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Abstract—We consider multiple description (MD) coding for and provide both inner and outer bounds to the rate region.

the Gaussian source under the symmetric mean squared error At the heart of the result is a novel lower bound for the

distortion constraints. With focus on the three description prob- ¢, rate, which is the first lower bound with more than
lem, we provide inner and outer bounds for the rate region,

between which the gap can be bounded by some small constants.tWO levels of distortion constraints to appear |_n the litere,

At the heart of this result is a novel lower bound for the 0 the best of our knowledge. We derive this lower bound
sum rate, which is derived through generalization of the well- by generalizing Ozarow’s technique in treating the Gaussia
known bounding technique by Ozarow. In contrast to the original two-description problem. More specifically, we expand the

E?nesttr;%dd' g:eoﬁl’;p%?]‘l)tr:zngg?ﬁa\?;:gbfgagﬁ db?‘/urrtu(;'eir;h;c?seor;e probability space of the problem by more than one auxiliary

particular Markov structure on them. The outer bound is then random varlable,_and Impose (:‘ertaln Markov structure o_n
established by applying this technique to several bounding planes these random variables. Ozarow's technique has been dpplie
of the rate region. For the inner bound, we consider a simple to various problems besides the MD problem [1], [6], [7],

scheme of combining successive refinement coding and losslesfor example, the results on multi-terminal source coding by

multilevel diversity coding (MLD). Both the inner and outer \yagner and Anantharam [8], and the joint source channel
bounds can be written as the intersection of ten half spaces with ;

matching normal directions, and thus can be easily compared. coding proble_m with bandwiqlth expansion by ReZ_E_)ical.
The small gap between them, where the boundary of the MD rate [9]. However, in all these preV|ou.s.W0rks thg_probabllltﬁsp _
region clearly resides, suggests the surprising competitiveness o was expanded by only one additional auxiliary random vari-

this simple achievability scheme. The geometric structure of the able, which appears insufficient for the geneiaidescription
MLD rate region provides important guidelines as to the normal problem in consideration.

directions of the outer bound hyperplanes, which demonstrates A simole i b di idered in thi b
an intimate connection between MD and MLD coding. These Simple inner bound IS considered In this paper by com-

results can be generalized and improved in various ways which Pining successive refinement (SR) coding [10] and lossless
are also discussed. multilevel diversity (MLD) coding [11], [12], which was in
fact considered previously by Zamir and Yeung [13] in a
slightly different context; we shall refer to this schemetlaes

In the multiple description (MD) problem, a source iSR-MLD scheme. This scheme provides an achievable region
encoded into several descriptions such that any subseewnf thwith the same geometric structure as the rate region of the
can be used to reconstruct the source with certain specifidtlD coding problem, which can be written as the intersection
quality. The problem is well motivated by source transnaissi of ten half spaces. With this inner bound in mind, we derive te
over network with path failure or packet network with losslower bounds for the bounding planes of the MD rate region.
since there exists uncertainty as to which transmissions {&he resulting outer bound is shown to differ from the inner
packets) are received successfully by the receiver. bound by some small universal constants independent of the

Even in the seemingly simple situation with two descripspecific distortion constraints.
tions, the only solved case is the quadratic Gaussian proble This result can be further improved in several ways. It
[1], for which the achievable region in [2] is tight. Zhangcan be generalized to any number of descriptions under
and Berger showed that this achievable region is however myimmetric distortion constraints, as well as asymmetrs di
tight in general [3], and a complete characterization of thertion constraints. We shall discuss certain aspects edeth
rate-distortion (R-D) region has not been found. In [4][&h improvements and generalizations.
achievable rate was provided for the symmetric case withyman
(> 2) descriptions. Wang and Viswanath [6], [7] generalized Il. NOTATION AND PROBLEM DEFINITION
the scalar MD problem to vector Gaussian source with manyLet {X (i)};=12,.. be a memoryless and stationary Gaus-
descriptions, and tight sum rate lower bound was estallishr&an source with zero-mean and unit-variance. The vector
for certain cases with onlgwo levels of distortion constraints. X (1), X(2),..., X(n) will be denoted asX™. The mean

In this work, we focus on the three description scalar Gausguared error (MSE) distortiod(z",y") = £ 3" | (2(i) —
sian problem under symmetric quadratic distortion coirssa y(i))? will be used. We adopt the notation in [12]. A length-

I. INTRODUCTION



block of the source samples is encoded into three desargptio R,
Let v be a vector in{0,1}3, and denote thé-th component
of v by v;. Define

Qf ={ve {0, 1} jp|=0a}, a=1,23 (1)
where |v| is the Hamming weight ofv, and defineQ; =
U2 _, Q4. We have R+R+R

Q3= UQIUOS
= {100,010,001} U {110,101,011} U {111}.  (2)

+
Decoderv, v € Q3 has access to the| descriptions in the s
setGy = {i : v; = 1}. The symmetric distortion constraints R*R
are given such that any decodecan reconstruct the source to R
satisfy a certain distortio)), i.e., the distortion constraint
depends only on the number of descriptions the decoder has
access to, but not the particular combination of descrigtio R
The notation/), is used to denote the sét, 2, ..., k}.
Formally, an(n, My, Ma, M3, (Ay,v € Q3)) code is de-

fined by encoding functions; and decoding function®y Fig. 1. A typical R(D) .
Si i R™ = In,,1=1,2,3,
Ty : H I, — R™, v € Qs, where H; £ H(V;) for i = 1,2,3. The coding scheme has
i€Gy ' two effective steps for each sourdé: 1) the source vector

V" is encoded (independently of other sources) into a stream
B, of rate approximatelyH;, 2) this stream is mapped by
Ay = Ed(X", Ty (S;(X™),i € Gyp)), v € Qs, (3) three hash functions (similar to binning) into hash indjce®e
for each description, and the hash indices are written imto t
descriptions. It is easily seen that there exists hash ifumt
such that with a set of descriptions, as long as the sum rate
of the hash functions for eacB; is larger thanH;, these
descriptions can be used to jointly decd8leand subsequently
1 log M; <R +¢,i=1,2,3, Ay < Djp+¢,veE Q. recover_V;’ losslessly in thg usual Shannon sense.
n Consider now constructing the bitstrea using thei-th
We are interested in the collection of all thi®;, D2, D3)- layer of a successive refinement code for the Gaussian source
achievable rate triples, which is denotedRi&D), whereD =  to satisfy distortion constraind;, for i = 1,2, 3. Since the

and

whereE is the expectation operator.

A rate triple (Ry, Ro, R3) is (D1, Dy, D3)-achievable if
for every e > 0, there exists for sufficiently largee an
(H,M17M2,M3, (Av,'v € Qg)) code such that

(D1, Do, D3). Gaussian source is successively refinable [10], the folgwi
l1l. THE SR-MLD CODING SCHEME RATE REGION rate of B; is achievable
. . . . X 1 D .
The symmetric MLD coding problem was considered in Hi = ~log L 1.2.3. )

[11], which can roughly be described in the context we are 2 D;’
considering as follows. N . .
Three independent sourcés, V, and Vs are observed at whereDy = 1. Clearly the result [11], i.e., (4)-(7), implies that

the encoder, and encoded into three descriptions. The desodh® following rate region, denoted &(D), is achievable for

Tioo, To1o and Tho, which are called the first level decodersth® MD problem.

should reconstrucl; losslessly in the Shannon sense, the 1 1 _
decodersl} 10, Ti01 andTy1; should reconstrudtls, V3), and R > 3 10g jv i=1,2,3, 9)
decoderTy;; should reconstructVy, Vs, V3). 1 S
The achievable rate region was characterized in [11] far thi i + 1 = 5 log D D, #J, 4,j€{1,2,3}, (10)
coding problem, which can be written as 1
SR+ R+ Ry > 1o S
R, > Hy, i=1,23, 4) PN = 5 0 DD, Dy
Ri+R; >2H, + Hy, i#3j, i,j€{1,2,3}, (5 iFj#k ik je{l,2,3}, (11)
1 1
2R; + Rj + Ry, > 4H, +2H, + H3, R1+R2+R32110gm' (12)
i#j#Fk ikje{1,23}  (6) LR
3 Formally we have the following theorem.
R R Rs > 3H —Hs; + Hs. 7 N
1 s = St g Ha o M D Theorem 1: R(D) C R(D).



This theorem is also implied by the result in [13], thougimaximizes the differential entropy for a given second mamen
the problem considered there is defined to be more res#ictiBincelog(-) is a concave function, we have
the reconstructions by decodefy, |v| = k, are exactly the n
same for any fixed valugé. In Fig. 1, we show a typical rate Z —log [(QWQ)(Ed(X(i),XU(i)) + da)j|
region of the lossless MLD coding problem, which clearly i=1 2
bears the same geometric structure/agD). This region is
a polytope with ten faces, and our plan is to derive an outer
bound which is also a polytope with ten faces of matchingnd it follows
normal directions. (Si,i € G V)

> nh(Y,) - 5 log (BA(X", X5) +d, )

< Diog (]Ed(X",Xg) + d,,,) .

I\D\:

IV. A SUM RATE LOWER BOUND

We first provide a lemma that will be useful for proving the o
outer bound. — 5 log (D) + da)
Lemma 1. Let S;, i« € {1,2,3} be a set of encoding 1
. ; . 1 4 n +d,
functions such that there exist decoding functions to fyatis =3 log Dot d’
the distortion constraintd. LetY, = X + N, andY, = B
X + N, + N, where N, and N, are mutually independent which is the first claim.
Gaussian random variables independent of the Gaussiaresour To prove the second claim, we write the following
) . 5 5 . L
X2, with varlar21cecra2 and o}/, respectively. Then by defining 1(Si,i € G Vi) — 1(Si,i € G Y
o; =dy ando + 0 = d,, we have
=nh(Y,) — nh(Ya)

> nh(Y,)

1
I1(S;,i € Gp;Y)') > n log ;d“, (13) + h(Y]']S:,i € Gy) — h(Y}'|Si,i € Go).
2 D‘fv‘ + da
For the latter two terms, we have
and
1(S01 € Gur ¥y — 1(Sui € GusY) T?”&”E(%)_MnLﬂ”eG“

n.  (1+dy)(Djp| +da) = h(Y]'[Si,i € Gv) — h(Yy' [N, {Si,i € Gu})

> —log . (14) 5
2% (14 do)(Djv) + o) ®

Note that clearly Lemma 1 holds true whenevex d;, <
d,. Next we proceed to prove this lemma.
Proof of Lemma 1. DefineZ, = N, + N, andZ, =

h(Y'S;,i € Go) —
= I(Yan,NgLS'i,l S Gfu),

where (a) is becaus®’ is independent ol}* and {S;,i €

(Y;LlNz;L> {Si’i € GU})

v }; (b) is by the definition oft,. Continuing along this line,

To proof the first statement, we consider the foIIOW|ng chal o
ave

of inequalities

I(Sii € Go; ) LY NG| € Go)

— nh(Y,) — h(Y"|Si,i € Go) @ RN — R(NP|X™ + N + N, {S;,i € Go))
= nh(Y,) — h(X" 4+ Z"|S;,i € Gp) = h(N") — h(N?|X"™ + N + N* X2 . {S;,,i € Gv})
LT A s Gyl © ) — AVEIX™ - X3+ N2 )
nh h(X" 4+ Z" — X3 © & .
(> e = 75 ' ) ) = (h(Na(z)) h(Na(i)| X (1) — X (i) + No(3) +Nb(i))
= nh(Ya) = 3 X () + Za(0) = Xo(i)] =
“ = = D T(Na(i); X (i) = Xo (i) + Ny(d) + Na(@))
> nh(Y,) i=1
n A D 1, Ed(X (i), Xo(i) +d
> Llog {(2re)B(0X ) + Zu() — Ku(i)2) > 23" Eax ), o) 1 4o
i=1 N 1 A (;) ﬁ]o D|fv| +da
Z 5 log [(2me) (BA(X (i), Xo(0) +da)], = 2 5 Dy + 4

where (a) is becausd/, is independent 0of5;,i € Gy; (b)
where X7} is the reconstruction with descriptioss, i € Gy, is because conditioning reduces entropy; (c) is by applying
and itsi-th position is denoted aXy (i). The inequality (a) the chain rule, and the facts that” is an i.i.d. sequence and
is because conditioning reduces entropy, (b) is becaudeeof tonditioning reduces entropy; (d) is by applying the mutual
chain rule for differential entropy and the fact conditiogi information game result (see page 263, [14]) that Gaussian
reduces entropy, and (c) is because Gaussian distributimmise is the worst additive noise under a variance consfrain



and takingN, (i) as channel input; finally (e) is due to thenequality [14]. Thus it follows
convexity and monotonicity ofog 24« in z € (0, 00) when

x+d - .
d, > dy > 0. This completes the proof for the second claim. n(Ry + Ry + R3) > Hz — Hj
| | :I(Sl,Yln)+I(Sg,yln)+1(53,yln)
A similar line of argument was used in [6] to derive an lower 1 " "
bound for a system with two levels of distortion constraints T 5[1(5152’}/2 ) = 1(515;17")]
However, Lemma 1 generalizes that result since there exists 1 on on
only one auxiliary random variable in the setting of [6], and 552855 ¥5") — 1(S255; Y1)
- ; 1
we have two auxiliary ranqom variablés, a_nd Yb. _ L (S) 85 YY) — (518 V)]
Next we prove the following theorem, which in fact provides 2
a set of lower bounds to the sum rate. + [1(518283; X™) — 1(S15253; Y3")]. (18)

Theorem 2: Clearly we can now apply the first statement in Lemma 1

to the first three terms in (18), and the second statement in

3 1+d; . .
Ry + Ry + Rz > 3 log D +d Lemma 1 to the first three brackets in (18). For the last bitacke
1 1 2 __ 2 _ 2 i
3 (1+do)(Ds+dy) 1 (Ds + dy) let o =0 ando = o3 in Lemma 1,.then again the segond
+ 11 o) +-1lo REWATLR (15) statement can be applied. Summarizing these bounds giges th
(1+d)(D2+dz) 27 (1+dy) claimed result. [ |

for anydy > dy > 0 This lower bound_on f[he sum rate is quite _powerfL_JI, since
== we can choose arbitrarily valid; and d, and it remains a
Proof: DefineY; = X + Ny andY) = X + N1 + N2, |ower bound. One could maximize this lower bound, however
whereN; and NV, are mutually independent Gaussian randofithout a matching inner bound, solving this rather involve
variables independent of the Gaussian soWcevith variance optimization problem offers little insight. Instead, weath

2 2 R 7 2 __ 2 2 __ g . .
oi andoy, respectively. Define; = dz, o + 03 = di. We  choose some specific values in the next sectiondfoand

start with the following chain of inequalities ds, which indeed provides insightful results.
n(R1 + Rz + R3) V. AN OUTER BOUND TO THE RATE REGION
(@) .
> H(Sy) + H(S2) + H(S3) — H(S515253|X™) Let R(D,d;,d2) be the set of rate triple$R;, R, R3)
(b N satisfying (15) and the following conditions
= H(51)+H(52)+H(53) *H(Sl»SQSg‘X ) . .
1 :
— 5 [H(Slsg)+H(5253)+H(5153)} R; > 510g Ea i1=1,2,3, (19)
1 1. (I+di)(Da+dy) ., . . .
- ; > =1 1,2
+2[H(51S2)+H(5253)+H(5153)} R1+RJ =9 0g (D1+d1)2D2 5275,77 1, e{ ) 73}5
— H(S,55855) + H(S152,55) £ Hs, (16) (20)
2R, + R + Ry,
where (a) is becaus&, i = 1,2, 3, are deterministic functions - 1 | (1+d1)?(1 + do)(Do + d1)*(Ds + dy)
of X™; (b) is by adding and subtracting the same term. =598 (D1 + d1)* (D3 + d2)?Ds5 ’
The next step is essential for establishing the lower bound, itiAk ikje {123} (21)

which differs signigicantly from the technique of [1] and] [6
in that we now utilize the two auxiliary random variabl€s We have the following theorem.

andY,. Consider the following quantity Theorem 3: R(D, dy,ds) 2 R(D) for anyd; > dy > 0.
Proof: Itis clear (19) is by the conventional rate distortion
s = {H(51|Y1n) + H(So| V) + H(S5Y) theorem. To get (20), we write
1 n(Ri + Rj) = H(S;) + H(S;) — H(S:5;|X™) (22)
S HGSY) + HSSI) +HESIO / /
1 > H(S;)+ H(S;) — H(S;S;) + H(S;S;) — H(S;S;|X™)
’ {2 [H(S15:[Y5") + H(S253[Y5") + H(S155(Y3")] — [H(Si|YY") + H(S;]Y1") — H(S:;(Y7")] (23)
=I(S;Y{") + 1(S;;Y7") + [1(8: S5 X™) — 1(8: S5 Y1")],
—H(S, 5253|Y2">} S an (24)

) where (@) is adding and subtracting the same term, and the fac
It is seen thatH; > 0, because each brace in (17) isS; and.S; is deterministic givenX™ and I(S;;S;|Y7") > 0.
nonnegative by applying the conditional version of Han®/e can now apply Lemma 1 to (24), and reach the claimed



bound. For the only remaining bound, we write

n(2R; + R; + Ry) > 2H(S;) + H(S;) + H(Sk)
>2H(S;)+ H(S;) + H(Sk) — H(S;S;) — H(S;Sk)
+ H(S;S;) + H(S;Sk) — H(S:S;Sk) + H(5:5;5k)
— [H(Si|YT") + H(S;[Y1") — H(S:5;(Y7")]
— [H(S:[Y7") + H(Sk|Y7") — H(SiSk[Y7")]
— [H(S:S;|Y3") + H(S;Sk|Ys") — H(S;:S;Sk|Y5")]

— H(S15255|X™), (25)

where the brackets are nonnegative due to the nonnegatene

By the proceeding calculation and Theorem 1, we have

du =0, wue{(1,0,0),(0,1,0),(0,0,1)} (31)
1
bu < =~ 07071, we {(1,1,0),(0,1,1),(1,0,1)}
(32)
V3
bu < ~= ~1.2247, we{(2,1,1),(1,2,1),(1,1,2
ws 5 we{(2,1,1),(1,2,1),(1,1,2)}
(33)
51’171 S 34£ ~ 1.2990. (34)

Thus the simple SR-MLD scheme is in fact not very far
away from optimality, since it is within a small constant bét
outer bound. This illustrates the surprising competitegnof
this simple scheme.

of I(Si; S;{Y{"), 1(Si; Sk|Yy") andI(8;S;; S:Sx|V4"), respec-
tively. Through some algebra, we arrive at
n(2R; + R; + Ry)
> 2I(Si; Y{") + I(S;; Y1") + 21 (Sk; Y1)
+ [L(8:85;Y5") — 1(8: S5 Y1")]
+ [1(SiSk; Ya") — I1(SiSk; Y1)
+ [1(S;8;8k; X™) — I(S:5;Sk; Y3")],

VI.

We have improved and generalized the results given here in
several ways.

By using another inner bound based on a generalization

| MPROVEMENTS AND GENERALIZATIONS

(26)

to which Lemma 1 can again be applied, and this completes

the proof. ]
Next we consider specializing the above outer bound by a

particular choice ofl; andds. Without loss of generality we

may assume); > Dy > D3. Thusd; = Dy andds = Do

are a valid choice, and subsequently we have

(1+ D1)(D2 + Dy)
(2D1)2D,

@11
_§Og

1
4D1 Dy’
(27)
where (a) is by the fact + D; > D; and Dy + Dy > D;.
For the other bound we have

1
— log

R, +R;, >

2R; + Rj + Ry,
> 110 (1+ D1)*(1 + D3) (D2 + D1)*(D3 + D5)
=2 (2D1)4(2D»)2D;
1 1 o
> (28)

“log ————
2 “®64D?D,D;

Finally, for the sum rate we arrive at the following expressi
using a similar argument

1

1
Ri+ R+ Ry> - log .
L =2 08 o pe D, D2

(29)

of the multilayer coding scheme for the symmetric MD

problem in [5], we can significantly reduce the distance
between the inner and outer bounds for the three descrip-
tion cases, i.e., reduce the upper bounding constants on
quantities defined similarly a&, but for the improved
inner bound. This improved result is illustrated in Fig. 2.
The sum rate result can be generalized to any number
of descriptions. In fact, we obtain a result that bound the
(symmetric rate) individual rate distortion function with
one bit for the general Gaussidtl description problem
[15].

In [16] we formulate the asymmetric lossless MLD
coding problem, and provide a complete solution for the
three description case. Combining this result with the
bounding technique here, we have obtained an approx-
imate characterization for the asymmetric Gaussian MD
problem.

For the general( description problem, approximate char-
acterization of the rate region is obtained by combining
the lower bounding technique and theresolution result
given in [12].

Similar results can be derived for general sources under
the mean squared error distortion measure.

These generalizations and improvements will be presented

We are interested in the Euclidean distance between ﬁ]teother venues, and are not given here in detail. Instead,

inner bound and the tightest outer bound along a certi¢ have chosen to illustrate the underlying principles Far t

a - N
directionu = (u1,us,u3). More precisely, we define simplest non-trivial case in this paper.

The main contribution of our work can be understood as

ur Ry +usRoy + usR3 two-fold. The first is a general lower bounding technique

ou = i : . . o
u (Rl’RfI};})lemD) [l which requires expanding .the probability space by more than
. w1 Ry + usRs + uzRs] ON€ aumhary randqm variable. It appears Fhat the random
— max min wvariables with the given Markov structure suite well witeth
dido:dy >d>>0 | (Ry,Ra,Rs)ER(D,dy d2) ]|

multiple description problem. However, it is conceivalatt
for other information theoretical problems other struetumay
be more suitable. The second contribution is an illustratib

30)

where ||u|| is Euclidean norm ofs.
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Fig. 2. The outer bound is drawn in bold lines, and the improveter

bound in dashed line. The Euclidean distances betweenspameing planes

are also given.

the philosophical guideline that there usually existsniratie

(12]

(13]

[14]

(18]

(16]

relation between a lossy (Gaussian) source coding problem

and its lossless counterpart. Moreover, a system based on a
separation of lossy quantization and the lossless soudiago
component usually provides competitive performance, ghou

it may not be optimal. Indeed, the SR-MLD scheme is exactly
such a system. It will be interesting to investigate whether
similar phenomenon occur for other information theoretic

network source coding problems.
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