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Abstract

In this paper, we generalize a result in [17] and derive an asymptotic formula for the
entropy rate of a hidden Markov chain, observed when a Markov chain passes through
a binary symmetric channel. And we prove an asymptotic formula for the capacity of
a binary symmetric channel with input process supported on an irreducible finite type
constraint.

1 Introduction

Let P denote the set of all the stationary stochastic processes on the binary alphabet, and let
IP,, denote the set of all the stationary distributions (again binary) with length n. Consider
X = X% € P. The entropy rate of X is defined to be

H(X) = Tim H(X,)/(n+1);
here, H on finite length distributions is taken with the usual definition, with log taken to
mean the natural logarithm.

If X is a finite-state Markov chain, then H(X) has a simple analytic form. A hidden
Markov chain Y can be defined as a deterministic function of a Markov chain. Alternatively
a hidden Markov chain is defined as a Markov chain observed in noise. It is well known
that the two definitions are equivalent. For a hidden Markov chain Y, Blackwell [4] proved
that H(Y') is the integral of a certain function defined on a simplex with respect to certain
measure. However Blackwell’s measure is somewhat complicated, and it appears difficult to
evaluate the integral.

Recently computing the entropy rate of a hidden Markov chain has drawn much interest,
and many approaches have been adopted to tackle this problem. For instance, Blackwell’s
measure has been used to bound the entropy rate [16] and a variation on the Birch bound [3]
was introduced in [8]. An efficient Monte Carlo method for computing the entropy rate
of a hidden Markov chain was proposed independently by Arnold and Loeliger [1], Pfister
et. al. [20], and Sharma and Singh [21]. The connection between the entropy rate of a



hidden Markov chain and the top Lyapunov exponent of a random matrix product has been
observed [11], 12, 10]. Several authors have studied [12, 16, 22] how the entropy rate varies
as parameters of the underlying Markov chain vary. In [9], it is shown that under mild
positivity assumptions the entropy rate of a hidden Markov chain varies analytically as a
function of the underlying Markov chain parameters.

The capacity of a finite state channel is defined to be:

C=lim sup I(X°,Y°)/(n+1);

n00 X0 €Piy

here, Y, is the output distribution corresponding to X° . Alternatively capacity can be
written as

C =supI(X,Y),
XeP
where Y is the output process corresponding to X. It is shown in [6] that the capacity of
this type of channel can be achieved by a stationary input process. As shown in [7], for
a finite state intersymbol interference channel one can approximate C' using Markov input
processes.

Generally speaking, it is very difficult to calculate the capacity. For a discrete mem-
oryless channel (DMC), the Blahut-Arimoto algorithm ([2, 5]) can be applied to compute
the capacity numerically. A generalized Blahut-Arimoto algorithm has been proposed to
numerically compute the local maximum mutual information rate of a finite state machine
channel [19].

This paper is organized as follows. In section 2 we generalize a result in [17] and derive
an asymptotic formula for the entropy rate of a hidden Markov chain, obtained by observing
a binary Markov chain, of arbitrary order, passed through a binary symmetric channel;
this is of particular interest when the Markov chain has some zero transition probabilities.
In Section 3, we discuss asymptotics of a binary symmetric channel with input sequences
supported on an irreducible finite type constraint, and we derive an asymptotic formula for
capacity.

We remark that recently Jacquet et. al. [13] reached similar conclusions and obtained
higher order asymptotics for certain special cases.

2 Asymptotics of Entropy Rate

Let VW denote all the binary words, and W, denote all the binary words with length n. Let
X denote any binary stationary distribution (with length possibly infinite). For a binary
word w € W, we say that w is allowed in X if px(w) > 0. Let A(X) denote the set of all
allowed words in X, and A,(X) = A(X)NW,.

Now let X be an m-th order binary irreducible Markov process. Let E denote the i.i.d.
(e,1 —¢) error process. Let Y =Y. denote the function of the Markov chain X x E defined
by:

Y, =X, if B, =0,

and



So, Y is the hidden Markov chain obtained by observing X over a binary symmetric channel
with crossover probability € (denoted by BSC(g)).
By the Birch bound [3], for n > m, we have:
H(Yo[YZ, , X2 L ES ) < HY) < H(Y|YZ). (1)

n

Note that each of these quantities is a function of €, and the lower bound is really just

(Yb| fn+m7X nm 1)

n

Lemma 2.1. For a stationary input distribution X = X° € P, and the corresponding
output distribution Y =Y, through BSC(z) and 0 < k < n,

H(Yo|YZ p XTHT1) = H(Xo|XZ,) + [ (X2, )elog(1/e) + O(e),

n+k’

where fF*(X°,) is the function defined on P, given by (2).

Proof. In this proof, w = w”}, where w_; is a single bit, and we let v denote a single bit.

And we use the notation for probability:

pxy(w) = p(X 7 =LY = wl) ),
pr(UJ’U) = p(X:;H-k—l = w_n+k ! Y_n+k n+k’ Yb - U)
and
pxy(vlw) = p(Yo = v|Y = w0 X0 = w274,

We remark that the definition of pxy does depend on how we partition w™} according to k,
however we keep the dependence implicit for notational convenience.
We split H(Y,|Y L, , X~ ~1) into three terms:

n—+k?
HYo[Y L XS = Y —pxy (wo) log(pxy (v|w))
wveA(X)
+ > —pxy (wv) log(pxy (v|w)) + > —pxy (wo) log(pxy (v]w)).
weA(X),wvg A(X) wgA(X),v

For the third term, we have

> —pxy(wo)log(pxy(vw) = Y —pxy(w) Y pxy(vlw)log(pxy (vw)) < (log2) > pxy(w)

wgA(X),v wg A(X) v wg A(X)

where we use — ) pxy (v|w)log(pxy (v|w)) < log2 for any w. We conclude that the third
term is O(¢).

Since the function zlog(x) is a smooth function of x when z > 0, the first term is a
smooth function of ¢, and we have

Z —pxy (W) log(pxy (v|w)) = H(Xo|X}) + O(e).
wveA(X)



For the second term, it is easy to check that for w € A(X) and wv ¢ A(X), pxy (v|w)/e
is bounded from above and away from 0. And together with

Z pxv(wv) = Z px (w2 w_wTv) + Z px(wv) | eto(e),

weA(X),wvg A(X) weA(X),wv¢ A(X),j=1,-- ,n—k weA(X),wvg A(X)
we obtain
> —pxy (wv) log(pxy (v|w)) = > px (w2, 0w i)
weA(X),wvg A(X) weA(X),wvg A(X),j=1,- ,n—k

+ > px(wd) | elog(1/e) + O(e).
weA(X)wvg A(X)

In short, H(Y,|Y L ,, X=""=1) can be rewritten as

—n+k)“t—n
H(YoY ") X271 = H(Xo| XZ)) + f(X2,)elog(1/e) + OCe),
where
X2, = > px (w2 o jw], v) + > px(w)
'LUGA(X),U)UQA(X),]:L 7n_k ’UJEA(X),’LUU%.A(X)

(2)
O

Remark 2.2. For any 0 > 0 and fixed m, the constant in O(e) in Lemma 2.1 can be chosen
uniformly on S,, s, where S,, 5 denotes the collection of stationary distributions X € P,,41,
such that for all w € A,,11(X), p(w) > 6.

Theorem 2.3. For an m-th order Markov chain X passing through a BSC(c), with Y as
the output hidden Markov chain,

H(Y) = H(X) + f(X)elog(1/e) + O(e),
Proof. We apply Lemma 2.1/ to the Birch upper and lower bounds (eqn. (1)) of H(Y'). For
the upper bound, k£ = 0, we have, for all n,
H(Y|YZ)) = H(XolXZ,) + fo(X2,)elog(1/e) + O(e).
And for the lower bound, kK = m, we have, for n > m,

H(YolY 2y, X0 7h) = H(Xo|X2) + £i1(X2, )elog(1/e) + OCe).

—n+m? —-n

The first term always coincides for the upper and lower bounds. When n > m, since X
is an m-th order Markov chain,

H(Xo|XZ)) = H(Xo| X)) = H(X).

Again let w = wZ,, where w_; is a single bit, and v denotes a single bit. If w € A(X)
and wv ¢ A(X), then p(w=}v) = 0. It then follows that for an m-th order Markov chain,
then the theorem follows. O



3 Asymptotics of Capacity

Consider a binary irreducible finite type constraint [14] S defined by the set (denoted by F)
of forbidden words with length m + 1. There are many such F’s corresponding to the same
S with different lengths; here we may choose F to be the one with the smallest length m + 1.
And m = m(S) is defined to be the topological order of the constraint S. Let A(S) denote
the set of all allowable words in S, and A, (S) = A(S) N W,,.

For a constrained BSC(e) with input sequences in S, the capacity C(e) can be written

as:
H(Y? —H(Y? H(X°
ot (V2,(6)) = OO I,
nT00 X0 eP, L1 A(XD, )CA(S) n+1
= lim sup H(Y? ())/(n+1)—H(c) = lim sup H(Yo(e)|Y - He))—H (e).
O X0 ePyi1, A(XC ) CA(S) X0 ePnyy, A(XD,)CA(S)

Here, Y° (¢) is the output corresponding to X° . Alternatively

C(e) = sup  H(Y.) — H(e), (3)
XEP,A(X)CA(S)

where Y. is the output process corresponding to X. We shall derive in this section an
asymptotic formula for capacity of this noisy constrained channel as ¢ — 0.
Now let
Honle) = sup H(Yy(e)[Y7A()),

X0 €Ppi1, AXC, YCA(S)

and letting M,,, denote the set of all m-th order binary irreducible Markov chains, we define

hm(e) = sup H(Y.).
XeEMpm, A(X)CA(S)

Now let C,(¢) denote the maximum mutual information rate over all m-th order input
Markov chains supported on S transmitted over BSC(¢); then

Cm(e) = hm() — H(e), (4)

and we have bounds on C(e):
hin(e) — H(e) < C(e) < Him(e) — H(e). (5)
For ¢ sufficiently small (¢ < €p), one may choose 6 > 0 (here, § depends on m) such that

Hm(e) = sup H(Yo(e)[Y,,(2)),

Xgmeﬂbm+lyv4(X9m):Am+l (S)»Xgmesm,é

and

hm(e) = sup H(Y?).
XeMm, A(X)=A(S),XESm,s

So from now on we only consider stationary distributions and Markov chains whose
allowed words coincide with those of S. Let p’ denote the joint probability vector (indexed

by Am1(S)),
7= (p(w) : w € Apii(S)).

5



In the following, the input and output of a BSC(e) will be parameterized by p. More
specifically, we use Xz to denote the binary irreducible Markov chain. Let Y. denote the
output process obtained by passing X through BSC(g). Similarly, we use X°, (p) to denote
the stationary input distribution X_m7 and let Y° (p,e) denote the output distribution
obtained by passing X° _ (p) through BSC(e).

Lemma 3.1. H(Xo(p)| X, (P)), as a function of § in the space of distributions X°,,(p) €
P with A(X°,, (D)) = Ami1(S), has a negative definite Hessian matriz.

Proof. Note that

HXo@)X @) =~ > pa,)logp(zola,).

20, € A(S)
For two different probability vectors p'and ¢, consider the convex combination
(t) =tp+ (1 —1)q,

where 0 < t < 1. It suffices to prove that H (X (7(¢))|X -} (7(t))) has a strictly negative
second derivative with respect to t. Now consider a single term in H (Xo(p)| X _,,(7)):

tp(z°,) + (1 —t)q(z°,)
tp(a=y,) + (1 —t)g(z=,,)

Note that for two symbols a and f, if we assume o’ = 0 and " = 0, the second order formal
derivative of « log% can be computed as:

() - -52)

It then follows that the second derivative of this term (with respect to t) can be calculated
as:

—(tp(a%,,) + (1 = t)q(",,,)) log

p(a? > - - (2’ ) =0 )\
(m Ty V) U i e m)'

That is, the expression above is always non-positive, and is equal to 0 only if

p(x°, ) —q(2°,) p(x(l(m,l)) - C]@Q(mq))

tp(z2,,) + (1 —t)g(2",,) tp(a:(i(m_l)) + (1 - t)Q(l’(l(m_n)’

which is equivalent to

(l’o’l’ m) - q($0|l’ m)
Note that the expression above can’t hold true for every z°  unless j = ¢, so we conclude
that the second derivative of H(Xo(7(t))|X =L (7(t))) (with respect to t) is strictly negative.

Thus H(Xo(p)| X - (p)) has a strictly negative definite Hessian as a function of p.
[l



For m > m, over all m-th order Markov chains X with A(X) = A(S), H(X;) is max-
imized at some unique value P,q, (see [18, [14]), moreover X  is an m-th order Markov

Pmazx

chain. Note that, by abuse of notation, we are using pp,.. to mean for any m > m the
stationary distribution on words of length m + 1 induced by the m-th order Markov chain.
The same idea shows that over all stationary distributions X9 (m > ) with A(X?, ) =
Ams1(S), H(Xo(p)| XL, (p)) is maximized at the same value paz.
Let C(S) denote the noiseless capacity of the constraint S; then H (X

Fmaz) = C(S) (see
also [18, [14]).

Theorem 3.2. 1. If m > 2m(S),
Hm(e) = C(S) + f(Pmax)e1og(1/c) + O(e)

where f(ﬁmax) = fgm(X92m(ﬁmaa:))

2. If m > m(S),
hin(e) = C(S) + f(Pmaz)e log(1/c) + O(e).
Proof. We first prove the statement for H,,(¢). As mentioned before, for ¢ sufficiently small

(e < &0), Hm(e) is achieved by X° = with A(X° )= A,.1(S); and one may choose ¢ such
that

Hm(e) = sup H(Yo(p,e)[Y (P, ).

PX0 (D) EPm+1,AX,, (7)=A(S),X2,, (F)ESm,s

Below, we assume € < gg, A(X?,,(P)) = Ani1(S) and X, (p) € S
In Lemma 2.1, we have proved that

H(Yo(p, £) Y=, (7, 2)) = H(Xo(0)|XZ,(P)) + fin(X2,,(P))e log(1/2) + O(e),

where one can check f0(X° (p)) = f2.(X°,.(p)) = f(p), since A(X°,,(p)) = A(S) and
m > 2m. Moreover, by Remark 2.2 for any 6 > 0, O(¢) is uniform on Sy, s, i.e., there is a

constant C' (depending on m) such that for all X With AX?,) = At (S) and X°, (p) €
Sm,57
[H(Yo(0, €)|[Y0(0€)) — H(Xo(D)| X5, (0)) — f(P)elog(1/e)] < Ce.

Let § = § — Prae-  Since H(Xo(p)| XL (D)) is maximized at .., we can expand
H(Xo(p)| X =, () around g

H(Xo(D)| X2 (P) = H(Xo(Binaw) | X (Pina)) + @ K1G+ O(|01%) = H(Xp,,..) + T K17+ O(|a),

where K is a negative definite matrix by Lemma 3.1 (the second equality follows from the
fact that X, . is an m-th order Markov chain). So for |¢] sufficiently small, we have

H(Xo(p)|X=,(P) < H(Xp,,,) + (1/2)7 Kid.

Now we expand f(p) around .

f(ﬁ) = f(ﬁmax) + K2 : q_)—i_ O(|q_12>



(here, K5 is a vector of first order partial derivatives). Then, for |g] sufficiently small, we
have

f(ﬁ) < f(ﬁmax) + 22 ‘K2,3Hq_;|
J

With a change of coordinates, if necessary, we may assume K; is a diagonal matrix
with strictly negative diagonal elements K ;. In the following we assume 0 < ¢ < €.
And we may further assume that for some ¢ > 1, |g;| > 4|Ky;/K; jlelog(1/e) for j <
¢ — 1, and |gj| < 4]|Ky;/K; lelog(1/e) for j > €. Then for each j < [ — 1, we have
(1/2)K1;q; + 2| K ]|q;]elog(1/e) < 0. Thus,

H(Yo(p,e) Y (p.2)) < H(Xﬁmax)Jrf(ﬁmax)é‘log(1/€)+2((1/2)K1,jqj2-+2!Kz,j!!qj\élog(l/é))JrCE

< H(Xp,.) + f(mac)elog(1/e) + D (1/2) 1 5(4] Kz /Ko le log(1/¢))?

gzl

+ Z 2‘K2,j‘4’K2,j/Kl,j‘<€ 10g<1/€>)2 + CS.

Since (elog(1/¢))? = O(e), _
H(Yo(p, €)Y 0 (P,€)) < H(Xp,0,) + [ (Pinas)e log(1/€) + O(e),

and since H,,(¢) is the sup of the left hand side expression, together with H(Xj,,..
we have

) =C(S),

Hm(€) < C(S) + f(Pinaz)e log(1/e) + O(e).

The reverse inequality follows trivially from the definition of H,,(¢).
We now prove the statement for h,,(e). First, observe that

Hom(€) > hum(e) > ha(e) > H(X;,,..)

By part 1, Hap(€) is of the form C(S)+ f (Pmaz )€ log(1/e)+0(e). By Theorem 2.3, H(Xp,,..)
is of the same form. Thus, h,,(¢) is also of the same form, as desired. O

Corollary 3.3. C,,(¢) (m > m(S)) and C(e) are of the form
C(S) + (f (Pmaz) — Delog(1/e) + O(e).
Proof. This follows from Theorem 3.2, (4), and (5). O

Example 3.4. Consider a first order input Markov chain X supported on RLL(1, 00) con-
straint S, transmitted over BSC(g) with corresponding output Y, a hidden Markov chain.
In this case, p’ takes the form:

p'= (p(00), p(01), p(10)).

Note that m(S) = 1, and the only sequence w_w_jv, which satisfies the requirement that
w_ow_1 is allowable in § and w_sw_;v is disallowable in &, is 011. It then follows that

f(p) = p(011) + p(011) + p(011) = mp1(2 — To1) /(1 + 7o1),

8



where 7y, denotes the transition probability from 0 to 1 in X. Thus,
H(Y)=H(X)+ (m01(2 — m01) /(1 + m01))e log(1/e) + O(e),

which was originally proven in [17].
It is well known (see, for example, the general formula on p. 444 of [I4]) that the
maximum entropy Markov chain on S = RLL(1, co) is defined by the transition matrix:

{ 1{)\ 1/0)\2 }

and

O(S) = H(X;

pmaz) = lOg )\7
where A is the golden mean. Thus, in this case mp; = 1/A? and so by Corollary 3.3, we
obtain:

Ce) =log A — ((2A+2)/(4X + 3))elog(1/e) + O(e).
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