On the Single-Slot Capacity of Random Access
Over a Gaussian MAC

Onkar Dabeer
School of Technology and Computer Science
Tata Institute of Fundamental Research
Colaba, Mumbai 400 005
India
Email: onkar @cs.tifr.res.in

Abstract— Consider a Gaussian multiple access channel (MAC) Il. BASIC SETUP

with two users, which do not always have a message to transmit Consider a Gaussian MAC channel with a maximum of
Neither user knows if the other is transmitting or not. Each user : ussi wi Ximu

has two possible achievable rates depending on whether théner WO users. The two users may not always have a messages
user is transmitting or not. Hence, in general, any coding steme  to transmit, and it is likely that none of them transmit, ofyon
is characterized by a 4-tuple of rates. For given power consints, one of them transmits, or they both transmit. Neither user
we prove inner and outer bounds to the (4-dimensional) capdy  knows if the other will transmit or not. But we assume that
region. the receiver knows which users have transmitted. (We nate th
this information can be communicated to the receiver at zero
|. INTRODUCTION rate and the capacity region remains unchanged even if this

Consider th link of a wirel h assumption is not made.) We are interested in opportunistic
onsider the uplink of a wireless LAN (WLAN). There are. o5 \yhere the users get a lower rate when they collide, and

several users associated with the access point (AP) and eq gher rate when they do not collide. This is made precise
has an independent, bursty source of information packdie 01 the following paragraphs

sent to the AP via a multiple access channel (MAC). AssumingConsider the three channels:
that the time is slotted, in any given slot only a (random)ssib
of the users may have a packet to transmit. Moreover, a giverZ; = X; +Y; + W;, t=1,..,n (Gaussian MAQG (1)
user does not know how many other users have packets to 7 — x, + W, t=1,...n (Gaussian channel (2)
transmit in the given slot. Thus within a slot, we are natyral .
led to a MAC g\!/vith unknown number of transmitters. §"I'his Zv=Yi+W;, t=1,..,n (Gaussian channel (3)
uplink model is not new. Gallager suggested the need for sudbre X, Y™ are the codewords of user 1 and 2 respectively.
a model in [1]. Subsequently, several authors have studiagé assume that the noise sequed®g} is i.i.d. N'(0,02).
the L-out-of-K (LOOK) channel (see Alsugair and Cheng [2fhe channel (1) arises when both the users transmit, channel
for more details). In the LOOK channel, exactlyout of a (2) arises when only user 1 transmits and channel (3) arises
set of K users transmit. This channel is a special case when only user 2 transmits. (The case when no one transmits
the normal channel network in [3, pp. 300] and its capaciig not of interest.) We useZ to denote the transmission
is known ([2]). In general, however, the number of activevents:E = i if only the ith user transmits and& = (1,2)
users is also not known. In this contempportunistic coding if both users transmit. Even though we do not need the
schemes that provide more throughput if fewer users transmpiobability law of E in this paper, it is convenient to think
simultaneously are desirable. For example, [4] considegs tof £ as a random variable independent of the other random
two user Gaussian MAC where each user independently hagiables here.
a message to transmit with some probability, and it proposes
opportunistic codes based on the ideas of superpositiongodRemark: In WLANSs, even if a user has a message to
and rate splitting. While [4] provides an achievable regibe transmit, it may not transmit depending upon recent history
precise capacity region for this problem seems to be unknown this paper, we do not consider this issue and only study
In this paper, we prove inner and outer bounds to the capadaitie single-slot capacity region conditioned on the various
region in terms of auxiliary random variables (see Theorem ftansmission events.
2, Section III).

The paper is organized as follows. In Section I, we describeLet M; = [M;o, M{,] be the message of user 1 ahfh =
the precise notion of achievability used in this paper ar{d/s, M;,] be the message of user 2. When both the users
define various regions used to inner bound and outer boumansmit, we want to convey the messdgdé;, Ma) reliably
the capacity region. The main results are stated and pravedver the channel (1). When only uséettransmits, we want
Section Ill. The conclusion is given in Section IV. the entire messag#/; to be conveyed reliably. As is usual,



the number of messages grows exponentially with the blockad
length n and our interest is in identifying the rate vectors
(Rlo, Roo, Ry, Rg) such that

e (R0, R20) is achievable on the Gaussian MAC channel,

U andV are independent
X andY are independent

that is, when both users transmit & (1, 2)). UoX—2Z g.ivenE =1 (5)
« R, is achievable when only usértransmits. Clearly we V=Y —Zgvenk =2
haveR; > R;, and we assume so throughout. (U, V) — (X,Y) — Z givenE = (1,2)
The definition of “achievability” in this setting is stateelow. E[X? < Qi,E[Y?] < Q..

We begin by introducing some more notation.

Let P, be the power constraint on usér We represen
messagé/; by a binary sequendébp” = [bi1s -, bing,;]. We
assume that all messages are equally likely. Thesfifgt bits
b?R“’ correspond to messagd,. Let

¢ We denote the directly achievable rate-power regiorDhy

To establish an outer bound, we define regionbelow.
Definition: The rate-power vectofR, Q1,Q2) € D if there
are random variable$/, V,U,V,X,Y such thatZ is the
channel output (of the channel corresponding to evgnwith

F 0,1y R S Ry, i =1,2 inputs X, Y, and,
be the encoders with block-length, and Ietg(’g be the R < I(U; |~)
decoder of uset under eventE. We denote the decoded Roo < I(V; Z|U)
message bits byl,. Rio + Rao < I(U,V: Z) (6)
Definition: The 4-tupleR = (R, R20, R1, R2) is said to be Ry = Rip < I(X; Z|~ )
achievable under a power constraiiif’;, P») if there exists a Ry — Rog < I(Y; Z|V)
sequence of codes of block lengthsuch that and
1) Power constraints: U andV are independent
1 ZXtQ <p, = ZYtQ <p, )~( andY are independent
n naz U—-U—-X—ZgivenE =1 @)
2) Achievability when only user i transmits, i = 1, 2: V-V =Y ZgvenE =2
P(B”Ri (U,V)— (U, V)= (X,Y) — Z givenE = (1,2)
' E[X? < Qu, E[Y?] £ Q.
— 0 asn — oo.
We note thatD C D-.
3) Achievability when both users transmit:
[1l. M AIN RESULTS
nR nRy InR nR B . . . .
P (b1 107 by or by 0 o by 0| Both transm@ The following result gives an inner bound for the achievable
0 asn — oo. rate region in terms of the directly achievable rate regign.

possible improvement to this bound is suggested towards the
Remark: As per the above definition, the transmitter doegnd of the section.)
not know the exact number of bits correctly received at the Theorem 1:
receiver. In a real system, a feedback mechanism is needed
to convey this information to the transmitter. {R (R, P, By) € conv.c[D)} CC(h,P)  (8)

wheree conv.c[D) is the convex closure dp.

Proof: The proof is based on standard arguments for the MAC
and broadcast channel [5]. Hence we skip the details and only
give an outline below.

First we show thatR, Q1, Q=) € D is achievable when the
Power constraints ar€),,Q». Let U,V, X,Y, Z be random
variables that satisfy the conditions (4), (5) {®, Q1,Q2) to
be in D. The proof follows random coding arguments using

Definition: The achievable rate region is the closure of the
set of achievable rates and is denotedy, P»).

Definition: The rate-power vecto(R,Q1,Q2) € (R*)° is
said to bedirectly achievable if there are random variables
U,V,X,Y, Z such thatZ is the channel output (of the channe
corresponding to everit) with inputs X, Y, and,

Ry < I(U; Z|V) these random variables and the ensemble of codes used by
Roo < I(V; Z|U) each of the users is similar to that for a degraded broadcast
’ _ channel [5]. At encoder 1, firse™f0 sequenced/™ are
Rao + Rao < I(U, V3 Z) () generated in i.i.d. fashion using the law 6f. TheseU"”
Ry — Ry < I(X; Z|U) sequences serve as ‘cloud centers,’” and for each cloudrcente
Ry — Roo < I(Y; Z]V) 2n(F1—Rw) codewords are generated independently, yielding



a total of2"# codewords. The: symbols in a codeword are where

generated independently and at timéhe symbol is generated ~

using the conditional law of{ given thatU = w,, where Up = (Mo, X'71), Vi = (Mo, Z271).

u; is the t'* symbol in the cloud center. Given a message

M, = bnR1 the firstnR.o bits (messagé\l,) are used to Using this and Fano’s inequality wheti = (1, 2), we get that

choose a&J" sequence, and the remaining bits (messa@e)

are used to choose a codeword from the cloud of the chosen N

f({orse‘;q:eannc(;a}.jl'mllarly the code ensemble at user 2 is obtained Z (Us: Z4| V) + o).
Consider firstE = (1,2). The effective MAC between a

(U™, V™) andZ™ can be checked to be memoryless. It followSimilar bound holds forn Ry, and we get

from standard techniques for the MAC that any rates satigfyi

nRio = H (M) = I(Myo; Z") + H(Mo|Z™)

1< -
Ry < I(U; Z|V) Rio < — ZI(Ut; Zo4|Ve) + o(1),
Roo < I(V; Z|U) 9) X o (11)
Ry + Roo < I(U,V; Z) Ry < EZI(VHZO,t|Ut)+O(1)
=1

are achievable.
Now considerE = i. In this case, the superposition codavhere
is decoded like for a degraded broadcast channel [5]. (Here -
the messag@/;, corresponds to the message of the ‘degraded Vii= (Mo, Y1), Upi= (Mo, 2'71).
user.) Thus we get that iR, < Ry + I(X; Z|U), where
Ry, Rag satisfy the MAC bounds above, then it is achievable.
A similar result holds forRs.
Thus we have shown thatR,@Q,Q2) is achievable.

Next we bound the sum-rate. Again by Fano’s inequality

TL(Rlo + RQO)

Now suppose we are give(R,P;,P,) € con\D). By < I(Mio, M2o; Z™) + o(n)
Caratheodory’s theorem [5, pp. 398], we know that any point o i1

in conD) can be written as a convex combination of 8 or - ZI(MN’MW; Zi|277) + o(n)
less points inD. Time sharing of the schemes corresponding " =1

to these 8 points then yields that points in c@dy are < H(Z,) — H(Z|Myo, Mag, 2t~ 1)]

achievable. Since the points in the closure of a set can be
approached by a sequence of points in the set, the result is

t=1

proved. m SinceZ!"!= X"l 4yl L Wi~ and{W,} are i.id.,
We next establish an outer bound for the capacity region. .
Theorem 2: 77— (XL YY) — Z, given Mg, Mag.

C(Py, P) C {R (R, P, P) € conv.c(Dg)} (10) Therefore by applying the data processing inequality

wheree conv.c[Ds) is the convex closure db,. (Rlo + Rao)
Proof: First consider the case whéh= (1, 2). SinceM; and . )
M, are independent < Z H(Zo 4| Mg, Mo, X1, Y]
I(Myo; Z™) < I(Myo; Z™| M.
( 10 ) ( nlO | 20) Hence
=Y I(Mio; Zy|Mao, Z* 1) L&
=1 Rio+ Ry < EZI(Ut,Vt;Zt) +o(1). (12)
t=1

where we used the chain rule in the second step. This gives

o Consider now the even = 1. We next boundR;. Since

I(Myp; Z™) .
N all messages are equally likely

< ST H(Z | Moo, 2t Z4| Mo, M. ZH}

>~ ;[ t| 20, ) ( t| 10, 20, ) an — H(Ml) — H(Ml()aM{l)

[ :TLRlo+I(M{1;Zn)+H(M{1|Zn).

NE

H(Zy|Mao, 2'7) = H(Zi| Mo, Mao, X', 2'71)]

1 Applying Fano’s inequality, and then using the fact tiat,
n . and M7, are independent, we get

> I(U; Zi|Vh)

t=1 n(Ri—Rio) = I(Miy; Z™)+o(n) < I(Mjy; Z"|Mio)+o(n).

~
Il



Application of the data-processing inequality and the ichai
rule then gives [1]

n(R1 — Ryg) < I(Xn; Zn|M1o) + O(n)

=Y I(X"; Zi|Myo, Z'7") + o(n)
t=1 [3]
= Z[H(Z”Mlo,ztil) [4]
t=1
— H(Zi| My, ZF71, X™) | + o(n).

WhenFE = 1, givenX,, Z, is independent o *~! and X X
Therefore

n(Ry — Ryo) < zn: [H(Zi My, 2'7)
t=1
— H(Zy| My, 241, Xt)} + o(n)
~ R < %i] Xu; Z,|00) + o(1). (13)
Similarly, whenFE = 2,
Ry — Rog < %iI(E;ZtWt)*'O(U- (14)

The random variables
Ut7 ‘/ta Uta ‘7;57 Xta }/;fa Zt

satisfy the conditions (6) and (7). Moreover the codewords
satisfy the power constraints,

_ZE

This implies thatR is such that R, P, P») is in the convex
closure ofD,. This completes the proof.

Remark: We note that the inner bound is based on
superposition coding with twéayers while the outer bound
suggests a three-layer superposition code. It is possible t
establish inner bounds using three layer superpositioes;od

1 n
<P, = E E[Y?] < Ps.
n

t=1

but we have been unable to close the gap to the outer bound.

IV. CONCLUSION

We prove inner and outer bounds for the capacity region
of single-slot random access over Gaussian MAC. There is

further scope to improve the gap between these bounds,

particularly in the high SNR case. The removal of the aumilia
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