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Abstract—The number of times the trace of a certain function
on an extension field assumes a fixed value in the base field is
considered. It is shown that the set of all such values enjoys
a Fourier transform like property with Kloosterman sums. Th e
application of this property to coding and cryptography is briefly
discussed.

I. I NTRODUCTION

Let Fq be the finite field ofq elements of characteristicp,
andFqk its extension of degreek. An additive characterχ of
Fq is a complex valued function of unit magnitude with the
property thatχ(α+β) = χ(α)χ(β), α, β ∈ Fq. The character
[10] is called nontrivial if there exists at least one element of
Fq for which it is not of value1. Any such character on a
field of characteristicp can be realized by the function

χ(α) = e2πiTrq|p(aα)/p

for some fixed elementa ∈ Fq where Trq|p is the trace
function of Fq over Fp. Such a character is denoted byχa(·)
and the number of distinct characters, including the trivial
one, is the order of the finite field. An arbitrary nontrivial
character onFq will be denoted simply byχ(·). An excellent
reference for properties of characters and Kloosterman sums
as discussed below, is [10], as well as the original work of
Carlitz [3] which established many of the properties which
are extended here.

Characters satisfy the orthogonality relations:
∑

c∈Fq

χa(c)χ̄b(c) = qδab and
∑

b∈Fq

χb(c)χ̄b(d) = qδcd

where δab is the Kronecker delta function, equal to one if
a = b and 0 otherwise.

A characterχ(·) overFq can be ‘lifted’ to an extension field
Fqk by

χ(k)(γ) = χ(Trqk|q(γ)) = exp(2πiTrqk|p(γ)/p) , γ ∈ Fqk

The sums

K1(a, b) = K(a, b) =
∑

α∈F∗
q

χ(aα + bα−1)

and
Kk(a, b) =

∑

γ∈F
∗

qk

χ(k)(aγ + bγ−1)

for a, b fixed elements ofFq, are referred to as Kloosterman
sums [10]. In the sequel we assume thatχ(·) is a fixed

nontrivial character ofFq and ab 6= 0 since otherwise the
sums are trivial.

Kloosterman sums have been widely investigated and satisfy
many interesting relations. A fundamental result is that

Kk(a, b) = −ωk
1 (a, b) − ωk

2 (a, b) (1)

whereω1(a, b), ω2(a, b) (or simply ω1 andω2 when thea, b
are understood) are complex numbers defined by

1 + K(a, b)z + qz2 = (1 − ω1(a, b)z)(1 − ω2(a, b)z).

It is immediate that

K(a, b) = −ω1(a, b)−ω2(a, b) and ω1(a, b) ·ω2(a, b) = q.

It follows from the Riemann Hypothesis for function fields,
that

|ω1(a, b)| = |ω2(a, b)| =
√

q,

so that
|K(a, b)| ≤ 2q1/2.

It is interesting to note thatKk(a, b) is entirely determined by
the ground fieldFq, K1(a, b) andk.

Furthermore, since

ωk
1+ωk

2 = (ω1+ω2)·(ωk−1
1 +ωk−1

2 )−q(ωk−2
1 +ωk−2

2 ) , k ≥ 2

the following recursion is immediate [3], [10]:

Kk(a, b) = −K1(a, b)Kk−1(a, b) − qKk−2(a, b) k ≥ 2,
K0(a, b) = −2.

(2)
More generally, by the same argument, we have:

Kk(a, b) = −Ks(a, b)Kk−s(a, b) − qsKk−2s(a, b)

k ≥ 2, K0(a, b) = −2, ab 6= 0, 1 ≤ s ≤ ⌊k/2⌋.(3)

For k = 2ℓ the last equation gives

K2ℓ(a, b) = −K2
ℓ (a, b) + 2qℓ

We adopt the convention thatKk(a, a) = Kk(a). The
ground field will be assumedFq and note thatKk(0, 0) =
Kk(0) = qk − 1.

Kloosterman sums have been widely investigated for a
variety of applications in coding, sequence design, equations
over finite fields and many others (see e.g [5], [8], [11]). In
the next section we derive a formula that gives the number of
times each element ofFq is assumed as a value of a term in a
Kloosterman sum evaluated overFqk . This adds, for example,



to the work of Katz and Livné [7], which gives results for
the caseq = 2 and3. Such numbers will be shown to have a
Fourier transform type of relation with the Kloosterman sums
themselves. However these numbers tend to be of more interest
in applications than the Kloosterman sums themselves. While
the results are simple to prove and follow quite directly from
definitions, this approach seems novel and useful.

Trqk|q(·) is the trace function ofFqk over Fq. A few easy
observations are recorded below (whereq is understood).

Proposition 1: Let Fq be a finite field of characteristicp,
a, b, c, β ∈ Fq. Then

1) γ ∈ Sk(β, a, b) =⇒ γq ∈ Sk(β, a, b).
2) nk(β, a, b) = nk(−β, a, b).
3) If a 6= 0 thennk(β, a, a) = nk(βa−1, 1, 1).
4) If c 6= 0 thennk(β, ca, cb) = nk(βc−1, a, b).
5) nk(βp, ap, bp) = nk(β, a, b).

The following theorem gives the fundamental relationship
between these numbers and Kloosterman sums. The proofs
will be omitted here.

Theorem 1: Let a, b, c ∈ F
∗
q , andKk(a, b) the Kloosterman

sum associated to a non-trivial additive characterχ of Fq.
Then

Kk(ca, cb) =
∑

η∈Fq
nk(η, a, b)χ(cη)

⇔ nk(β, a, b) = 1
q

∑

c∈Fq
χ̄(cβ)Kk(ca, cb)

(4)
It is emphasized that the quantities{nk(β, a, b), β ∈ Fq}

and {Kk(ca, ηb), c ∈ Fq} are a type of transform of each
other via the above Theorem. Furthermore, both sets of
quantites are entirely determined by their values fork = 1
via recursions mentioned for Kloosterman sums earlier and
shown below for the parametersnk.

Several instances of the relation between the two sets of
parameters are given below. The proofs are straightforward,
emulating the usual Fourier transform type of proofs between
multiplication and convolution in the two domains. The proofs
are omitted here.

Corollary 1: Let a, b ∈ F
∗
q andc, β ∈ Fq. Then

1

q

∑

c∈Fq

χ̄(cβ)K2
k(ca, cb) =

∑

η∈Fq

nk(η, a, b)nk(β − η, a, b),(5)

∑

β∈Fq

χ(cβ)n2
k(β, a, b) =

1

q

∑

d∈Fq

Kk(da, db) · (6)

Kk((c − d)a, (c − d)b)). (7)

The following Corollary tries to emulate the recursion
relations for theKk(a, b) of Equation (3) in the transform
domain.

Corollary 2: Let a, b ∈ F
∗
q andβ ∈ Fq. Then for1 ≤ s ≤

⌊k/2⌋

nk(β, a, b) = −
∑

η∈Fq

nk−s(η, a, b)ns(β − η, a, b) +

+qsnk−2s(β, a, b) + 2qs−1(qk−s − 1),

k ≥ 2, qn0(β, a, b) = −2, ab 6= 0.

The generality and simplicity of these Corollaries is appeal-
ing.

Theorem 1 allows for good estimates for the values
nk(β, a, b), which we state as a corollary.

Corollary 3: Let, a, b, β ∈ Fq. Then|nk(β, a, b)− qk−1| ≤
2q

k
2 , if ab 6= 0 and

nk(β, 0, 0) =

{

qk − 1, if β = 0
0, if β 6= 0

Thus the known bounds on Kloosterman sums translate into
a uniformity property of the sets{nk(β, a, a)}. There are many
more identities between thenk values and the Kloosterman
sums that can be obtained but the above give the sense of the
relations that are possible and useful.

II. COMMENTS

The number of times a certain trace function overFqk takes
on a given value inFq has been investigated and shown to
have interesting transform-like properties, in similarity to the
Kloosterman sums themselves.

One of the original motivations for this work was to
determine a more explicit understanding of the Riemann zeta
function for elliptic curves i.e. to show how the numbers
of solutions of an elliptic curve over a base finite field
Fq completely determines the number of solutions over an
extension fieldFqk . The question was considered in an earlier
work [2] but taken much further here. It has been shown that
a similar statement holds for the thenk quantites as well. It
might be noted that relationship between the numbers of points
on elliptic curves over finite fields of characteristic two was
discussed in the work of Lachaud and Wolfman [8]; indeed
the Frobenius trace of the curve is in fact a Kloosterman sum.
The interest here was to consider the values over extension
fields.

Another use of the relations found here is in determining
the complete weight enumertor of Melas codes [6] The results
can also be related to determining the number of irreducible
polynomials overFq that satisfy a certain condition on certain
of its coefficients. These interesting problems will be pursued
in the final version of the paper.
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