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I. INTRODUCTION

In earlier work [1]-[3] we presented a method for finding
ensemble weight enumerator for protograph-based gepedali
LDPC (G-LDPC) codes, and leveraged this method to find
ensemble stopping set enumerator and ensemble trapping set
enumerator. The method is conceptually simple, but when the
dimensionality of the constraint nodes (humber of theirezod
words) grows, it becomes difficult to handle the computagion
complexity, which rise while evaluating these enumerators
To deal with this difficulty, we posed a conjecture, which
greatly reduce the computational complexity. Trails togbro Fig. 1. Vectorized protograph,
this conjecture showed that the proof is a challenging bl
Also, proving it will strengthen the theory of enumerating
protograph-based G-LDPC code ensembles. Which in tuBNs as constituent codes in a concatenated coding scheme.
helps in predicating the average performances for codesndraMore specifically, the group a¥ VNs of typew; is considered
from these ensembles. to be a constituent (repetition) code with a weightnput of

In Section Il we present a review of our method for findingength N and ¢,, length-V outputs. Also, the group ofV
finite and asymptotic weight enumerators for protograplGNs of typec; is considered to be a constituent code with
based G-LDPC code ensembles [1], [2]. Then, we present tﬂje inputs, each of lengtlv, and a fictitious output of weight
conjecture in Section Il with some examples. zero.

Il. WEIGHT ENUMERATORS FORPROTOGRAPHBASED Let A(d) be th_e average (over the ensemble) number
G-LDPC CODE ENSEMBLES of codeworgis having weight vectet = [d;, da, e dn,]
) ) __corresponding to thex, VN N-groups and satisfying the

Recall that a protograph [4] is a relatively small bipartit rotograph constraintsi(d) is the vector weight enumerator

graph, containing variable nodes (VNs) and constraint ao%r the ensemble of codes of lengf¥i - n, described by the

(CNs), from which a larger graph can be obtained by a copyigiograph. As shown in [5, Eq. 2], by exploiting the uniform
and-permute procedure: the protograph is copietimes, and yierleaver property, we may write

then the edges of the individual replicas are permuted among " v

the replicas to obtain a single, large graph. The copy-and- A(d) = HJ;1 A% (d;) 1)
permute process can be simply represented by replacing each 1, (il\()Qv,ifl

node with a vector of nodes of the same type and replacing o

each edge with a bundle of (permuted) edges of the same tyRBered; = [djl N PR djqc,} is a weight vector which de-

This “vectorized” protograph is depicted in Fig. 1. scribes the weights of th&-bit words on the edges connected
Following the notation of [1], [2], [5], consider an LDPCtq CN ¢;, produced by the VNs neighboring. The elements

protograph,GG = (V,C,E), whereV' = {vi,v,..., vn,} IS of d; comprise a subset of the elementsdof

the set ofn, VNs, C' = {ci,ca,...,cn } IS the set ofne | et 5, be the set of transmitted VNs and 16} be the set

CNs, andE is the set of edges. Denote hy, (qc,) the of punctured VNs. Then the average number of codewords of

degree of variable (constraint) nodg(c;). Now consider the weight d in the ensemble, denoted by,, equals the sum of

LDPC code constructed from a protograghby making N A(d) over alld for which Z{dw»es . d; = d. Notationally,
replicas ofG and using uniform interleavers, each of si¥e $ViES

to permute the edges among the replicas of the protograph. In Ay = Z Z A(d) (2)
order to exploit the results in [6], [7], we treat the VNs and {di:v;€8:} {drvn€S,}




under the constraink_,; ., cs,3 di = d. To evaluated, in are the asymptotic equivalents of the constraints mentione
(2), one first needs to compute the vector weight enumeratdsslow (3). Note thatP., = [p1,pe,...,pk] is the empirical
A¢i(d;), for the constraint nodes;, as seen in (1). probability distribution of the codewords (hgiven a sequence
Consider the constituenfu( ) linear block codeC. For of N such codewords, whefg = n,/N andny is the number

standard LDPC codeg, is a single parity-check (SPC) codeof occurrences of thé!" codeword.
andy = k+1. Let M€ be theK x . matrix with the codewords
of C as its rows, wherék’ = 2% is the number of codewords ||]|. ON ASYMPTOTIC ENSEMBLE ENUMERATORS THE
in C. In [1], [2] we showed that the vector weight enumerator CONJECTURE
A€(w) is given by

The drawback of the method described in Section Il in

AC(w) = C(N;ny,ng,... nk), (3) evaluating the asymptotic enumerators can be seen from (9):
{n} the number of the maximization arguments equals the number
wherew = [wy,ws, ..., w,] is the weight vector at the input of the codewordsK_ln the CN co;jleC. As an example, for
to the constituent coden} is the set of integer solutions totN€ (15, 11) Hamming codey” = 27" = 2048.
w = n-MC, with ny,ns,....,nx > 0 and ZK— ng = N. In To alleviate this issue of having to maximize over a large
(3) C(N;ny,na,...,ng)'s are multinomial Iéatlafficients. number of variables, we did the following: First, we par-

In the asymptotic case, let us define the normalized logifioned the protograph’s VNs into subsets based on their
rithmic asymptotic weight enumerator (we will simply call i neighborhoods. That is, two VNs belong to the same subset if

the asymptotic weight enumerator), (3), as and only if they have the s_amg,'pe-neighbprh(_)od, meaning,
they are connected to an identical distribution of CN types.
r(8) = lim sup In Ay (4) Given this partitioning of the set of VNs into subsets, the
n—oo n ' bits for a given CN code can themselves be partitioned into

whered = d/n (recalln is the number of transmitted vari- bit subsets in accordance with their membership in the VN
able nodes in the code). Following [5], because the forminlasSubsets. We define teibset-weight vector (SWV) of a CN
the previous section involve the number of copi®s,instead codeword as the vector whose components are the weights

of n, we define the function of bit subsets of the CN codeword. As an example, let
Z = [1010111] be a codeword of a length-7 CN code and
7(5) = lim sup hlAd’ (5) let the CN code’s bit subsets He, 2,7}, {3,4}, {5,6}; then
N—oo N SWV(z) = [2,1,2]. We define theS\W enumerator as the
whered = d/N. Note thatn = |S,| - N and so number of CN codewords that have the same SWV.
Next, we examined several examples, all of which led us to
r(8) = Lf(lsﬂ -5). (6) make the following conjecture:
|St| Conjecture 1: In the maximization in (9), the optimal point
wheref(S) [1], [2] is occurs when codewords of equal SWV have the same propor-

tion of occurrence in the constituent CN code.
The intuition behind this conjecture is the following: It is

e N known that the distribution which maximizes the entropythwi
7(0) = {slfﬁ}i’;} {ghiljgsp} Za ’(95) no constraints, is the uniform distribution. However, ire th
=t (7) case where the distribution has to satisfy some constraints
B - (go, — D (3:) the (_)ne_which_ maximiz_es the entropy is the .“most" uniform
pat vi ! ’ distribution which satisfies the constraints (This can hved

~ ~ _ by showing that any transfer of probability that makes the
under the constrair}; ;s ., <,y 9 = 0. In (7), a®(d;) is  distribution more uniform increases the entropy. Note, the

the asymptotic vector weight enumerator of the constraden relative entropy to the uniform distribution can be used as

cjy H(0;) = —(1—-0;) In(1—-6;)—0;Ind;, andd; = d;/N.For a measure of uniformity.). Now, the problem of enumerating

a generic constituent CN codg this enumerator is definedthe codeword weights of a protograph-based code ensemble

as implies two kinds of constraints, the normalized weighand

the neighborhood. For a given CN, the weight constraintderc

af(w) = lim sup AC(W)7 (8) codewords of different weights to have different probaiesi.
N—oo N Consequently, the most uniform distribution, which can be
wherew = w/N, and is evaluated [1], [2] as achieved, is the one where codewords of equal weight have
the same proportion of occurrence in the constituent CN.code
a(w) = max {H(Py)}, (9) Actually, this is the case when all the CN's variable nodegha

{Fw} the same neighborhood. However, when they have different
under the constraint thaP,,} is the set of solutions to neighborhood, the neighborhood constraint forces codisvor
w = Py -MC, p1,pa,...,px > 0 and Zszlpk = 1. These of different SWV to have different probabilities (even if the



have the same weight). Therefore, the most uniform distribu
tion, which can be achieved, is the one where codewords of
equal SWV have the same proportion of occurrence in the
constituent CN code.

We use this conjecture with some simple linear algebra to
rewrite (9) as

af(w) = max {H*(P)} , (20)
{P}

under the constraint thafP} is the set of solutions to Fig. 2. Rate-7[15n, = 15 G-LDPC protograph.

w=P M p®» p® . >0and¥ - PT = 1, where

P = [pM, p® . ]is a vector of the distincp;’s in Py, F('j‘g‘T;';Q

U = [1)1,%,,...] is a vector of the SWV enumerators 6f :

and MC is constructed fromMC by adding the rows oMC

having the same SWV. Note that it is possible to have identical

columns inMC. This implies that the corresponding’s, in

w = [wi,ws,...,w,], are equal. FinallyH*(P) is related to / N\
H(P,,) as follows: /’/ \’\
0 WOE & WHE &

Fig. 3. Rate-1/3 G-LDPC protograph.

K
H(Pw) == prlnpy
k=1

=3 <p(1> mpm) -,
£ H*(P). Example 2: Consider the rate-1/3 G-LDPC protograph in

11) Hamming codes for the constraifi, andH,, where  type-neighborhoods, afe;, vs, vs, vs, v7, vs}, {v1, vo}, {vs}.
From theMC¢ matrices of the CNs, we noticed that VNs in

10101010 101010 the same subset have the same normalized weight. So we
H, [M; M,] = 01100110 011001 associate the normalized weighfs, 1,02} with the VNs

00011110 000111 of the sets. The asymptotic weight enumerator is given by
00000001 1111112 r(6) = 7#(95)/9, where

H, = [M, M,]. : _ _
2 [ 2 1] 7;(6) = max {QQSPC(Jl) + (ZH((SQ)

Note that there ard{ = 2048 codewords in each constituent 50,01,02 (12)

code, so it would be difficult to evaluate (9) for this code. —12H (50) — 4H(8y) — 2H(52)}.

But, applying the conjecture, all VNs in this protograph dav
the same type-neighborhood. Also, after find¥E one finds such thaBd, 4 25, + 65 = 6, whered, andd., are the vectors
that all of its columns are identical. Consequently, the VNsf the associated normalized weights.

have the same normalized weight The asymptotic weight
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