communication graph also changes: as
a consequence, the resulting dynamical system is in general
much more complicated. Except the studies in [24] where
the authors consider algorithms which deliberately prevent the
breaking of previous established communication edges, we
believe there does not exist rigorous mathematical analysis
of these models except for quite simplified scenarios where
the graph variation is decoupled from the dynamics.

For the purpose of our paper the applications context we
have in mind are those connected to sensor and computer
networks and not to mobile agents scenario.

Deterministic (time-invariant and time-varying) consensus
algorithms have been studied in many papers: starting from the
pioneering work [1], many variations can be found in above
cited literature. Most of papers study the same algorithm: every
node runs a first order linear dynamical system to update its
estimation and the systems are coupled through the available
communication edges. Different schemes (higher order, with
memory) however have shown up in the literature, see [4], [3],
[22]. The type of problem typically faces in the literature are:
necessary and sufficient conditions for convergence, speed of
convergence, optimization issues. On the other hand random
linear schemes have been studied for instance in [5], [21], [9]
under the name of gossip algorithms. In this case the evolution
matrix of the algorithm is changed randomly at every clock
step: convergence is now considered in a probabilistic sense
and performance is studied in mean square sense or in terms
of a sort of contraction time. The algorithms studied in the
literature assume symmetric communication graph and lead
in general to symmetric evolution matrices which preserve
the global average over time. Symmetry is fundamental in
certain applications as, fr instance, the second approach to
load balancing discussed above. However in other situations,
symmetry may not be so important and actually an undesirable
feature in situations where communications are asymmetric
(this happens for instance in sensor networks). Also the related
property of achieving exactly the average can be a bit relaxed:

in some situations it may be sufficient to converge to some
value sufficiently close to the average.

In this paper we will focus to random first order linear
consensus algorithms as in [21]. However, differently from
[21] we will not focus exclusively on average consensus: we
will consider more general consensus algorithms which do not
converge to the average, but, under certain circumstances, to
some good approximation of it. In this paper we will focus on
three examples. The first one is the symmetric gossip model
studied in [21]: at each clock step, a communication edge is
randomly chosen and the two nodes average their estimations
of the average. This algorithm clearly needs symmetric links
and maintain the global average. The second model is what
we called in-gossip: at each time step, each node receives
data from one randomly chosen neighbor and perform the
average. In this case symmetric communication is not needed.
However it does not preserve the global average. Finally, the
third proposed model is a sort of broadcasting one: at each
time step a randomly chosen node activates and sends its data
to all its neighbors. As the in-gossip model, it is asymmetric
and does not preserve the global average.

For the various algorithms we propose a mean square
analysis. We first analyze the special case when the commu-
nication graph is the complete graph: in this case we obtain
complete results in term of speed of convergence and average
displacement which allow to make sensible comparison among
the three schemes.

We then pass to consider more general graphs. Here we
focus on the family of Abelian Cayley graphs which al-
ready contains some interesting graph architectures (ring,
torus, hypercube). We show that for such graphs analytical
computations of mean square quantities can in principle be
obtained. Results in this case are however only at a primitive
steps. We propose some numerical evaluations of the speed of
convergence in the case of a ring communication graph.

We then present a probabilistic concentration analysis which
shows how with probability one the behavior of our system
converges to the mean square analysis when the number of
nodes N — +oo while time ¢ remains fixed or is anyhow of
type t = o(N). This means that the mean square analysis is
meaningful in the scenario N >> t. Therefore our analysis is
particularly meaningful for large scale networks.

II. PROBLEM FORMULATION

A. Linear consensus algorithms

The iterative consensus algorithms we will study in this
paper consist of N coupled linear dynamical systems (as many
as the nodes)

N

zi(t+1) = Z P (t)z;(t)

Jj=1

i=1,...,N,

where x;(t) € R is the state of the i-th system at time ¢ and
P;;(t) € R coefficients which vary with the time ¢.
More compactly we can write

x(t+1) = P(t)z(t), (1)



where z(t) € RY and P(t) € RV*Y. The sequence P(t) is
said to achieve the consensus if the following conditions are
satisfied:

(a) If 2(0) € T then x(t) = 2(0) for every t € IN.

(b) For any z(0) € RY, there exists a scalar « such that

lim z(t) = al. (2)

t—oo
where 1 := (1,...,1)” and 7 is the subspace generated by 1.
Moreover, if a = N~11*z(0), we say that average consensus
is achieved.

In this paper we will assume to have statistical informa-
tion on the matrices P(t) and we will adopt a probabilistic
approach to the problem instead of a worst case analysis.

More precisely, in this paper we will assume that P(¢) is
a sequence of i.i.d. matrix valued random variables and x(t)
is the stochastic process which is the solution of the equation
(1). We say that the sequence P(t) achieves the probabilistic
consensus if condition (a) above holds while (b) is replaced
by
(b) For any z(0) € RY, there exists a scalar random

variable « such that, almost surely,
lim z(t) = al.

t—o0

3)

If « = N='1*2(0) almost surely, we talk about probabilistic
average COnsensus.

In this paper we will restrict to cases in which P(t) are
stochastic matrices: namely we assume that P(¢);; > 0 for
every ¢ and j and P(¢)1 = 1. Notice that condition (a) is then
clearly automatically satisfied. If, moreover, 1*P(t) = 1*, we
say that P(t) is doubly stochastic. In this case we have that
the average is invariant: 1*z(¢) = 1*z(0) for every ¢. Hence,
if (b) or (b’) holds, then automatically o = N~ 1*x(0).

Let

Q(t) = P(t—1)---P(0), 4)

so that we can write 2(t) = Q(¢)x(0). The random variable «
in (3) is a linear function of the initial condition x(0) so that
we can write & = p*x(0) for some random variable p taking
values in R™ and such that 1*p = 1. Therefore probabilistic
consensus can be equivalently expressed by saying that there
exists a random variable p taking values in RY such that

lim Q(r) = 1p* 5)
almost surely. Notice that 1p* is a matrix with all rows equal
to p*. p is called the random asymptotic weight associated
with P(t). We have probabilistic average consensus exactly
when p = N711.

B. Constraints on the algorithm: the communication graph

Given a matrix P of dimension N x N, we can consider
the directed graph Gp = (V, E) where V = {1,..., N} and
E CV xV is defined by

(jii)€E & Py #£0.

Gp is called the directed graph associated with P. If we use
a consensus algorithm P(t), we are assuming that at instant
t all communications along the edges of Gp(;) are feasible.
The amount of non zero elements in P(t) is thus a a measure
of the number of communications that simultaneously have to
take place in our network to implement such a scheme.

In many circumstances there is an a priori fixed communica-
tion skeleton, namely a fixed underlying directed graph G =
(V, E), establishing which are the feasible communications
among agents. We will say that the scheme P(t) is adapted
to G if Gp(y) is a subgraph of G for every instant ¢. In the
sequel we will assume that every self loop is always in G (we
assume that every agent has always access to its own data).

For future utility we need to set some basic notation on
graphs. Consider a directed graph G = (V, E) where V =
{1,...,N} and E CV x V. For every i € V we put

N = {jeV\{i}|(i,j) € E}
N7 = {jeV\{i}| (i) € E}.

Elements in N;" (resp. in N, ) are called out-neighbors (resp.
in-neighbors) of 7. Moreover we put v;” = |[N;'|, v; = |N;|.
Let e; be the i-th element of the canonical basis of RY. The
adjacency matrix of G is defined as

Ag=3 D eci =D > e
iGVjeN;r ierENf
Notice that self loops have not been considered: this will make

notation simpler further on. The in-degree and out-degree
matrices are defined, respectively as

Dg_ = Zui_eief. Dgy = Zyjeief.
i i

If it happens that, whenever (¢, j) € F, then also, (j,i) € E,
we will call the graph symmetric (or undirected). In this case
we will drop the superscript + in the above notations.

All the Examples considered in this paper will deal with
symmetric graphs. However most of the theoretical results we
will present do actually apply also to directed graphs.

III. RANDOM ALGORITHMS ACHIEVING CONSENSUS

A. Conditions for the probabilistic consensus

We start recalling some well known facts on consensus
algorithms in case when P(t) = P is constant (see [20] for
more details).

Proposition III.1. Let P be an N x N stochastic matrix. The
following conditions are equivalent:

(1) P achieves consensus.

(2) Foreveryi,j=1,...,N, there exist k,t such that

PjPh > 0.

(3) Gp is a connected directed graph such that the tree of
the strongly connected components has just one source
which is aperiodic.

If we start from a graph G satisfying property (3) above,
it is very simple to construct a P achieving consensus: it is



sufficient to make sure that Gp = §G. One possibility is for
instance to consider

P =kol + (1 —ko)Dg' Ag,

where ko € (0, 1) is an arbitrarily chosen parameter. If, more-
over, G is strongly connected, we can also make sure that we
obtain a doubly stochastic matrix so that average consensus is
indeed achieved: this is slightly more complicated (see [20] for
details). In the simple case when G is strongly connected and
symmetric, however we can construct a symmetric solution P
as follows. Put

0<Pj=P;< min{u;l,ufl} V(i,j) e E,

Py =0V(i,j) ¢ E.
Pi=1-) Pj.
J

Such a P achieves average consensus.

Probabilistic consensus turns out to be an easily checkable
property, namely as easily checkable as the deterministic
consensus in the time-invariant case. The following result
appears in [25]:

Theorem IIL2. The algorithm P(t) achieves probabilistic
consensus if and only if for every i,5 € V we have that

P(Q;) =1

where
Qi = {3k, 3t, |Qik(t)Qjx(t) > 0}.

- To obtain a more handy condition, we consider the average
P =E(P(t)) and the average dynamics m(¢ + 1) = Pm(t).
We have the following result:

Corollary IIL.3. The following conditions are equivalent:

(1) P(t) achieves probabilistic consensus.
(2) P achieves consensus

Proof: (1)=-(2) immediately follows from Lebesgue dom-
inated convergence theorem.
(2)=(1): If P achieves consensus it follows from Proposi-
tion III.1 that for every i, j, there exist k, ¢ such that

PLPY > 0.

As a consequence, P(€2;;) > 0. On the other hand it is
immediate to check that €);; is a tail event. Hence, for the
Kolmogorov 0—1 law, we must have P(Q2;;) = 1. By previous
Theorem, (1) then follows. [ |

Notice that, if Q(t) — 1p*, we have that P! = E(Q(t)) —
1Ep*. It can very well happen that Ep = 1 even if p is not
equal to 1 a.s. In other terms even if P achieves average
consensus, not necessarily, P(¢) will also achieve average
probabilistic consensus. This will appear in the examples we
will propose.

B. Examples

We now present a number of examples on which most of
the paper will be focused on.

Example III.4: The symmetric gossip model This is the
example studied in [21]. We start from a symmetric graph
G = (V, E) and we assume that at every time instant a node
among the N possible is chosen randomly. This node then
chooses also randomly one of its neighbors, it establishes a
bidirectional link with it and they average their quantity. More
precisely, let, for every (i,7) € E,

Rij =1- ko(ei — ej)(ei - ej) 5

(where ko € (0,1)). Then, P(t) is concentrated on these
matrices and

’ o111 1
P(P(t)=RY)=P(P(t)=R")=—|—+—]| .
(P() = B9) = P(P(O) = ) = % |-+
We have that
= 171 1 . o _
P = i — I — | T LJ\*
P LZ_ + V]} [ = ko(e' —e?)(e’ — )]
(i,9)€E
Notice that, if (h,k) € F and h # k,

_ 1[1 1
Pyp=—|—+—|ko.
hk N[Vh-i-yk]o

A remark regarding the parameter kq: it has to be considered

as a sort of design parameter respect to which optimize
performance. This will also appear in the next two examples.

Example IILS: The in-gossip model This example was
studied in [20]. We start from any directed graph G = (V, E)
and we assume that at every instant, each system receives the
state of another system chosen randomly and independently at
each time instant among its possible in-neighbors.

This is modelled in the following way. Fix, for every i € V
an in-neighbor \;. To the configuration A = (Aq,..., Ay) we

then associate
A *
E* = E €€, -
i

P(t) is this time uniformly concentrated on the matrices
(1 — ko) + koE™ .

In this case we obtain

p— XA: Hilvi [(1— ko) + ko B = (1— ko) + ko D3 Ag
Example II1.6: The broadcasting model We start from any
directed graph G = (V, E) and we assume that that at every
time instant a node among the N possible is chosen randomly.
This node then broadcast its value to all its out-neighbors. P(t)
is this time uniformly concentrated on the N matrices

I+ko Y (eje; —ejel).
JEN;



In this case we have

. k
—ejel) =1+ ﬁO[Ag — Dg_].

Corollary IIL7. If the graph G is strongly connected, then
the algorithms in Examples 1114, 111.5, and II1.6 all achieve
probabilistic consensus.

Notice that Example II1.4 yields doubly stochastic matrices:
average in this case is always preserved. Examples III.5 and
II1.6 instead do not have this feature even if the communication
graph is symmetric.

IV. THE MEAN SQUARE PERFORMANCE

We will measure the performance of a particular algorithm
P(t) achieving probabilistic consensus by considering two
figures. The first figure we consider is a normalized version
of the distance from the consensus

1 S )
d(t) = 3 llz(t) = Lza@)I]* = NZ\wi(t)—xA(t)\ :

Consider now the centroid z4(t) = N7'Y,z;(t). The
second figure we will consider is the centroid displacement
from its initial value

B(t) = lwalt) — za(0)]*.
These two figures will be now analyzed by considering their
expectations: E[d(t)], E[3(¢)]-
A. Evolution of E[d(t)]
We are interested in studying E[||z(t) — 1z 4(t)||?] and, in

particular, their exponential rate of convergence:

R = lim sup(E[||(t) — 1za(0)|")"".

Notice that

Elllz(t) - Lea@®I’] = E[z*(#)(I - N~'11%)x(t)]

= z*(0)A(t)z(0)
where
A(t) == E[PO)*P(1)*---P(t—1)*

(I = N7"1*)P(t —1)--- P(1)P(0)]
if t > 1 and where A(0) := (I—N~111%). A simple recursive
argument shows that

A(t + 1) = E[P(0)* A(t)P(0)]

This shows that A(¢) is the evolution of a linear dynamical
system which can be written in the form

A(t+1) = L(A(1)).

If now we consider the reachable subspace R of the pair
(£, A(0)), namely the smallest £-invariant subspace of RV >V
containing A(0), we clearly have that

R = max{|\| : Aeigenvalue of Liz}.

Consider the canonical basis of RV*Y: {ep,} (which is
the matrix with all elements equal to 0 except a 1 in position
(h, k)) we have that L is represented by a non-negative matrix.
Indeed,

(L(enk))i; = E[Pri(0)P; (0)] = 0.

Moreover,
> (Llenr))ij =1,
(i,5)
namely the transpose matrix is also stochastic. It will be useful

in the sequel to characterize the eigenspace of L relatively to
the eigenvalue 1. We have the following result:

Proposition IV.1. Assume that P(t) achieves consensus with
random asymptotic weight p. Then, the eigenspace of L rela-
tive to 1 is one-dimensional and TE[pp*| is the only eigenvector
satisfying T*E[pp*]1 = 1.

Proof: Notice that x(0)*L(A)z(0) = Elz(t)*Ax(t)].
Since z(t) — 1p*z(0) in mean square sense, it follows that

E[z(t)* Az(t)] — z(0)*1* ALE[pp*]z(0) .

Hence,
lim £'(A) = (1*A1)E[pp*] .

This proves the result. |

B. The average displacement

For what concerns the average displacement, we are inter-
esting in evaluating the following figure

5 = Elaa(c0) - wa(0) ©
= Ell(p* - N"114)2(0)] = 2(0)* Bx(0)

where
B = E[pp*] — 2N 'E[p]1* + N~211*.

Notice that B is expressed in terms of I£[p] and E[pp*] which
are eigenvectors of P and L, respectively.

In the case when P achieves the average consensus, in
particular we obtain

B = E[pp*] — N7211*. (7)

V. ANALYSIS OF THE EXAMPLES FOR THE COMPLETE
GRAPH

In this section we analyze the simplest case when actually
no communication constraint is pre-imposed at the commu-
nication level. We will show that in this case a complete
analysis can be carried on for previous examples: both for
the mean square evolution and for the average displacement.
A fundamental fact which is common to all our examples is
that, for the complete graph, the operator £ keeps invariant
the subspace generated by I and N~'11*. Everything thus
reduce to a 2 x 2 matrix. We will use the following trivial

fact:
a b
c d

Lemma V.1. Let



be a matrix with non-negative elements such that a + c = 1
and b+d = 1. Then, its eigenvalues are 1 and d— c. Moreover,
(b,c)* is an eigenvector of 1.

In the sequel of this chapter we assume that G is the
complete graph, so that Ag = 11* — I and 1/;.r =v; =N-1
for every j € V.

A. The symmetric gossip model

We have the following result:
Proposition V.2. Assume that A = o + SN ~'11*, then,
AT =E[P(t)*AP(t)] = o T + BT N~11*

- (25 )0
B =YX
Proof: Notice that
E[P(1)* P(1)] = sy Yoy 1 — Kolei -
=1- QkON(N i) Zz;ﬁ]( —ej)(ei —e;)”
+2k3 N(N )Zz;ej(e% ej)(ei —ej)”

where

ej)(ei —e;)*]?

=1 —2ko(1 kO)N(N 1y 2oivs(€i€] +€j€] —ejef — eie])
=1 —2ko(1 ko)m(Q(N 1)1 —211* +2I)
= (1 —2ko(1 —k:o)(N 7)1 + 2ko(1 ko)m]ﬂl*.
E[P(#)11*P(¢)"] = 11*.
This implies the claim. ]

In this case we have that A(t) converges to N~ '11* and
the speed of convergence is given by the second eigenvalue

1
R=1—-4ko(1 — ko) ————
o1 = ko) (N—1)
which is minimum for kg = 1/2 for which we obtain
1
R=1—-——.
(N =1)

We recall that in this case, all matrices are doubly stochastic.
This yields in particular ¢ = 0.

B. The in-gossip model
We have the following result:

Proposition V.3. Assume that A = ol + SN~ 11%, then,

AT =E[P(t)*AP(t)] = oI + BT N"H1IT*
where
— 2 p—
(a+> - ((1 ko K — Ml R ) (a>
+ ) 2ko(1—ko)N k3 (N—2) :
B 0((1\/713 1= (N=T)? A

®)
Proof: Notice that

E[P(t)"P(t)]
- ﬁ Z)\:[(l — k‘o)] + koEA*][(l — ]4;0)[ + k‘oE)‘]

= (1 —ko)?I + ko(1 kzo) e Z[EA* + EA+
ot S BB

Now,
(N— 1)N ZE MEN =
=D Z(

Substituting we obtain

= 1)NZZ€>\6>\
eiel) = 1{1——71_1.

E[P(t)*P(t)] = (1 — k§)I + 2ko(1 — ko) 55 [11* — I] + k&I
=[(1 = k) + k& — 2ko(1 — ko) 575)I + 2k:0( — ko) < 11~
Similarly,
E[P(t)*11*P(t )] (1 — ko)?11*
+ho(1 — ko) (xn=y~ Z[E**M* + 11*E?]
+k3 =y ZE**M*EA
‘We have

i,j

(Nl e Zz;ﬁj (ZAZ eAl)(ZAj ex;)" + (Nil_l) > Z)w exEX,
= 1)2 Ez;ﬁj( )(]l* e;f) + ﬁ 2l —eef)
—]111*— g 11+ 1)2(]111* I)+I

N *
= (3=t (N—1)2)IJr 1- 54+ N— 1)2)11]1

N—1
Hence,

E[P(¢)*11*P(t)] =

+k0( ) —1

+hg (1 — i) +
_ kEN(N-— 2) 1
= o7 [t

(1 — ko)211*
el — )1111*+]111*(]111* 1]
I+ k(5 - 74 + i) 11
1— ’“‘N 2)]]111*

This proves the result. |
It follows from Lemma V.1 that in this case

k2(N —2)  2ko(1 — ko)N
(N-1)2  N-1

Instead B can be computed as follows:

R=1-

k3 (N —2)
k3 (N—2)
(N-1)2

[I — N-'11*].

B = E[pp*] - N7211* =

2k (1—kg) N
N(N=1)%( 0(N710) )

= N1 = g
Hence,

ko 1 ke 1
§ < ————||2(0)|]? < ————]z(0)|]%, .

< oy 2 FOIP < gy kO

This in particular shows that if we assume that all initial
measures are bounded by a common fixed value M, the
average displacement goes to 0 as 1/N when N — +o0.

C. The broadcasting model

We have the following result:
Proposition V4. Assume that A = ol + BN "111%, then,
AT =E[P(t)*AP(t)] = oI + BT N1I1*

R EE A0}

where



Proof: Notice that

E[P(t)*P(t)] = & >;(I + ko > jzilejer —eje;)”):
(It kodojzi(eje; —ejel))
=TI+ 211" —T— (N -1)I)
k2 * * * *
+N i Zj;éi Zj’;éi(eiej - ej€j>(€j’ez' —ejee)
=1+ 211" — NI)
k2 * * * *
N Do 2 jzileie] — ei€] GG +eje;)
= [+ (11" — NI) 4+ 52 (2(N — 1)I — 2(11* — 1))
= [1 = 2ko(1 — k)] I + Zolto) 1 g+
Similarly,
E[kzj(t)*m*P(t)] =11* + 2o (11 — [ — (N - 1)1)11*
D ZQ];E'L Zj’;éi(eie; - eje;)]l]l*(ej’ef - ej/e;/)

* k * * * *
=11" + Wz > Zj;ﬁi Zj/;éi(eiei —eiej —eje; + ejej,)
= 11* + B [(N - 1)27 —2(N — 1)(11* - 1)

H(N = 2)(11* = I) + (N — 1)I
From this the thesis easily follows. ]

In this case, using Lemma V.1 we obtain that R = (1—kq)?
independent of N. We now evaluate B:
ko 1 1
— [ - N7 117].
2—ko N | ]
In this case it is easy to see that there exist bounded initial
conditions z(0) for which the average displacement is not
infinitesimal for N — +oco. However we can estimate as
follows:

2ko

2
ol O)

The case ko = 0 corresponds to the identity evolution (indeed
in this case R = 1 and 6 = 0). On the other hand, the case
ko = 1 yields convergence to consensus in one step (in this
case indeed R = 0 but it yields the largest possible J. Varying
ko between these two extremes we are trading off speed of
convergence against precision in the evaluation of the average.

B = E[pp*] - N?11* =

5<

VI. MORE GENERAL COMMUNICATION GRAPHS: THE
CAYLEY CASE

In this chapter we will move to more challenging examples
for the communication graphs. We will consider Abelian
Cayley graphs: this class of graphs include already many
interesting examples (the circuit, the torus, the hypercube)
but retains some fundamental structure which allows to obtain
some theoretical, though not yet conclusive results.

A. Abelian Cayley graphs

Let G (with an addition +) be any finite Abelian group of
order |G| = N , and let S be a subset of G containing zero.
The Cayley graph G(G,S) is the directed graph with vertex
set G and arc set

E={(g,h):h—geS}.

Notice that for a Cayley graph both the in-degree and the
out-degree of each vertex are equal to |S|. Notice also that
strongly connectivity can be checked algebraically. Indeed, it

can be seen that a Cayley graph G(G, S) is strongly connected
if and only if the set S generates the group GG, which means
that any element in G can be expressed as a finite sum of (not
necessarily distinct) elements in S. If .S is such that —S = S
then the graph obtained is symmetric. See [26] for more results
on these graphs.

Symmetries can be introduced also on matrices. Let G' be
any finite Abelian group of order |G| = N. A matrix P €
RE*& is said to be a Cayley matrix over the group G if

Pij = Pithj+n Vi,j,heqG.

It is clear that for a Cayley matrix P there existsa 7w : G — R
such that P; ; = m(i—j). The function 7 is called the generator
of the Cayley matrix P. Notice that, if w and 7’ are generators
of the Cayley matrices P and P’ respectively, then = + 7’ is
the generator of P + P’ and «w * 7’ is the generator of PP’,
where (mx7') (i) := > o m(j)n'(i— ) for all i € G. This in
particular shows that P and P’ commute. It is easy to see that
for any Cayley matrix P we have that P1 = 1 if and only
if 1* P = 1*. This implies that a Cayley stochastic matrix is
automatically doubly stochastic.

From now on we assume we have fixed a Cayley graph
G = (G, E) which we assume to be symmetric. Whenever we
talk of a Cayley matrix, we assume to be such with respect to
the group G.

We have this basic fact whose proof is by inspection.

Proposition VL.1. For the three examples above we have the
following result:

(1) P is a Cayley matrix.

(2) E[P(t)ixhj+nP)ninmsn] = BIP(t)ijP(t)n.m).

Corollary VL.2. For the three examples above we have that
the sequence of matrices A(t) are all Cayley.

Proof: By induction on ¢: it is an immediate consequence
of (2) of previous proposition. ]
B. The symmetric gossip model

We have the following result:
Proposition VI.3. Assume that G = (G, E) is a symmetric
Cayley graph with degree v. Assume that A is a symmetric
Cayley matrix and put AT = E[P(t)AP(t)*]. Then,
Ta+(A) = [N —4ko) + 4kdv ma, (N)]Ta(N)
+ ﬁy’lﬂAgA()\) — %WA(O)V’lwAQ()\)
+  Frae— < v 'mag,ma > do(N)]
Let us analyze in detail an example.

Example VI.4: Consider the symmetric circuit graph G on N
elements:

1 if A=4+1
TAg () = { 0  otherwise v=2. ®)
In this case we have that
WAQA()\)ZWA()\—U-FWA()\-FU (10)

<vlmag,ma >= A1) + 7a(-1)].



From Proposition VI.3 we obtain:

mar(0) = [1— Helkir, (o)

+ 2relohol ) (1) + ma(—1)]
mar(l) = [1— ZoChoir (41)

+ 72’60(11\;]?0)7TA(0) + %WA(Q)
m%4)=[bjﬁ%@hﬂl)

+  Zolhlra (0) + Zema(-2)
TA+(A) = [L— 4’“0]M(A)
+ Zor (A= 1)+ 7a(A+1)]
(A#0,£1)

C. The in-gossip model

We have the following result:

Proposition VL5. Assume that G = (G, E) is a symmetric

Cayley graph with degree v. Assume that A is a symmetric

Cayley matrix and put AT = E[P(t)*AP(t)]. Then,
a+(A) = (1 — ko)?ma(N) + 2ko(1 — ko)1
+hgr 2 maz a(A) + K§ma(0)(Go(A) — v w4z (A

Let us analyze in detail an example.

QA()‘)
))-

Example VI.6: Consider the symmetric circuit graph G on N
elements as before. Using (9) and (10) as well

1 ifA==+2
WA@()\): 2 ifA=0 (11)
0  otherwise
we obtain
mar(N) = [(1 = ko) + M ()\) + ko(1 — ko)-

Ira(h =1 +7a(A+ D] + M lra(A—2) + 7a(A +2)
+hgma(0)(6o(A) — v~ mg,(/\))-

From this we obtain,

ma+(0) = [(1— ko) + k3)wa(0) + Ko(1 — ko)-
[ra(-1 HwM>+k[< 2) + 7 (2)]

Tar(#2) = [(1—ko)? + 22)7a(2)

+ ko(1—ko)[ma(1) + ma(3)] + Fra4)
ma+(—2) = m—%>—ﬁA<> )

+ ko(1 = ko)lwa(=1) + ma(=3)] + Fra(~4)
mar(h) = [(1—ko)?+ 2] A<>

+ ko(l—ko)[ AA=1) +7ma(A+1)]

4k B lrah —2) + ma(A +2)] (A #0,42)

D. The broadcasting model

We have the following result:

Proposition V1.7. Assume that G = (G, E) is a symmetric
Cayley graph with degree v. Assume that A is a symmetric
Cayley matrix and put AT = E[P(t)* AP(t)]. Then,
mar(N) = (1 282 4 B (A)ma(N)
2 2
+2(k 4 %MQ(A))%A(A) +5 o maga > So(N).

0.9

Fig. 1. The graph illustrating of the rate of convergence in the Examples
V1.4 (dashed line), VI.6 (dotted line) and VI.8 (solid line) for N = 20. In
order to make a fair comparison in the Examples V1.4 and V1.8 the rates are
powered to N.

Let us analyze in detail the symmetric circulant example.

Example VL.8: Consider the symmetric circuit graph G on N
elements as before. From relations (9), (10), (11) and from

< TAg, TAgA >= QWA(O) + 7TA(+2) + 7TA(—2)
we obtain this time
mar(N) = (12 4 M )7a())
+ 2(@ - %mg(x))[m(x — 1) +ma(A+1)]
+ W[?WA(O) + 7TA(+2) + 71'A(—2)]50()\) .

which leads to

mat+(0) = (1 — % + %)TFA(O) + 211\30 [ra(—=1) + 7wa(+1)]
+'%§[7TA(—2) + 7a(+2)] 2

Tar (1) = (1 — oy (+1) + 2(50 — 50y[77(0) + 7a(2)]
ma+(—1) = (1 — F2)ma(—1) +2(5¢ - %)[M(O) +7a(=2)]
mar(+2) = (1— %o 4 50y (2) 4 2K [ra (1) + 7a(3)]
mar(—2) = (1— %o 4 Ry (2) 4 2K [ma (1) + ma(—3)]
Z\A;(é);(li;;f@“)m(k) +28[ra(A—1) + ma(A +1)]

We computed the rate of convergence in the Examples V1.4,
VI.6 and VL8 for N = 20 as function of the parameter k.
Figure 1 shows the the rate of convergence in these three
Examples. Notice that, in Examples V1.4 and VI.8 essentially
one node communicate at each time while in Example VI.6
all nodes communicate. Therefore the synchronous in-gossip
will be always faster than the other two. Therefore, in order
to make a fair comparison, in the figure the rates relative to
Examples VI.4 and VI.8 are powered to N.

VII. CONCENTRATION RESULTS

In this chapter we discuss some initial concentration results
obtained through the theoretical tool of Azuma’s inequality for
martingale which we recall below.



Theorem VII.1. Azuma’s inequality Ler Xy, X1,... X, be
a martingale such that | X;11 — X;| < c for every i such that
0 < i < m. Then, for every 8 > 0 we have that

2

P X, — Xo| > 0] < e 57

Now we assume that our random stochastic matrices can
be generated in the following way. We assume the existence
of independent random variables T3 (t),...,T,,, (t) taking
values in a finite set 7. These r.v. contain all the randomness
to construct P(t) in the sense that there exists a function
7™ — RV*N yielding

P(t) = T(Ty(t), ..., Ty (1)) .

It is easy to see that the matrices P(¢) in our examples can
indeed be generated in this way. Specifically, in the symmetric
gossip case we have that my = 1 and 7 = |E|: Ti(t)
simply codifies the edge which is activated. In the in-gossip
model instead we have that my = N and 7 = {1,...,N}:
T;(t) simply codifies the neighbor which is chosen by agent
j. Finally, in the broadcasting model we have my = 1 and
7 = {1,...,N}: T1(t) simply codifies the node which is
activated
We can now state and proof the following general result.

Proposition VIL.2. Assume that the random stochastic ma-
trices P(t) can be generated through the discrete rv.
T1(t), ..., Ty (t) as above and that they possess the follow-
ing further properties:

(1) There exist a € N, independent of N, such that when
in T(t1,...,tmy) we vary just one of its variables t;
keeping fixed all the others, only at most a rows may
vary.

(2) P is doubly stochastic.

Then,

52N2

—Ed(t,N)| > 9] < e 36l=@N&a(t+Dmy

Plld(t, N)

Proof: Assume t is fixed and consider the following
doubly indexed martingale:

Xs,k = E[d(ta N) |P(O)a ceey P(S - 1),T1(8), s aTk(S)]
(where s =0,...,tand k =1,..._N).

It follows from conditions (1) and (2) that

Xk = Xohm1] = §Ep(st1),... Py {ET 11 (), Ty (5)

{Er o {l[(I = NT'11*)P(t — 1) --- P(s + 1)

L(Tu(s), ... TmN(S))P(S — 1)+ P(0)z(0)|?

—||[(I = N"'11*)P(t —1)--- P(s +1)

F(Tl( )+ Ty (8))P(s = 1) -+ - P(0)z(0)[[*}}}]

< +Ep(st1),..P(1— DAET, 11 (), Ty (5 ){maX

[[|(I - N~111~ )P(t —1)---P(s+1)

- P(0)z(0)[*—~

L(Ti(s),...,0,... Tiny(s))P (S— 1)-
(= NP —1)--
D(Ty(s),...,0",. ..

P(s+1)

0
T ()P(s — 1)+ PO)2(0)][2} 1}
(12)

If we consider the two vectors
y=D(Ty(s),....0,..
y =T(Ti(s),..., 0,

we have that

(8) P(s -
(S))P(s -

H\"
S
—~
(=}
~
8
—~
=}
=

ylloso < [12(0)]loo s [13'loc < [12(0)]loc (13)
and there exist indices ji, ..., j, such that
y/_y:Z’l"lejl 7‘”‘ S2||x(0)|‘00 (14

=1

From estimation (12), using (13) and (14), we obtain

[ Xok = Xap-1] < FEp(st1),..pe—1) {SUD 1y <[2(0)] |
{ maX {Suprl 71 <2[|2(0)]| 0o

\||( N71*)P(t — 1)+ P(s + y||*—

(I — 1]111*)13@ = 1) P(s+ Dy + 302 mes) 1?11}
< WELSUP Yo <)) { MEX UL <3100 1

| < (I = N7'11%)Q(t - s) (X mieq, = 2y),
(I = N"1119Q(t — s)(Z riej,) > |11}
< WOl pre Q(t — 5)1, Q(t — s)(lz ej) >}
=1

6/|z(0)||2 s/% 6al|z(0)|[2,

< SRR <1 P (N ey 5= Sl
B (15)

Result now follows from Azuma’s inequality. |

Let us comment on the application to our examples. In the
symmetric gossip case, we have that ¢ = 2 and my = 1 so
that we have concentration around the mean average for fixed
t and N — oo or, more generally, as long as N2/t — +oo.
In the in-gossip case instead we have that a = 1 and my =
N, so that we obtain a similar concentration result but under
the condition N/t — +oo. In the broadcast model instead
a = v < N (in the Cayley case) and my = 1 so that we
obtain a similar result.

Similar concentration results can be obtained also for the
average displacement (3(t).

VIII. CONCLUSIONS

In this paper we have analyzed three different random-
ized consensus algorithms. One of them needs symmetric
communication, while the other two can also be utilized in
asymmetric communication scenario. On the other hand, while
the first one preserves the global average, the other two do
not. We have analyzed the mean square convergence of the
three schemes for Abelian Cayley communication graphs and
we have proved a concentration result. We have concretely
analyzed two cases: the complete graph and the circulant
graph. For the complete case we could carry on a detailed
theoretical analysis of the speed of convergence and also of
the average displacement. For the circulant case, we only
have partial results and some numerical simulations. It was
not our goal to prove that one scheme was ’better’ than the



others, rather we wanted to put into evidence that there are
many possible schemes available for average consensus or
at least for consensus quite close to average: they differ for
complexity in their implementation, speed of convergence,
average displacement. What is preferable will mostly depend
on the specific application. The broadcasting example for
instance seems to show a better speed of convergence, while
it has probably the worse average displacement. Our analysis
is however only at the beginning and much more needs to
be done in this area. For instance we conjecture that the in-
gossip models always have (at least for Cayley graphs) the
average displacement which is infinitesimal with respect to
the number of nodes. Also analysis of other graphs would be
of interest. In particular, we would like to extend our analysis
to the geometric graph: this would be of interest in the area
of sensor networks.
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