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Abstract— Interior-point algorithms constitute a very interest-  called the fundamental polytope. The appearance of the same
ing class of algorithms for solving linear-programming problems.  gbject in these two different contexts suggests that thew i
In this paper we study efficient implementations of such alge  tjght connection between LP decoding and MPI decoding.
rithms for solving the linear program that appears in the linear- The ab deg b d £l h
programming decoder formulation. ) ea OV? co ] Fan e any codes of length however,
in the following we will focus on the case where these codes
I. INTRODUCTION are codes of dimensiom— 1. For example, leH be anm xn

Consider a binary linear codé of lengthn that is used Parity-check matrix for the codé and leth; be thej-th row
for data transmission over a binary-input discrete meness/| of H.* Then, defining
channel. As was observed by Feldmaral. [1], [2], the ML o n _ _
decoder for this setup can be written as Cj = {x € {0.1}" | (hy,x) = 0 (mod2)}

. for j=1,...,m, we obtainC = N7.,C;.

XML = arginax (v.x), Of course, the reason why the decoder in (1) is called LP
ddecoder is because the optimization problem in that equatio
is a linear program (LPJ.There are two standard forms for
LPs, namely

where~ is a lengthr vector that contains the log-likelihoo
ratios and whereg~,x) is the inner product (inR) of the
vector~ with the vectorx. Because the cost function in this
maximization problem is linear, this is essentially eqléwa minimize (c,x)

to the solution of subj.to Ax=b )

R\ 2 arg max  (v,x), x>0
x€conv(C)

where conv(C) denotes the convex hull of when C is and

embedded inR™. (We say “essentially equivalent” because maximize (b, \)
in the case where there is a unique optimal codeword then the . T

AT X ) subj.to A'A+s=c 4)
two maximization problems yield the same solution. Howgver
when there are multiple optimal codewords tam, andxy;, s>0

are non-singlet sets and it hol(_js _thahv(iML) = R Any LP can be reformulated (by introducing suitable auxjlia
Because the above two optimization problems are usuallyriaples, by reformulating equalities as two inequaitietc.)

practically intractable, Feldma al. [1], [2] proposed to solve g4 that it looks like the first standard form. Any LP can also
a relaxation of the above problem. Namely, for a cGdthat e reformulated so that it looks like the second standan for
can be written as the intersection of binary linear codes \qreqyer, the first and second standard form are tightlyteela

of lengthn, i.e.,C = N7, C;, they introduced the so-calledi, e sense that they are dual convex programs. Usually, the
linear programming (LP) decoder LP in (3) is called the primal LP and the LP in (4) is called the
(1) dual LP. (As it is to be expected from the expression “dudlity

%pp = argmax (v, X), : :
xeP the primal LP is the dual of the dual LP.)

with the relaxed polytope Not unexpectedly, there are many ways to express the LP
m that appears in (1) in either the first or the second standard

S ﬂ conv(C;) 2 conv(C) 2 C, (2) form, and each of these reformulations has its advantageis (a
j=1 disadvantages). Once it is expressed in one of the standard

forms, any general-purpose LP solver can basically be used t
obtain the LP decoder output. However, the LP at hand has a
Irot of structure and one should take advantage of it in order t

for which it can easily be shown that all codeword<Cirare
vertices ofP.

The same polytop@® appeared also in papers by Koette
and Vontobel [3], [4], [5], where message-passing iteeativ inote that in this paper all vectors agelumn vectors.
(MPI) decoders were analyzed and where this polytBpgas  2We use LP to denote both “linear programming” and “lineargoam.”



obtain very fast algorithms that can compete complexity} aralso interesting because they are less sensitive thanesimpl
time-wise with MPI decoders. type algorithms to degenerate vertices of the feasibleoregi

Several ideas have been presented in the past in this diréds is important because the fundamental polytope has many
tion, e.g., by Feldmaret al. [6] briefly mention the use of degenerate vertices.
sub-gradient methods for solving the LP of an early version The present paper is structured as follows. In Secs. Il dnd II
of the LP decoder (namely for turbo-like codes), by Yange discuss two classes of interior-point algorithms, ngmel
et al. [7], [8] on efficiently solvable variations of the LPaffine-scaling algorithms and primal-dual interior-poaigo-
decoder, by Taghavi and Siegel [9] on cutting-hyperplangthms, respectively. As we will see, the bottleneck step of
type approaches, by Vontobel and Koetter [10] on coordinatée algorithms in these two sections is to repeatedly find
ascent-type approaches, by Dimakis and Wainwright [1lf)e solution to a certain type of system of linear equations.
and by Draperet al. [12] on improvements upon the LP Therefore, we will address this issue, and efficient sohgi
decoder solution, and by Taghavi and Siegel [13] and hly in Sec. IV. Finally, we briefly mention some approaches fo
Wadayama [14] on using variations of LP decoding (togethpetential algorithm simplifications in Sec. V and we con&ud
with efficient implementations) for intersymbol-interéeice the paper in Sec. VI.
channe_ls. i . ) . Il. AFFINE SCALING ALGORITHMS

In this paper our focus will be on so-called interior-point . . L . .
algorithms, a type of LP solvers that has become popular WithAn mteres_‘ung clas.s of |nte.r|or-p0|nt—_type algor_lthmsear
the seminal work of Karmarkar [15]. (After the publicatio O'Ca_‘”?d affine scah_ng algorithms V_Vh'Ch were introduced
of [15] in 1984, earlier work on interior-point-type algtimns y Dikin _[16] and _re-mvented many times afterwards._ Good
by Dikin [16] and others became more widely known). Wk troductions to this class of algorithms can be found in],[17
present some initial thoughts on how to use this class ]

algorithms in the context of LP decoding. So far, with the I?g. 1 gflves ?fn |ntU|t||\_/e pl::turihof tChe vv_((;rklr:r?s If)Ffsone
notable exception of [14], interior-point-type algoritbrthat Instance ot an affine-scafing algorithm. tonsider the i (

are especially targeted to the LP in (1) do not seem to ha%d assume that the set of all fgasmlg points, i.e., thefsdl o
been considered. One of our goals by pursuing these ty’f)éSUCh th_atA.x = b andx Z 0,1sa t.rlanglle. For the vector
of methods is that we can potentially obtain algorithms th tshown in Fig. 1, the optlm_al solution will be the.corner n
are better analyzable than MPI decoders, especially Whent ¢ lower left pqrt_. .The glgorlthr_n yvorks gs fqllows.

comes to finite-length codes. (Wadayama [14] discusses somd&) Seélect an initial point that is in the interior of the set of
efficient interior-point-type methods, however, he is rigyito all feasible points, cf. Fig. 1(b), and let the current point
minimize a quadratic cost function, and the final solution is P& equal to this initial point. N _
obtained through the use of the sum-product algorithm that2) Minimizing (c, x) over the triangle is difficult (in fact,
is initialized by the result of the interior-point searchl- A it is the problem we are trying to solve); therefore,

though [14] presents some very interesting approachesitbat we replace the triangle constraint by an ellipsoidal
worthwhile pursuing, it is not quite clear if these algorits constraint that is centered around the current point. Such

are better analyzable than MPI decoders.) an ellipsoid is shown in Fig. 1(c). Its skewness depends

There are some interesting facts about interior-poinétyp on the cIos_el_'lefss to the d|fferent boundar_les. L
algorithms that make them worthwhile study objects. Fifst o 3) we the_n minimize the functiofe, x) over t_h'_s gll_lpsmd._
all, there are variants for which one can prove polynonimakt The difference vector bgtwe_en this minimizing p0|r.1t
convergence (even in the worst case, which is in contrasito t apd the cent.er O,f the eI.I|pso_|d (.see the little vector in
simplex algorithm). Secondly, we can round an intermediate Fig. 1(d)) points in the direction in which the next step

result to the next vector with only / % / 1 entries and will be taken' .
4) Depending on what strategy is pursued, a shorter or a

check if it is a codeword. (This is very similar to the | i< taken in the ab tound direction. Thi
stopping criterion that is used for MPI algorithms.) Notatth onger s_tep IS taken in the above-foun |rect|on._ IS
results in a new current point. (Whatever step size is

a similar approach will probably not work well for simplex- K | ) h int that th )
type algorithms that typically wander from vertex to vertex taken, we always impose the constraint that the step size
is such that the new current point lies in the interior of

of the fundamental polytope. The reason is that rounding the h  feasibl X

coordinates of a vertex yields only a codeword if the vertex 5 tlf ehset ot feasit e_pc:lr;ts.) b h

was a codeword. Thirdly, interior-point-type algorithms are ) lithe current_ pointis “close en(“)ug o SOT.e vertext_ en
stop, otherwise go to Step 2. (“Closeness” is determined

according to some criterion.
3To be precise, by rounding we mean that coordinates b%lawe mapped .. g ) .
to 0, that coordinates abové are mapped td, and that coordinates equal Not surprlsmgly, when short (Iong) steps are taken in Step 4

to 1 are mapped td,. the resulting algorithm is called the short-step (longsste

4Proof: in an LDPC code where all checks have degree at leastthe affine scaling algorithm. Convergence proofs for different
largest coordinate of any nonzero-vector vertex is at Iéas'[herefore, there ~gses can be found in [19] [20] [21]_

is no nonzero-vector vertex that is rounded to the all-zesdeword. The of ffi i | ith | be f
proof is finished by using the symmetry of the fundamentayogple, i.e., the course, an amine-scaling algorithm can also be for-

fact that the fundamental polytope “looks” the same from aogteword. mulated for the LP in (4). Moreover, instead of the above-



) ) described discrete-time version, one can easily come up wit
/ / a continuous-time version, see e.g. [22]. The latter type of
algorithms might actually be interesting for decoders trat
implemented in analog VLSI.
The bottleneck step in the affine-scaling algorithm is to find
the new direction, which amounts to solving a linear systém o
equations of the fornPu = v, whereP is a given (iteration-
dependent) positive definite matrix,is a given vector, ant
is the direction vector that needs to be found. We will commen
@ © on efficient approaches for solving such systems of equation
a

in Sec. IV.

[ C
/ / I1l. PRIMAL-DUAL INTERIORPOINT ALGORITHMS
In contrast to affine-scaling algorithms, which either work
only with the primal LP or only with the dual LP, primal-
dual interior point algorithms — as the name suggests — work
simultaneously on obtaining a primand a dual optimal
solution. A very readable and detailed introduction to this
topic can be found in [23]. As in the case of the affine-scaling
algorithm there are many different variations: short-stepg-
step, predictor-corrector, path-following, etc.
(© (d)

Again, the bottleneck step is to find the solution to a linear

c c system of equation®Pu = v, whereP is a given (iteration-
/ / dependent) positive definite matrix, is a given (iteration-
dependent) vector, and is the sought quantity. We will
comment in Sec. IV on how such systems of linear equations
can be solved efficiently.

A variant that is worthwhile to be mentioned, is the class
of so-called infeasible-interior-point algorithms. Theason is
that very often it is easy to find a primal feasible initial pii
or it is easy to find a dual feasible initial point but not both
at the same time. Therefore, one starts the algorithm with a

(e) 0]

primal/dual point pair where the primal and/or the dual poin

. . are infeasible points; the algorithm then tries to decrehse

/ / amount of “infeasibility” (a quantity that we will not define
here) at every iteration, besides of course optimizing the& ¢
function.

One of the most intriguing aspects of primal-dual interior-
point algorithms is the polynomial-time worst-case boutes
can be stated. Of course, these bounds say mostly something
about the behavior when the algorithm is already close to
the solution vertex. It remains to be seen if these results
are useful for implementations of the LP decoder where it is
@ (h)

desirable that the initial iterations are as aggressivenasiple
and where the behavior close to a vertex is not that crucial.

p p (We remind the reader of the rounding-procedure that was
discussed at the end of Sec. |, a procedure that took adwantag
of some special properties of the fundamental polytope.)

IV. EFFICIENT APPROACHES FORSOLVING Pu=1v
WHEREP IS A POSITIVE DEFINITE MATRIX
In Secs. Il and Ill we saw that the crucial part in the
discussed algorithms was to repeatedly and efficientlyesolv
a system of linear equations that looks like
0] 0]

Pu=v

3

Fig. 1. Some iterations of the affine-scaling algorithm.e(8xt for details.)



whereP is an iteration-dependent positive definite matrix and
wherev is an iteration-dependent vector. The fact tirais
positive definite helps becausecan also be seen to be the
solution of the quadratic unconstrained optimization peob

L 1 4
minimize Ju Pu — (v,u) ®) @ (b)

subj. to u e R"

. . L. Fig. 2. Replacement of a partial factor graph representidggreek check
where we assumed thRtis anh x h-matrix. It is important to - function node by another partial factor graph with- 2 check nodes of degree

remark that for the algorithms in Secs. Il and Il the veator three and withk — 3 new auxiliary variable nodes. (Hefe= 6.)
usually does not have to be found perfectly. It is good enough
to find an approximation ofx that is close enough to the o ) )
correctu. (For more details, see e.g. [18, Ch. 9].) other factor graphs. E.g., it is known that if the algorithm
Using a standard gradie;wt-type algorit,hm to findmight Converges then the solution vector is correct. Moreover, by
work. However, the matri#P is often ill-conditioned, i.e., the NOW there are also practically verifiable sufficient corulit
ratio of the largest to the smallest eigenvalue can be gigte " convergence [30], [31], [32]. However, the quadratise
(especially towards the final iterations), and so the cagemee function factor graphs.needed for the abc_>ve problem are more
speed of a gradient-type algorithm might suffer considlgrabgeneral than_the sp(_amal cIa_ss of quadratic-cost-funétictor
Therefore, more sophisticated approaches are desira§l@Phs considered in the cited papers. Of course, one could
Such an approach is the conjugate-gradient algorithm whitgpPresent the cost function in (6) by a factor graph within
was introduced by Hestenes and Stiefel [24]. (See ShewshuikS special class (so that the above-mentioned results are
paper [25] for a very readable introduction to this topic an@PPlicable), however, and quite interestingly, when trostc
for some historical comments.) This method is especialfynction is represented by a factor graph that is not in this
attractive wherP is sparse or whe® can be written as a special class, then the convergence conditions seem to be
product of sparse matrices, the latter being the case for (pdging from some empirical evidence) less stringentalet f
decoding of LDPC codes. we obtained some very interesting behavior in the context
In the context of the affine scaling, e.g. Resende a,% th_e short—step affine—scal_ing algorithm where o_n]y one
Veiga [26] used the conjugate-gradient algorithm to effitje iteration c_>f the min-sum algorlthm was p_erformed per iterat
solve the relevant equation systems and studied the berh@l/the affine-scaling algorithm. (The min-sum algorithm was
ior of the conjugate-gradient algorithm with different premltlallzed with the messages obtained in the previous &ffin
conditioners. scaling algorithm iteration.)
A quite different, yet interesting variant to solve the mini
mization problem in (5) is by using graphical models. Namely
one can represent the cost function in (5) by additive

V. OTHER SIMPLIFICATIONS

Depending on the used algorithm, there are many small (but
. very useful) variations that can — when properly applied —
factor graph [27], [28], [29]. OF course, there are a variely lead to considerable simplifications. E.g., one can repilaee

factor graph representations for the this cost functiomdwer, X . ' :
probat?ly I[tJhe r?mst reasonable choice in the context of ng;\mal factor graph in Fig. 2(a) by the partial factor graph

g : Fig. 2(b) that contains new auxiliary variable nodes but
decoding is to choose the factor graph that looks topoldiglcaIn 4
like the factor graph that is usually used for sum-product § ntains only check nodes of degree three [33], [34]. Or, one

min-sum algorithm decoding of LDPC codes. One can th&f" adaptively mo_dify the set of inequalities that are idel
try to find the solution with the help of the min-sum algorithmIn the LP formulation [13], [14].

[Equivalently, one can look at the maximization problem VI. CONCLUSION
maximize 1 TPu + > ©6) We have presented some initial considerations towardgusin
Ap{Tgu tu {v,u interior-point algorithms for obtaining efficient LP deaod.

subj. to u € R". Encouraging preliminary results have been obtained buemor

research is needed to fully understand and exploit the giaten
Here the function to be optimized is proportional to a Gaugf these algorithms.

sian density and can be represented with a Gaussian factor
graph [27], [28], [29]. (Which in contrast to the above facto ACKNOWLEDGMENT
graph is anultiplicative factor graph.) One can then try to find This research was partly supported by NSF Grant CCF-
the solution with the help of the max-product algorithm, grhi 0514801.
in the case of Gaussian graphical models is equivalent (up to
proportionality constants) to the sum-product algorithm.

The reason for this being an interesting approach is th&} J. Feldman, “Decoding error-correcting codes via linpeogramming,”
the behavior of the min-sum algorithm applied to a quad-ratic Ph.D. dissertation, Massachusetts Institute of Techiypl@ambridge,

k ) MA, 2003, available online undehnttp://www.columbia.edu/
cost-function factor graphs is much better understood than "jf2189/pubs.html
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