An Improved Sphere-Packing Bound for Finite-Length Codes
over Symmetric Memoryless Channels

Gil Wiechman Igal Sason
Department of Electrical Engineering
Technion, Haifa 32000, Israel
{igillw@x, sason@e}.technion.ac.il

Abstract—We present an improved sphere-packing (ISP) ISP bound which improves the bound in [11] for symmetric
bound for finite-length error-correcting codes whose transmis®n  memoryless channels. Section IV provides numerical result
takes place over symmetric memoryless channels, and the COde%hich serve to compare the ISP bound to previously reported

are decoded by an arbitrary list decoder. Some applications of the . -
ISP bound are also exemplified. Its tightness under maximum- upper and lower bounds on the error probability. Additigpal

likelihood (ML) decoding is studied by comparing the ISP bound SPhere-packing bounds are applied in Section IV to study
to previously reported upper and lower bounds on the ML the tradeoff between the performance and the required block

decoding error probability, and also to computer simulations of |ength of error-correcting codes. We conclude our discussi
iteratively decoded turbo-like codes. in Section V. Due to space limitations, proofs are omitte@. W
refer the interested reader to the full paper version [1Bjctv
provides full proofs, as well as numerous remarks, disonssi

The 1967 sphere-packing (SP67) bound, derived by Shamd numerical results.
non, Gallager and Berlekamp [8], provides a lower bound on
the decoding error probability of block codes as a function Il. THE 1967 S'HEREPACKING BOUND AND
of their block length and code rate, and applies to arbitrary IMPROVEMENTS
discrete memoryless channels (DMCs). Like the random-In the following, we present the SP67 bound and its
coding bound (RCB) of Gallager [3], the SP67 bound decaysprovement in [11]. Classical sphere-packing bounds are
to zero exponentially with the block length for all ratesdvel reviewed in [6, Chapter 5]. This section serves as a preingin
the channel capacity. Further, the error exponent of the7SRep towards the presentation of an improved sphere-packin
bound is known to be tight at the portion of the rate regiobound in the next section.
between the critical ratéR.) and the channel capacity; for all .
the rates in this range, the error exponents of the SP67 bodhdThe 1967 Sphere-Packing Bound
and RCB coincide (see [8, Part 1]). Consider a block cod€ which consists of\/ codewords

In spite of the exponential decay of the SP67 bound in terreach of lengthV. Assume that is transmitted over a DMC
of the block length at all rates below the channel capadiig, t and decoded by é&st decoder for each received sequence,
bound appears to be loose for codes of small to moder#ite decoder outputs a list of at most integers from the
block lengths. The weakness of this bound is due to tiset {1,2,..., M} which correspond to the indices of the
original focus in [8] on asymptotic analysis. In [11], Valbois codewords. A list decoding error occurs if the index of
and Fossorier revisit the SP67 bound in order to improve iise transmitted codeword does not appear in the list. The
tightness for finite-length block codes (especially, fode® of SP67 bound [8] forms a lower bound on the decoding error
short to moderate block lengths), and also extend its wglidiprobability of an arbitrary block code with/ codewords of
to memoryless continuous-output channels (e.g., the yinalength N. This bound applies to an arbitrary list decoder where
input AWGN channel). The remarkable improvement of thethe size of the list is limited td.. The particular case where
bound over the classical SP67 bound is exemplified in [11].= 1 clearly provides a lower bound on the error probability
Moreover, the extension of the bound in [11] to memorylessmder maximume-likelihood (ML) decoding. The SP67 bound
continuous-output channels provides an alternative td8% is given in the following theorem:
sphere-packing (SP59) bound of Shannon [7] which solely Theorem 2.1:[The 1967 Sphere-Packing Bound for Dis-
applies to the AWGN channel [7]. crete Memoryless Channels][8, Theorem 2]. LetC be an

In this work, we present an improved sphere-packing bouadbitrary block code whose transmission takes place over
(referred to as the ‘ISP bound’) which tightens the bounds DMC. Assume that the DMC is specified by the set of
in [8] and [11], especially for codes of short to moderatgansition probabilities”(j|k) wherek € {0,..., K —1} and
block lengths. This new bound is valid for all symmetrig € {0,...,J — 1} designate the channel input and output
memoryless channels. The structure of this paper is asfsilo alphabets, respectively. Assume that the c8derms a set of
Section 1l briefly reviews the SP67 bound [8, Part 1] and/ codewords of lengthV (i.e., each codeword is a sequence
its improved version in [11]. In Section lll, we present thef N letters from the input alphabet), and consider an arbitrary

I. INTRODUCTION



list decoder where the size of the list is limited £o Then, DMCs. The third step of the derivation considers arbitrary
the average decoding error probabilityf the codeC satisfies block codes transmitted over a DMC and decoded by a list
In N 1 decoder with list sizeL. The number of possible compositions
Ps(N,M,L) > exp{—N[Esp(R—Ol(N)) +02()}} for vectors of lengthV over an alphabet of siz& € N is
( ) VN upper bounded bV . Hence, a block code consisting bf

A In(2) . codewords of lengthV over an alphabet of siz& contains
\év;;c:ﬁe]?\tg ( R)Nis g:\s/e;hiyrate of the code, and the €ITOL fixed gomposition subcc_)fje with at Ieaﬁé cod_ewords.

sp The maximal error probability of the above code is therefore

Esp(R) £ sup(Eo(p) — pR) (1) lower bounded by the maximal error probability of a fixed
p=0 composition block code containing‘% codewords of length
Jol AL L 1 1+p N. Furthermore, by expurgating half of the codewords with the
Eo(p) = mgx{—ln(Z [Z qu(j|k:)W} ) } (2)  nighest conditional error probability, it is shown 8] that the
7=0 k=0 averageerror probability of a block code is lower bounded by
where the maximum on the RHS of (2) is taken over afine half of themaximalerror probability of some block code
probability vectorsy = (qo, . - ., gk —1), i.€., the maximization with the same length containing one half of the number of
is over all the vectorg whoseK components are non-negativecodewords. Combining the two statements above, the average
and their sum is 1. The terms error probability of an arbitrary block code containing
In N In8 KInN codewords of lengthV over an alphabet of siz& is lower
OI(T) - N + N ) bounded by half of the maximal error probability of some

fixed composition block code of the same length and over the
1 8 e In8 . .
02(7) =1\ 1n<7) + — same alphabet, which conta@é}f—K codewords. The lower
VN N Puin N ” ’

bound on the latter probability presented in the second step
scale Iike% and LN respectively (hence, they both vanistof the derivation is thus used to produce the SP67 bound in
as we letN tend to Infinity), andP,,;, denotes the smallest Theorem 2.1.
non-zero transition probability of the DMC.
The derivation of the SP67 bound in [8, Part 1] is divide®. Recent Improvements on the 1967 Sphere-Packing Bound
into three main steps. In the first step, a lower bound on
the error probability of a pair of probability distributisris
derived. Next, the derivation considers fixed compositimtib
codes composed of! codewords, each of lengtiv. The

In [11], Valembois and Fossorier revisit the derivation of
the SP67 bound, focusing on finite-length block codes. They
present four modifications to the classical derivation i [8
hich improve the pre-exponent of the SP67 bound. The new

transmission is assumed to take place over a DMC and Sund derived in [11] (referred to here as the ‘VE bound’)

code s deched using a list de?."def W.'th I.'St sizeBy aP- s also valid for memoryless channels with discrete inpuat an
propriate assignments of probability distributions andating continuous output (as opposed to the SP67 bound which is

regions, the lower bound on the pairwise error probabikty i

lied to relate th ditional bability civéat only valid for DMCs). Under the assumptions and notation
applied to refate the conditional error probability giv 8 used in Theorem 2.1, the VF bound [11] is as follows:

specific codeword is transmitted and the size of the decodingTheorem 2.2:[Improvement on the 1967 Sphere-Packing
region of this codeword. To this end, an arbitrary memo&yleﬁound for biécrete Memoryless Channels][11, Theo-

probability measurefy fqr .vectors of IengthN over the rem 7]. The average decoding error probability satisfies
channel output alphabet is introduced. The size of a degodllg (N,M,L) > exp( N Eve(R N)) where
) ’ sl - VF )

region is defined to be the probability of this region under®

fn. Sincefy is a probability measure and the list size of the A - In N
decoder is limited td,, the size of the smallest decision region = VF /) = I;n\f/a{Eo(p””) e (R —O (T’ x))
is upper bounded byA%. The conditional error probability of ’ 1

the codeword with the smallest decoding region is then upper +02 (\/ﬁ’x’pr)}

bounded by the maximal conditional error probability over

all the codewords to produce a lower bound on the maxim&nd

error probability of the code. This bound depends on the N+K-1 1
choice of the probability measurgy and the composition o IHTN,a:) = ng ln( ﬁ_l ) — In <2N 12) (4)
of the codewords. Thaightest universallower bound on

the maximal error probability of fixed composition codes is 1 K—1 In8
achieved by finding the probability measure whiolaximizes 02(771”)) a2 Z Qk’,pV](CZ) (p) +

the lower bound for the composition whiaminimizesthis VN N k=0 N

bound. The solution to this min-max problem is provided

in [8, Egs. (4.18)—(4.20)] and serves for the derivation afherep, and the function,\”’ are defined in [11, Theorem 7].

a lower bound on the maximal error probability of fixed=or a more detailed review of the improvements suggested in
composition block codes whose transmission takes place offl], the reader is referred to [6, Section 5.4].



I11. AN IMPROVED SPHEREPACKING BOUND FOR the number of possible compositions grows only polynomiall
SYMMETRIC MEMORYLESSCHANNELS with the block length (when the code alphabet is finite), the

fgss in the rate of the code scales Iil)eg;fX (where N is

the block length) and therefore vanishes in the asymptotic

bounding technique. This new bound is valid fymmetric C2S€ where the block length tends to infinity. For finite-teng

memoryless channels with a finite input alphabet, and que_s, however, this rate shift causes a con_S|derabI(_e moss i

referred to as an improved sphere-packing (ISP) bound. Nélfl@ tightness _of the $P67 bound. The same intermediate step
that the symmetry of the channel is crucial for the derivatid® aI;o u§ed in the tightened Version OT the_ SP67 boun.d_, as
of the ISP bound, which stays in contrast to the SP67 aREPVided in [11]. The reason for considering fixed compositi

VF bounds where channel symmetry is not required. Tif@des lies in the choice of the optimal probability meastive

symmetry conditions used for the derivation of the ISP bourttp€d to derive the bound. As noted in Section I, the deovati
require the definition of unitary mappings below: of the lower bound on the maximal error probability of
Definition 3.1: A bijective mappingg : J — J where fixed composition codes hinges on considering the codeword

J C RY is said to beunitary if for any integrable generalized with the smallest decision region. The size of a decision

In this section, we present an improved lower bound on t
decoding error probability which utilizes the sphere-pagk

function f : 7 — R region, as defined in [8], depends on both the composition
of the considered codeword and the choice of the probability

/ f(z)dz :/ f(g(z))dz (5) measurefy. For general block codes, the consideration of

J J the codeword with the smallest decoding region creates an

where by a generalized function we mean a function whidRterdependency between the optimal probability measude a
may contain a countable number of shifted Dirac delta funt€ composition of the considered codeword. This deperydenc
tions. If the projection of7 over some of thel dimensions Makes the optimization of, as to get the tightest possible

is countable, the integration over these dimensions isetirn/@Wer bound, untractable. For fixed composition codes the
into a sum. composition does not depend on the considered codeword,
We are now ready to define K-ary input symmetric channeifécilitating the optimization off . Forsymmetrianemoryless

Definition 3.2: [Symmetric Memoryless Channels] A c¢hannels, we show in [12] that the lower bound on the
memoryless channel with input alphabiét= {0,1,..., K — conditional error probability does not depend on the compos

1}, output alphabet/ C R¢ (where K, d € N) and transition tion of the cor?_sidered codeW(_)rd. Therefore, the optimzati

probability (or density if.7 is non-countable) functio(--) ©f the probability measurgy is tractable even for general
is said to besymmetricif there exists a set of bijective angblock codes. This _moQ|f|cat|on in the denvapo_n of the bound
unitary mappings{gk}kK:Ol whereg, : J — J forall k e k 'emoves the logarithmic term of the rate shift in the exponen
such that " of the SP67 and VF lower bounds (see (3) and (4)), providing

a considerable tightening of the bound for finite-lengthcklo

Vy € J, k€K P(y|o) = P(gr(y)|k) (6) codes.

Another point which restricts the tightness of the SP67
1 and VF bounds for finite-length block codes is the need for
Vki, k2 € K gy, © Gky = G(ka—hk1)modK - @) expurgating half of the codewords in order to convert a lower
bound on the maximal error probability to a lower bound on

Remark 3.1:From (6), the mappingg, is the identity theaverage error probability. This expurgation causessifo

and

mapping. Assignings; = k andk, = 0 in (7) gives rate of 22 nats per code symbol and adds a factog db the
pre-exponent of the bounds. The consideration of the mdxima
VE €K 9" = g(—kmodk = 9Kk - error probability in the second step of the derivation (& [

The class of symmetric memoryless channels, as givenigndue to the consideration of a single codeword, which in
Definition 3.2, is quite large. In particular, it can be showgurn stems from the fact that the initial step of the derivati
(see [12, Corollary 3.1]) to contain the class of memoryles®nsidered only a single pair of probability distributiors
binary-input output-symmetric (MBIOS) channels. Cohdlien [12], we consider a scenario where there Afedistinct pairs
detected M-ary PSK modulated signaling transmitted ovef probability distributions and the pair used for transsiva
a fully interleaved fading channel followed by an additivés chosen uniformly at random and is known to the decoder. In
white Gaussian noise forms another example of a symmetiigs setup, one can derive lower bounds on the error prababil
memoryless channel. In this casg,= R? and the mapping given that the first or second message was sent, averaged
g for k =0,...,M — 1 forms a clockwise rotation byE  over the M probability pairs. This facilitates a modification
(.e., gr(y) = exp(zJM”k) y). of the second step of the derivation to consider the average

The derivation of the SP67 bound relies on an intermedigteobability of error and the average decoding region size,
step where a lower bound on the maximal error probability @fistead of focusing on a specific codeword, removing the need
fixed composition block codes is derived. The maximal erréor expurgation of half of the codewords. It is noted that
probability of an arbitrary block code is then lower boundethe symmetry of the memoryless communication channel is
by considering its largest fixed composition subcode. Sincequired in order to conside¥/ probability distribution pairs




in the first part of the derivation.
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Applying the modifications above and the improvemen ° oo Z\l/i?:rjs;?_e;of;kr'i';?Eg:‘:g
suggested in [11], we derive in [12] a new sphere-packir RN — Imp. sphere—packing bound
lower bound on the decoding error probability of block code 5 (Capacity limit DQ - - - Random coding upper bound
transmitted over symmetric memoryless channels, as given . 0 | ®\| - © - Tangential-sphere up. bound
the following theorem: = o

Theorem 3.1:[An Improved Sphere-Packing (ISP) § ?
Bound for Symmetric Memoryless Channels] Let ¢ & ,4| 9 |
be an arbitrary block code consisting @ff codewords, £ ‘Q\\
each of length N. Assume thatC is transmitted over % \o\\\
a memoryless symmetric channel which is specified t2 W
the transition probabilities (or densitiesp(j]k) where 10°+ \b\ .
ke K=1{0,...,K —1} andj € J C R? designate the L
channel input and output alphabets, respectively. Assume LI
arbitrary list decoder where the size of the list is limited t " P
L. Then, theaverage decoding error probabilityatisfies 10,575 25 3 35 4 45 5

E /N, [dB]
Pe(N, M, L) > exp(—NEisp(R, N)) oo
where Fig. 1. A comparison between upper and lower bounds on the ML
| e Of D8 eobie~ This fgure refers to BPSK. moduated signals whose
EISP(Ra N) £ inf {EO(Pm) — Pz (R -0 (*7 f)) transmiséigrqa?gﬁéjgeplace oser an AWGN channel. The compa?euﬂbmre
o> 2 N the SP59 bound of Shannon [7], the Valembios-Fossorier (\8Bpd [11], the

S S

the functionE, is introduced in (2),R £ 4 ln(%), and

I . 1. /1 1
Ol(N’x>__N1n<2_4x2> ©
1 8
1 1 1
Here,s(p) = 14, and the non-negative parameget p, on

the RHS of (8) is determined by solving the equation
1
R=01( %)
= —10(5(p). fs(p) = (1= 5(0) 6 (5(p). fs())

N 9
where the functiong(s, f) and fs are in [8, Eqgs. (4.8)] and

[8, EqQ. (4.20)], respectively, and the differentiation af is
performed w.r.t.s while keepingf, fixed.

+(1=s(p))= (11)

IV. NUMERICAL RESULTS FORSPHEREPACKING BOUNDS

improved sphere-packing (ISP) bound presented in Sectloth# random-
coding upper bound (RCB) of Gallager [3], and the tangessiidiere upper
bound (TSB) [4], [5] when applied to fully random block codegth the

above block length and rate.

signals transmitted over the AWGN channel), as well as some
upper bounds on the decoding error probability. The bounds
are also compared to computer simulations of the performanc
of modern error-correcting codes when practical decoding
algorithms are used.

A. Performance Bounds for M-ary PSK Block Coded Modu-
lation over the AWGN Channel

The ISP bound is applied here to consider M-ary PSK mod-
ulated signals which are transmitted over the AWGN channel
and coherently detected. As noted in Section llI, this clednn
model satisfies the symmetry conditions in Definition 3.2.

Figure 1 compares the SP59 bound [7], the VF bound [11],
and the ISP bound derived in Section Ill. The comparison
refers to block codes of length 500 bits and rug Pt
which are BPSK modulated and transmitted over an AWGN
channel. The plot also depicts the RCB of Gallager [3], the
tangential-sphere upper bound (TSB) of Poltyrev ([4], [5])
when applied to fully random block codes with the above
block length and rate, and the capacity limit bound (CEB).
is observed from this figure that even for relatively shootchl

This section presents some numerical results which sefeagths, the ISP bound outperforms the SP59 bound for block
to exemplify the improved tightness of the ISP bound derivastror probabilities belovit0~. For a block error probability of
in Section Ill. We consider performance bounds for coherend—?, the ISP bound provides gains of abou6 and0.33 dB
detection of M-ary PSK block coded modulation where thever the SP59 and VF bounds, respectively. For these code
signals are transmitted over the additive white Gaussiaseno

(AWGN) channel. The ISP bound, presented here (see [12
is compared to the VF bound [11] and the SP59 bound |

1Although the CLB refers to the asymptotic case where the blenkth
ids to infinity, it is plotted in [11] and here as a refereniceorder to
amine whether the improvement in the tightness of the ISP doanurs

(where the latter bound refers to any set of equal energyrates above or below the channel capacity.



parameters, the TS_B provides a tighter upper bound on ZRcé - CminRC T‘S) bound
block error probability of random codes, as compared to tl ~ ;g. ¢y | —1SP bound 1
RCB of Gallager; e.g., the gain of the TSB over the Gallag: N - p =10

bound is about 0.2 dB for a block error probability Ti—>. 15"&\ e, 1
Note that the Gallager bound is tighter than the TSB for full 1 4. ! | 4 P,=10 ]
random block codes of large enough block lengths, as therlat | >0\ < TSB Channel: AWGN

bound does not reproduce the random-coding error expon 3, L.2r \ Modulation: BPSK i
for the AWGN channel [5]. However, Figure 1 exemplifies thi = 1} v Rate: 0.88 bits/channel use |
advantage of the TSB over the Gallager bound, when appli ui° RCB”\\ a2 -

to random block codes of relatively short block lengthss thi < 0.8
advantage is especially pronounced for low code rates whe 0.6
the gap between the error exponents of these two bounds
marginal (see [6, p. 67]), but it is also reflected from Figlire

for BPSK modulation with a code rate m8ﬁtgluse The 0.2
gap between the TSB and the ISP bound, as upper and loy
bounds respectively, is less thar2 dB for all block error
probabilities lower thanl0~!. Also, the ISP bound is more Block length [Bi]
informative than the CLB for block error probabilities balo

.10-3 i ; ig. 2. This figure refers to the tradeoff between the bloakgth and
8-10 while the SP59 and VF bounds require block errcﬁie gap to capacity of error-correcting codes which are BRStdulated

probabilities belowl.5 - 107% and 5 - 10~*, respectively, t0 and transmitted over an AWGN channel. The horizontal axisrsefe the

outperform the capacity limit. block length of the codes, and the vertical axis refers toghe, measured
in decibels, between the channel capacity and the energpip&r spectral
B. Minimal Block Length as a Function of Performance noise density(ﬁ—g) which is required to obtain a block error probability
. L . P, (set either tol0—* or 10~5). The considered rate of all the codes is
In a wide range of applications, the system designer neesks bit per channel use. The minimal gap to capacity which dgiired

to design a communication system which fulfills several rder achieving a block error probability af0—° is depicted via bounds: the

: : : per bound is calculated using the random-coding bound jREBallager
quirements on the available bandwidth, acceptable delay and the tangential-sphere bound (TSB) of Poltyrev [Splaunl to fully

transmitting and processing the data while maintainingra ceandom and binary block codes, and the lower bound on thisnmainblock
tain fidelity criterion in reconstructing the data (e.ge tilock length is calculated via the improved sphere-packing (ISind presented
error probabilty needs to be below a certain thresholdjoi 1,55E19% . 1 addon o bourde, s radeot et bk e
setting, one wishes to design a code which satisfies the delgyecting codes; the codes labelled by 1, 2, 3 and 4 are tagen[1], [2],
constraint (i.e., the block length is limited) while adimgyito [9] and [10], respectively.
the required performance over the given channel. By fixirg th
communication channel model, code rate (which is related to
the bandwidth expansion caused by the error-correcting)cod
and the block error probability, sphere-packing bounds a@&e to deduce how far in terms of delay is a practical system
transformed into lower bounds on the minimal block lengtffom the fundamental limitations of information theory.
required to achieve the desired block error probability at aFigure 2 considers some LDPC codes of rat88 bits
certain gap to capacity using an arbitrary block code amer channel use which are BPSK modulated and transmitted
decoding algorithm. Similarly, by fixing these parametéhe, over the AWGN channel. The gap to capacity in dB for
RCB of Gallager [3] and the TSB [5] (when applied to randorwhich these codes achieve block error probabilities @f*
block codes) are transformed into upper bounds on the blogkd 10~° under iterative decoding is plotted as a function
length required for ML decoded random codes to achiew$ block length. The figure uses upper and lower bounds on
a desired block error probability on a given communicatiothe achievable gap to capacity in terms of the block length:
channel. for this (relatively high) code rate and the considered eang
In this section, we consider some practically decodabté block lengths, the ISP bound is uniformly tighter than
codes taken from some recent papers ([1], [2], [9], [10]). Wihe SP59 bound (so only the ISP bound is depicted in this
examine the gap between channel capacity andf;pefor figure, and the SP59 bound is omitted). The upper bounds
which they achieve a required block error probability as en the required block lengths for achieving a target block
function of the block length of these codes. The performaneeror probability in terms of the achievable gap to capacity
of these specific codes under their practical decoding algare obtained via the RCB and the TSB when it is applied
rithms is compared to the lower and upper bounds on the blackthe ensemble of fully random block codes. The upper and
length required to achieve a given block error probabilityl a lower bounds refer to a block error probability 6§—5. The
code rate on a given channel using an optimal block code amadeoff between the gap to capacity (in termsj—\Eggf) versus
decoding algorithm. Comparing the performance of specifice block length is depicted in Figure 2 for some efficient
codes and decoding algorithms to the information-theoregrror-correcting codes, in order to compare their prakttica
limitations provided by the sphere-packing bounds, emablperformance and delay to the information-theoretic bounds




For the examined block error probabilities (df—* and10~°), block code and decoding algorithm are used. Comparing the
the depicted codes require a gap to capacity of betvdegh performance of specific codes and decoding algorithms to
and 1.9 dB. For this range ofﬁ—‘g, the lower bound on the the information-theoretic limitations provided by the epd
block lengths which is derived from the ISP bound is loosgracking bounds, enables one to deduce how far in terms of
than the one given by the SP59 bound. However, both bourdiday is a practical system from the fundamental limitagioh

are not very informative in this range. For cases where tirformation theory. Further details on the comparison leefw
gap to capacity is below.5 dB, the difference between thepractically decodable codes and the sphere-packing bareds
lower bound on the block length of optimal codes which stenfisund in Section IV-B.

from the ISP bound and the upper bound on the block lengthThe ISP bound is especially attractive for block codes of
of random codes is less than one order of magnitude. Cagleort to moderate block lengths, and its advantage is esfyeci
numberl is an LDPC of length 1448 bits whose constructiopronounced for high rate codes. Its improvement over th& SP6
of is based on balanced incomplete block designs [1]. THi®und and the bound in [11, Theorem 7] also becomes more
code achieves a block error probability o6—° at a gap to significant as the input alphabet of the considered modurati
capacity of1.9 dB while the RCB shows that the block lengthis increased.

which is required to achieve this performance using random
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