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. DESCRIPTION

A minimum distanced binary lexicode is greedily constructed as follows: staithvthe
all-zero vector; repeatedly add (until exhaustion) theclegraphically earliesti (., appearing
first in a dictionary) vector at Hamming distanzed from the previously chosen codewords.
The length of the code is determined as the support size ofdtle. As a simple example,
constructing the minimum distancé = 2 binary lexicode would entail adding, in order,
codewords), 11, 110, and 111 resulting in a code of length = 3 with 4 codewords.

A. Open problem:

Provide an explicit, closed-form expression for the lengtlof an arbitrary, minimum
distanced, binary lexicode with2* codewords. Even a solution for low dimensions (say
k < 30) could be of interest.

II. MOTIVATION

Lexicographic codes (nicknamddxicodes) were introduced by Levenshtein [1] and by
Conway and Sloane [2, 3]. Despite their greedy construgctibey have surprisingly good
code parameters. For a given length and distance, they pially within one of the best-
known minimum distance, and they often exhibit the smakestwn covering radius. They
also have a number of famous optimal codes as special caskgjing the Hamming codes,
the binary Golay code, and certain quadratic-residue cdesuch, they have an empirically
“almost-optimal” character to them, and studying theirgadies could tighten bounds and
provide automated generation for optimal error-corrgctindes.

[11. PRIOR WORK

In their initial work, Conway and Sloane [2, 3] provided a ghtable of various lexicode
parameters. Thereafter, a number of researchers havedpdowinproved algorithms for
generating lexicodes and their parameters, based on gasoeetit and coding theoretic
considerations (see [4-9] and the references containedirtheThe most extensive lists of
parameters we know are based on the work of Bob Jenkins [IDpeailable through the
On-Line Encyclopedia of Integer Sequences [11]. Theseesagkt very short as Hamming
distance increases, and this is consistent with the fattethating algorithms for generating
lexicodes are exponential in the Hamming distardcar the co-dimensiom — k.

Some general properties of the lexicode parameters ardiadson. For one, the minimum
distancet binary lexicodes are all extended Hamming codes or shoigsrithereof [3], mean-
ing that their dimensiot and lengthn observe the relationship= n—2— |log,(n — 1)]. In



addition, binary lexicodes with odd minimum distance aregtured versions of their even
minimum distance counterparts [3]. More generally, ledie® have some weak bounds [4]
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or asymptoticallyn < %. Lexicodes, like most linear codes, also meet the Gilbennhdd12].

A. Proposed direction

Since binary lexicodes are linear, it is sufficient to geteetheir basis to determine the
length of the code. Dimensioh = 1 binary lexicodes have exactly two codewordsand
14, where we use the notatiaii to denoteb copies ofa. Thus, dimension binary lexicodes
have lengthn equal to their minimum distancé

By inspection, we can see that the next basis vector to additaimensionl lexicode
will be of the form 17017, wherez = y = d — || and z = |Z]. Thus, the binary
lexicodes of dimensiok = 2 have length2d — ng This result can also be determined more
systematically by using Theorem 3 in [7], which defines atrefship between the coset
leaders of lexicodes of dimensidnandk + 1, for any givenk. We can apply Theorem 3 to
the coset leaders of the dimensibnr= 1 lexicode to get a general form for the coset leaders
of the k£ = 2 lexicode, from which the code length is apparent.

Though Theorem 3 from [7] can be applied once again to deterrthe coset leaders
(and hence length) of the > 3 lexicode, the number of constraints quickly becomes too
complicated for simple hand calculations. At a minimum,hiogld be possible to develop a
symbolic algebra for manipulating these constraints bymater to generate explicit, closed-
form expressions for low-dimensional lexicodes of arbjtraninimum distance.
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