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Abstract— We survey some of our recent results on com-
munication over channels with varying sampling rate. Varying
sampling rate is caused by inadequate timing recovery and can
result in a synchronization error, exhibited as a repetition or a
deletion of a symbol. We review number-theoretic constructions
and the upper bounds of sets of strings capable of overcoming
certain number of synchronization errors. We also review results
on how to use some practical substitution error correcting codes
when the varying sampling rate causes a synchronization error.
In particular we present the results for the Reed-Muller(1,m)
code and the array-based LDPC codes.

I. INTRODUCTION

Substitution error correcting codes are traditionally used
in communication systems to encode a binary input message
into a coded sequence. The modulated version of this coded
sequence is typically sent over a noisy channel, which corrupts
it by additive noise. At the receiver, the received waveform
is sampled at certain sampling points that are determined by
the timing recovery block. The resulting sampled sequence is
passed to the decoder whose task is to determine the original
binary message used in transmission. In the analysis of substi-
tution error correcting codes and their decoding algorithms it
is traditionally assumed that the decoder receives a sequence
which is a properly sampled version of the received waveform.
This follows from the assumption that the timing recovery
block produces near optimal estimates of the sampling in-
stances. To achieve this requirement in modern communication
chips, the timing recovery block incurs a significant cost in
terms of power dissipation and occupied chip area, which
is typically around 20%, and potentially even more, [2].
Some advanced solutions for improved timing recovery (which
may come at a complexity and delay cost) include: iterative
timing recovery which incorporates the timing block into the
turbo equalization loop [18], MAP detection based on the
Markov chain modelling of timing offsets [24], and a multiple-
hypothesis testing approach [13]. To reduce some of the cost
(desirable in systems employing advanced signal processing
algorithms for other components, for example for iterative
decoding) while maintaining the required throughput, one may
try to use a cheaper version of the timing recovery block, and
instead exploit the substitution error correcting code and its
decoder to overcome both inadequate synchronization as well
as additive errors. We investigate this approach.
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We adopt a set-theoretic model for the synchronization
errors such that each codeword gives rise to a whole set of
possible received sampled sequences, where the set depends
on how accurate the timing recovery is. Even if we assume
for the moment that the effect of the noise is negligible,
under inadequate synchronization, a transmitted codeword can
still result in many different possible sampled sequences.
When two different codewords result in the same sampled
sequence we say that they have an identification problem
since it is no longer possible to uniquely determine the
transmitted codeword. We associate with each codeword a set
of strings obtained by repeating (deleting) an arbitrary bit in
the codeword. We refer to the minimum Hamming distance
between such sets as post-repetition (post-deletion) distance.
It is desirable to have post-repetition (post-deletion) distance as
large as possible. Since the error-correction codes are tradition-
ally designed to overcome additive errors, the challenge lies
in determining their performance when both synchronization
and substitution errors are present and in finding a way to
modify codes such that the modified code possesses improved
immunity to synchronization errors without sacrificing rate and
the decoding complexity.

A problem related to studying channels that introduce syn-
chronization errors is the investigation of collections of strings
that are immune to a certain number of synchronization errors.
Specifically, one may be interested in finding the largest such
collections immune to a prescribed number of synchronization
errors, and in finding explicit constructions of such sets.

In the remainder we review some of our recent results and
the existing relevant works on constructions of sets of binary
strings capable of overcoming a certain number of synchro-
nization errors and some results on how codes of practical
interest and their decoding algorithms can be modified to be
able to overcome synchronization as well as additive errors.

II. NUMBER-THEORETIC CONSTRUCTIONS OF A SET OF
STRINGS IMMUNE TO SYNCHRONIZATION ERRORS

Binary single insertion/deletion codes were studied by Lev-
enshtein [14] who established the asymptotic upper bound
on the cardinality of a set of strings immune to a single
insertion or a deletion to be 2" /n for the codeword length



n. It was also shown in [14] that the so-called Varshamov-
Tenengolts codes [22] originally introduced for the correction
of an asymmetric error asymptotically reach this upper bound,
though their optimality (or of any other explicit construction
for that matter) for a specific finite blocklength remains an
open problem. The exception are blocklengths of some powers
of 2 for which it was shown exhaustively that the size of the
largest set correcting single insertion/deletion is indeed that of
the largest Varshamov-Tenengolts code for the given codeword
length [1]. Using number-theoretic techniques, Sloane [19]
derived exact cardinalities of these codes. Additional work
on Levenshtein/Varshamov-Tenengolts-type codes includes ex-
tensions to the non-binary case [21]; correction of single peak
shift [12]; connection with codes possesing spectral nulls [10];
and a code concatenation technique with the inner code being
a small Varshamov-Tenengolts code [3].

Construction of codes capable of overcoming s inser-
tions/deletions that reach their asymptotic upper bound, which
is 812" /n® [14] for the codeword length n, or even come
within a factor of that bound proves to be a difficult problem.
A construction proposed by Helberg and Ferreira [11] has
asymptotic cardinality 2" /M (n) where M (n) grows exponen-
tially with n, indeed quite far from the upper bound. A greedy
construction for overcoming two errors that appears to work
only for very short lengths was proposed in [20].

A related problem is that of studying optimal codes capable
of overcoming multiple repetitions. When studying such codes
one may use a transformation that maps a binary string of
length n into a string of length n — 1 by taking mod 2 sum
of each pair of consecutive bits. As a result, a repetition in
the original domain translates into an insertion of a zero in
the new domain. It is thus sufficient to study binary codes
immune to insertions of only zeros.

These codes were also studied by Levenshtein, [15], where
the upper bound on a set of strings immune to a single
insertion of a zero was established to be 27! /n. In [6] we
proposed a construction that asymptotically reaches this upper
bound. Inspired by [19], we also provided exact cardinality
results for this construction. In [6] we also presented another
number-theoretic construction of a set of strings immune to s,
for s > 1, insertions of zeros (and consequently a construction
immune to s repetitions by inverting the aforementioned
transformation). The lower asymptotic bound of the proposed
construction is within a factor of the asymptotic upper bound
derived in [15] which is of the type c(s)2""*/n®, where the
constant ¢(s) depends on the number of inserted ones, s, and
not on n. Our construction improves by at least a factor on
the lower asymptotic bound of the construction in [15].

We now summarize the results on the performance of two
specific additive error correcting codes in the presence of
synchronization errors.

III. REED-MULLER CODES

We evaluated the performance of Reed-Muller(1,m) codes
over channels which in addition to a certain number of
substitution errors permits a deletion or a repetition of a bit

[7]. Reed-Muller(1,m) codes have minimum distance 2~ for
codeword length n = 2™ and dimension m + 1. When used
over a channel that introduces additive noise, they are typically
decoded using a bounded distance decoding algorithm based
on the fast Hadamard transform of complexity O(nlogn). We
studied the run-length structure of these codes in detail and
established several structural properties of these codes. These
results appear to be new and thus may also be of independent
interest. From this analysis we systematically determined
the codeword pairs causing the identification problem under
single deletion. We also showed that no codewords cause the
identification problem under single repetition. Interestingly,
the number of identification problem causing pairs is constant
(the constant being 11) and not a function of the codeword
length. By dropping only one information bit we were able
to eliminate all identification problem causing codewords, and
more importantly, we increased post deletion distance from
0 to 2™~3 as well as the post repetition distance from 2 to
2m=3 41,

In addition, we proposed a bounded distance decoding
algorithm, also based on the fast Hadamard transform, which
recovers the transmitted codeword in the presence of a bit
deletion (repetition) as well as substitution errors whose
number is up to the half the minimum post-deletion (post-
repetition) minimum distance. The proposed algorithm has the
same complexity as the bounded distance decoding algorithm
that deals with substitution errors only, namely O(nlogn).

Additional structural properties and the study of Reed-
Muller(1,m) codes over channels which in addition to a certain
number of substitution errors simultaneously permit both a
deletion and a repetition of a bit were reported in [8]. Again
the number of identification problem causing codeword pairs
was constant (the constant being 35) and by dropping two
information bits all such codewords were eliminated.

We also briefly review the findings on the performance of
array-based LDPC codes.

IV. ARRAY-BASED LDPC CODES

Array based LDPC codes are regular LDPC codes parame-
terized by integers j and p, where j < p, p is an odd prime,
and have the parity check matrix H, ; consisting of a two
dimensional array of circulants, [9]. They feature good per-
formance, low encoding complexity and have been proposed
for a variety of applications, including digital subscriber lines
and magnetic recording applications [23].

However, as we have shown in [5], this code suffers from the
identification problem under a single repetition. We proposed
a technique for thinning array based LDPC codes which
results in enhanced repetition error correction properties. The
technique suffers only a small loss in the rate.

Furthermore in [5] we developed a modified message pass-
ing algorithm appropriate for channels in which in addition to
additive errors, a repetition error also occurs. Even though the
algorithm handles a repetition error as well as additive errors,
with organized calculations, the complexity of this algorithm



is the same as that of the traditional message passing, namely
O(n) for the codeword length n.

Extensions to multiple synchronization error correction
(along with additive errors) based on embedding a codeword
in a larger string such that the enlarged string is immune to
multiple repetitions while keeping the rate loss minimal is in
preparation.

V. CONCLUDING REMARKS

We surveyed some of our recent results as well as related lit-
erature relevant for the study of communication over channels
when the sampling rate varies. These include modifications of
some practical codes as well as constructions and the asymp-
totics of sets of strings immune to multiple synchronization
errors.
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