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Abstract—In near lossless source coding with decoder only
side information, i.e., Slepian-Wolf coding (with one encoder),
a source X with finite alphabet X is first encoded, and then
later decoded subject to a small error probability with the help
of side information Y with finite alphabet )’ available only to
the decoder. The classical result by Slepian and Wolf shows that
the minimum average compression rate achievable asymptotically
subject to a small error probability constraint for a memoryless
pair (X,Y) is given by the conditional entropy H(X|Y"). In this
paper, we look beyond conditional entropy and investigate the
tradeoff between compression rate and decoding error spectrum
in Slepian-Wolf coding when the decoding error probability goes
to zero exponentially fast. It is shown that when the decoding
error probability goes to zero at the speed of 27°", where § is a
positive constant and n denotes the source sequences’ length, the
minimum average compression rate achievable asymptotically is
strictly greater than H(X|Y) regardless of how small § is. More
specifically, the minimum average compression rate achievable
asymptotically is lower bounded by a quantity called the intrinsic
conditional entropy H,,(X|Y,d), which is strictly greater than
H(X|Y), and is also asymptotically achievable for small J.

I. INTRODUCTION

Let (X,Y) be a pair of random variables taking values
in finite alphabets X and ), respectively. Let {(X;, Y;)}52,
denote a sequence of independent copies of (X,Y"). For con-
venience, the memoryless sources {X;}2°; and {Y;}32, are
also referred to simply as the sources X and Y, respectively.
In the near lossless source coding of X with decoder only
side information Y, the source X is first encoded, and then
later decoded subject to a small error probability with the help
of the side information Y available only to the decoder. As
such, a coding scheme of this type is described by a pair
Cn = (fn,gn), where f,, acting as an encoder, encodes
X" =X;X5--- X, into a binary codeword f,(X"), and gy,
acting as a decoder, decodes f,,(X™) into g, (fn(X™),Y™), an
estimate of X™, with the help of the side information sequence
YY" =Y1Ys---Y,. The performance of such a coding scheme
is then measured by its compression rate and its decoding error
probability €, = Pr{X"™ # g,(fn(X™),Y"™)}.

The above source coding paradigm was first proposed and
studied by Slepian and Wolf [1]. It was shown [1] that the
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minimum average compression rate achievable asymptotically
subject to a small error probability constraint €, = o(1) for
a memoryless pair (X,Y) is still given by the conditional
entropy H(X|Y') of X given Y, the same rate as in the case
where the side information Y is available to both the encoder
and decoder. Recently, it was further shown [3] that this result
remains valid no matter how fast €, goes to 0 as long as
—loge, = o(n). On the other hand, if the decoding error
probability €, is required to be exactly 0, then Witsenhausen
demonstrated [2] that for a memoryless pair (X,Y) whose
joint distribution has no zero entries, the minimum average
compression rate achievable asymptotically is no longer the
conditional entropy H (X|Y"), but rather the entropy H(X) of
X.
If we interpret

. —loge,
lim ———
n—oo

n

as the spectrum of the decoding error probability (i.e., the
error exponent), then it is clear that the above results are
corresponding to the two far ends of the spectrum. The
conditional entropy H(X|Y) is the minimum average com-
pression rate asymptotically achievable at the spectrum of
0, which is one of the first and perhaps one of the best-
telling and inspiring results in network information theory.
The entropy H (X)) is the minimum average compression rate
asymptotically achievable at the spectrum of oo, which is,
unfortunately, a negative result in the sense that the side
information available only to the decoder does not help at
all at this spectrum. What missing is the achievability result
in the entire open spectrum other than the end points.

The purpose of this paper is to address the above problem,
i.e., the compression rate and error spectrum tradeoff. Specifi-
cally, we shall show that at the error spectrum 0 < § < oo, the
minimum average compression rate achievable asymptotically
is lower bounded by a quantity called the intrinsic conditional
entropy H;, (X|Y,d), which is strictly greater than H(X|Y")
regardless of how small § > 0 is. Furthermore, we shall
show that the intrinsic conditional entropy H;,, (XY, ¢) is also
asymptotically achievable for small §. At § = 0, H;, (XY, )
is equal to H(X|Y). As ¢ increases and passes a certain point,
H;,(X|Y,0) is flat and equal to H(X).



II. PRELIMINARIES

In this section, we review the concepts of intrinsic entropy
and intrinsic conditional entropy introduced in [3], which will
play a fundamental role in our analysis of the compression
rate and error spectrum tradeoff.

We first describe the notation to be used throughout this
paper. Let A = {a1,-- ,an,} be a finite set. The notation | A
stands for the cardinality of .4, and for any finite sequence x
from A, |z| denotes the length of x. For any positive integer
n, A" denotes the set of all sequences of length n from A.
For convenience, we will sometimes write ,,Z,+1 - - Ty as
xy, where m < n are two integers, or simply as 2" when
m = 1. A similar convention will be applied to sequences
of random variables as well. We use P(A) to denote the set
of all probability distributions on A, and P*(A) to denote
the subset of P(.A) where probability distributions with zero
entries are excluded. Let 7 denote a probability distribution
in P(A x B). The marginal distributions of 7 over .4 and B
are referred to as m4 and mp, respectively. The conditional
distribution 7 45 is defined by

77,4\5(35|y)
s [ B for (r,y) € A x B when ms(y) > 0
5L EY for (r19) € 4 ¢ B when mal) —0

Occasionally, we shall also write 7(x,y) as mg o w45 for
convenience. Unless specified otherwise, log denotes the log-
arithm to base 2, In denotes the natural logarithm, and e stands
for the base of In.

Our analysis in this paper makes heavy use of the method
of types [4]. An m-tuple

L= (t(al)a T 7t(am)) € P(A)

is said to be an n-type if for any a € A, t(a) €
{0,1/n,2/n,--- ,1}. The set of all n-types on A is denoted
by 7,.(A). The type of a sequence z™ € A™ is defined as
7(z™) é(T(m‘" al) 7(2™, ar,)) which is an n-type on A,
where 7(z2", a;) = w For t € 7,,(A), T4 (t) denotes
the set of all length-n sequences from A with type ¢, ie.,

T7(t) 2{am € A" : 7(2™) = t}.

We now introduce the notion of intrinsic entropy. For m €
P(A x B) and 6 > 0, we define the intrinsic J-entropy of 7
as

H;,(m,0) = sup
T€P(AXB): D(7||m)<é

H(#). 2.1

Throughout this paper, D(p||g) denotes the relative entropy
between two distributions, i.e.,

=3 plw)

zeA
if both p and ¢ are defined over A. Observe that the set

(7 € P(Ax B): D(#|lr) < 6}

is convex and compact. Since the entropy function is contin-
uous, the supremum in (2.1) is attainable.

D(pl|q)

Extending the notion of intrinsic entropy, we define the
intrinsic d-conditional entropy of 7 as follows.

Hipp(m,0) 2 max [H(7) —

(4
#EP(AxB):D(#||m)<s (75)]

2.2)

where 7z denotes the marginal of 7 over B. Similarly,
the intrinsic d-conditional entropy of 7 with a constrained
marginal 74 is defined by

Hin\B(ﬂv 5|7T.A)

1>

H(%) — H(75)] 2.3)

max
FEP(AXB):D(7||m)<§,mrA=7 A

From (2.2) and (2.3), it is easy to see that H(mw) —
H(mp) < Hin(m,d|ma) < H(ma), and H(m) — H(7mp) <
H;,5(m,0) < log|A|. For any 7 € PT(A x B), let

Smaz(7|ma) 2min{d : Hipp(m, d|ma) = H(wa)}, and
8 e () Amin{é : Hyps(m,0) = log|Al}. The following
lemma is proved in [3].

Lemma 1: The intrinsic conditional entropy

H;pn g(m,0|ma) ( Hypp(m,d), respectively) has the following
properties:

1) it is a concave function of (7, ¢);

2)  itis continuous in PT (A x B) x (0,00); and

3)  for any fixed 7 € PT(A x B), it is a strictly

increasing function in [0, 6,40 (7]7.4)] ([0, 97,42 ()],
respectively).

Let (X,Y) be a pair of random variables with joint distri-
bution Pxy and alphabet X x ). Let Px and Py denote the
marginal of Pxy over X and ), respectively; and let , Py‘ X
and Py)y denote the conditional probability distributions of ¥’
given X and X given Y, respectively. Applying the concept of
intrinsic conditional entropy to (X,Y), we have the following
result, the proof of which can also be found in [3].

Lemma 2 (intrinsic conditional vs classical conditional):
Assume Pxy € PT(X x Y) and I(X;Y) > 0. Then for any
0 < B < 1/|X|, there exists a Ay > 0 depending only on
B and Py |x such that for any 6 < A, and any distribution
t € P(X) satisfying t(x) > ( for all x € X,

Hipy(to Py|x,d[t) = H(toPy|x)—H(r)+d,

where 7 = (t o Py|x)y and

(V54 0(6)

do(t) = {21112[22 ) Py|x y|x)log2py|r(y)_

e ey x(yle)

1/2
> D BxCinln)] |

In the fol'ltoe“ﬁng, we will make use of intrinsic conditional
entropy, and the above lemmas to investigate the compression
rate and error spectrum tradeoff. For convenience, we shall
sometimes write H;,|y(Pxy,d|Px) simply as H;,(X[Y,0).

III. LOWER BOUND

In this section, we establish a lower bound on the com-
pression rate of Slepian-Wolf coding of X with decoder side
information Y under the condition that the decoding error



probability goes to zero exponentially fast. We begin with the
formal definition of a Slepian-Wolf code.

Let 7 denote a set of finite binary codewords satisfying
the prefix condition. An order n Slepian-Wolf code C), is
described by a pair C,, = (fn, gn), where f,(-) : X — I,
acting as an encoder, maps source sequences of block length n
from X to binary codewords in Z, and g,,(-,) : Zx Y™ — X",
acting as a decoder, reconstructs the encoded source sequences
upon receiving codewords and with the help of the side
information sequences. Since the mapping f, is often many-
to-one, we sometimes refer to an entry b € 7 as a bin index as
in the literature of Slepian-Wolf coding. The order n Slepian-
Wolf code C,, is called a fixed rate code if Z consists of
binary codewords of the same length, and a variable rate code
if codewords may have different lengths. Clearly, the class of
all (order n) variable-rate Slepian-Wolf codes includes that of
all (order n) fixed-rate Slepian-Wolf codes as a strict subclass.

When C,, = (fn, gn) is applied to encode X", the resulting
average compression rate r(C),) is given by

(o) 2B (X))

where |z| denotes the length in bits of the binary sequence z.
On the decoder side, let X" = g,,(fn(X™),Y™) denote the
decoder output. The decoding error probability of C), is given
by

P.(C,) 2Pr{X" # X"}.

In [1] and [3], it was shown that at the error spectrum of 0,
re, (X™) can be made arbitrarily close to H(X|Y'). Below
we will examine what will happen for positive error spectra,
i.e., when
. —log P.(C,)
lim ———————=

n— o0 n

=6>0.

We have the following result.

Theorem 1: Assume Pxy € PT(X x Y) and I(X;Y) >
0. Then for any ¢ satisfying 0 < 0 < A, where
A écSmaz (Pxy|Py) is defined in Section II, there exists an
integer N such that for any n > N, and for any order
n variable rate code C, = (fn,gn) With error probability
P, E(C’n)9

1
(Co) 2 Hn(x17.0) -0 (=)
whenever P,(C,,) < 27%",

Our proof of Theorem 1 is based on a type and sphere pack-
ing argument similar to that used in the proof of Theorem 1
in [3], and the convexity of H;, (XY, %) as a function of
0 < € < 1. Thus, we shall leave the complete proof in the full
paper [5], and instead focus on proving that H;, (XY, %)
is convex in € for sufficiently large n in Appendix A.

Remark 1: 1t is instructive to compare Theorem 1 with
the previous achievable rate result for Slepian-Wolf coding.
As mentioned early, it was shown in [1], [3] that one just
needs H(X|Y") bits per symbol to code X with decoder side
information Y while maintaining a diminishing decoding error
probability. According to Theorem 1, however, this widely

accepted statement is not valid anymore when the decoding
error probability goes to 0 exponentially. Specifically, in view
of Lemma 1, no matter how small § > 0 is, H;,(X|Y,9) is
always strictly greater than H (X|Y). Further from Lemma 2,
the difference between them is in the order of \/S for any
0<d<As.

IV. UPPER BOUND

In this section, we show that the lower bound established in
Section III is tight for small § by providing a matching upper
bound.

Theorem 2: Assume Pxy € PT(XxY)and I(X;Y) > 0.
Let 6 be a small positive constant such that

a6

Then there exists a sequence of Slepian-Wolf codes {C),}52 ,
with P,(C,,) < 27°" such that for sufficiently large n,

> 1. 4.1

re, < H(X|Y,8)+ O (105”) . “2)

Proof of Theorem 2: Let ¢, = 27" Fix atype s € T" (X x
Y). For every sequence ™ € T%(sx), define

A n n n n
Am” (S) :{y ey": T(l’ Y ) = S},
and for every y" € T§}(sy), define
Byn (s) é{x” e X" T(z",y") = s}

In the following, we construct a Slepian-Wolf code C,,. For
brevity, let us fix a type ¢t € T, (X) such that ||t — Px||; <

Ko loi", where kg is a constant such that
n logn 1
Pr{lr(X™) ~ Pl > roy 5"} <

Let nR(t) denote a positive integer depending only on ¢ and
n.

Encoding: C,, randomly puts each sequence z" € T%(t)
into one of 2"#(*) bins with probability 2~ "),
In the following, we shall use f; : T%(t) —
{0,1,--- ,onk(t) 1} to associate each se-
quence z™ € T%(t) with a bin index. To encode
x™, C, encodes the type ¢ by using O(logn)
bits, and the bin index f;(z™) by using nR(t)
bits.

Given the bin index f;(z™) and a side informa-
tion sequence Y, the decoder of C,, uses the
maximum-likelihood decoding rule:

Decoding:

" = arg min [H(T(fé", Y") +
" e Ty(t) :
fr(@") = fi(a™)

D(r(@",Y")[to Prix)]

For sequences ™ with ||7(2™) — Px|| > ko 105 " the code

C), sends the type 7(x™) along with the binary description of




z™ directly to the decoder; in such a case, there will be no
decoding error.

We now analyze the decoding error probability of the above
code C,,. Define

_ —loge, + r1logn
= - ,

B (4.3)

and

S*(t, Ba) {s€ T(x x¥): Disllto Pyyx) < B
and sy = t},
where k; > 4 is a positive constant selected so that

Pr{r(z",Y") & S*(t, B,)| X" = 2"} < %‘ (4.4)

It is not hard to see that x; depends only upon |X'| and |)|. For
each sequence z" € T%(t) and for each type s € ST (¢, 3,),
we further define

S*(t, B, ) é{s’ € 8T(t,8,) : 85 = sy and
H(s') + D(s'||t o Py|x) < H(s) + D(sllt o Pyyx) }.

Suppose that X = 2™, Y™ = ¢", and s = 7(z",y")
satisfying s € ST (¢, 8,,). Then it follows from the construction

of C,, that

Pr{Error| X" = 2", Y" = ¢"}

D

s'€STt(t,8n,s)

such that y™ € Az (s') and f(Z") = ft(x")}

Pr{there exists a sequence " # x"

< Y B2 RO
s'€ST(t,Bn,s)
< [By(sh S)‘Q—nR(tH(\X\WI—\X\—WI—H)logn’ (4.5)
where s} séargmaxs,esﬂwms)H(s’). Observe that

Equation (4.5) holds for all (z™,y") satisfying 7(z",y") = s.
Using (4.5), we now calculate the decoding error as follows.
Pr{Error| X" = z"}
S Y Pr{r(XYT) = sXT = 0" x
s€ST(t,6n)
Pr{Error| X" = 2", 7(X",Y") = s}
€n .
-+ > By(sh, Wl
seSt(t,6n)
27n[D(S||tOPy|X)+R(t)]+ \X\Iy\—\é\;l—Ql)}Hz log n+0(1)
Z onlH(sg,, ) —H(sy)—R(t)=D(s|[toPy|x)]
s€EST(t,6n)
277‘){‘“2);'72 logn+0(1)

=
~—

IA

en+
2

X 2k —2
%4_6”27\ HWI; 1 log n+0(1) %

>

SESH(t,6n)

2)
<

onlH (sp, ) —H(sy)—R(t)=D(sp,, .lltoPy|x)+8n] (4.6)

In the above, the inequality 1) is due to (4.4) and the inequality
2) follows from the definitions of sj; . and S *(t, Bn, s) above.
Select now that

logn
R(t) = Hinpy(t o Py x, Balt) + |X||V|—2

—
In view of the definition of intrinsic conditional entropy and
that ||t — Px|1 < ko+/logn/n, it follows from (4.1) that

8H¢n|y(ny, (5|t) ‘
00 5=Pn

for sufficiently large n. Since H;,|y(Pxy,d|t) as a function
of ¢ is concave, we then have

H(sp, ) — H(sy) = R(t) — D(s, (||t o Pyix) + Bn

||| 8"

for sufficiently large n. Putting (4.8) back into (4.6), we get
Pr{Error| X" = 2"}

> 1, 4.7

< (4.8)

n

6774
< &y
-2
€n Z 27(\X||y\+ﬁl)logn*W1Ogn+O(1)
SEST(t,0n)
< €n +€n2,wlogn+o(l)
-2
< €n; (4.9)

whenever n is sufficiently large.
To complete the proof, we calculate the rate of C,, as
follows:

logn

teT, (X):||t—Px |1 <koy/logn/n

1
7'<Cn)§0< >+210g|X+
n

Pr{r(X") = t}R(%)

< 0 (bg") 4 log LX|
n n
> Pr{r(X") =t} x
€T, (X):|[t—Px ||1 <ro+/log n/n
Hinjy(t o Py|x, Bnlt)
<

logn
O( i )+Hmy(ny,ﬂnPX)

Hiny(ny,(ﬂP)()—I—O(lOTgLn) 7 4.10)
where the last inequality is due to Lemma 1.

Combining (4.9) with (4.10) now implies that there exists
an order n deterministic Slepian-Wolf code with the decoding
error probability less than or equal to ¢, and the average
compression rate upper bounded by (4.10). This completes
the proof of Theorem 2.

Recall that the intrinsic conditional entropy H;, (XY, J)
is a concave function of § according to Lemma 1, in other
words, W is non-decreasing as ¢ increases. This
fact, together with Theorem 2, implies that H;,(X|Y,J) is
achievable asymptotically for small §.



V. CONCLUSIONS

We have revisited Slepian-Wolf coding (with one encoder)
from the new perspective of error spectrum for jointly mem-
oryless source-side information pair (X,Y’) whose joint dis-
tribution has no zero entries. In this perspective, the classical
Slepian-Wolf result [1] and the zero-error Witsenhausen result
[2] correspond to the two far ends where the error spectra
are 0 and oo, respectively. In this paper we have shown that
at any error spectrum 0 < § < oo, the minimum average
compression rate achievable asymptotically is lower bounded
by the intrinsic conditional entropy H;,, (XY, d). Atd = 0, the
quantity H;, (XY, 0) is equal to H(X|Y'). As 0 increases and
passes a certain point, H;,, (XY, d) is flat and equal to H(X).
For any § in between, H,,(X|Y,d) is strictly greater than
H(X]Y). Furthermore, we have show that this lower bound
is tight for small § in the sense that the intrinsic conditional
entropy H;, (XY, ) is indeed asymptotically achievable.

APPENDIX A

In this appendix, we investigate the convexity of
Hipy(m, —l/:zge) as a function of ¢, where 7 denotes a fixed
distribution in P*(X x ). For convenience, we assume all
logarithms have base e in this appendix; as such, all involved
quantities will be scaled by a common factor. It has been
shown in [3] that H,,y(m,d) is a concave function of (,d)
and is strictly increasing in [0, dyq.(7)] for any fixed .
In the following, we shall utilize this result to prove that
Hipy(m, _lsg") is convex in € whenever n is large enough.
To this end, let us calculate the second order derivative of
Hipy(m, 7125";6) with respect to € as follows. For brevity, we
shall use f(d) to denote H;yy(m,d).

de?
1)? 1
" 5 7 ! 5 -
) () + 16 (o)
R+ ) (A
nez | n ' '
For our purpose, we are interested in § = —loge lying in

(0, 0maz(m)). Observe that in (A.1), f(§) <0 because f(9)
is concave, and f’(d) > 0 because f(¢) is strictly increasing.
In order to show that f(¢) is convex, it suffices to lower bound
the sum inside the brackets from 0. To this end, let us first
derive an expression of f(9).

In view of the definition of intrinsic conditional entropy
Hipjy(m,0), we see that Hyp, y(m,6) = H(s*) where s* is a
solution to the following maximization problem:

max H(s) — H(sy) — AD(s]||r) (A2)

where s denotes a probability distribution over X x ). In the
above, A is the standard Lagrange multiplier that is equal to
f(9). Solving (A.2) by fixing A leads to

83 (y) TR (2,)
Zy’ey (I)y’

s*(x,y) = for (z,y) € X x Y,(A.3)

where for any y € )

©, S5y ()T Y w1 (2,y) (A4)

reX

For brevity, let us write - ), ®, simply as ®. Regard
s*(x,y) as a function of . We can calculate

ds*(z,y)
d\
1 A
sy (vy) o -1 .
N o {(1 Tz )
1 ds}(y)

1
+ 2 Inw(z,y)| —

T+ Ns3(y) dh ' ([1+A

sy(y) T

s

y' ey
_ s*(%y)[ -1 s3(y) N 1 dsy(y) B
L+ A L1+ A 7w(z,y)  s5(y) dA
14\ dd,
=rA (A.5)
P <y d)\}
and
as,
dA
* i -1 *
= sy(y) T {(1 NE In s3,(y) +
1 dsy,(y) 2
mitx(x,y) +
1+ Ns5(y) dr LGX (z,9)
(2,y) T
1 (T 1
sy(y)Tr Y = Inm(z,y)
zeX 1+A ?
o, -1 N
= Tpalipamswt
L dsy(y) 1 (z,y) T
* T ) 1
g* (y) d\ :| + )}( ) hR 1; (1+/\ 2 nﬁ(x’y)
> (B, —1 1 dsy(y)
= _—K — 1 *
1+)\{ 3 [1+>\ sy W) T Ty |+
5" (2,9)
lnﬂ(m,y)}
reX 142
ds3(y) s (z,y) " (y)
y ’
— _ 1 A.
1+)\[ dA aceZX 14+ A 7T(J?7y):| (A.6)
Putting (A.6) into (A.5), we get
ds*(z,y)
d\
_ S*(%y)[ -l ) 1 ds)
L+ XA L1+A 7w(z,y)  s5(y)  dA

ds3,(y')
Yy
E N +Ind® 4§
y' €Y



s*(x,y) [—ms (;37;/)+ 1 dsy(y) _ 725*(%?;)1]&?(96,9) "

T Y R P NP ) R X2 (@,v)
ds? y’ * (ol * (ol
ST [_ng,wm,w
b=t 2T wy)
Note that = 5 Z sh(y 5 +6,0)
s*(,y)
§=D(s*[r)= Y  s*(z,y)ln . N
(z,y)EXXY m(z,y) = 3 Zsy y)(6, — 0)%, (A.11)
Yy
It follows that
@y, ) | dlo) where forany y € 7.
dX p 7(z,y) dA é Z Sy (z,y)
_ y ) sy | g iy 50" )
d\ m(z,y dA
o ( . ) vy In the above, the equality 1) is due to the fact that
_ Z S (Jf,y) |:_ 1112 S (l‘,y) +
o 1A m(z,y) > 830y, =4.
1 dsﬁ,(y) s*(z,y) B yey
53(?/) dA m(z,y) Combining (A.8), (A.9), and (A.11), we arrive at
s*(@,y) N~ dsy(Y) s*(x,y)
In +6Iln d\
m(z,y) yze; dX (x,y)} @) = =5
1 * 2 8" (z,y) 2 (x,y)
= —|— s*(z,y)In +0°+ = (14+X)/ s a:y
L 25 @t S |- 25 ey
* * * * /
it FLTUANERLETTNPY o RLstE) ) = 3 32 556, — 7]
- syy)  dA m(x,y) oy d\ "
1 Say) 2 y 14 A
= _— * 1 — * 9
Tl Zreate) - ~ X e (g )
Z 8*(1'7 y) d8§1 (y) In s* (ZL’, y) o and in turn,
250 A () 1
5 Z ds}(y')] (AS) f(0) + ﬁfﬁ(é)
; d\ 1+ A
ey > A - - g A1)
Verify from (A.7) and the fact that s3,(y) = > .y s (,y) Ny (z,9)(In m(zy) )
that for any A < oo, Under the assumption that 7y is not uniform, one can lower
ds3(y) bound Y7 s*(x,y)(In ;(Jf;’) - 5) from 0 whenever A <
Z . 0, (A9) 0. Consequently, equations 8A 1) and (A.12) imply that for
vey any 0* € (0,9/,,.(m)), there exists a positive integer N such
and for any y € ) that for all n > N, Hp y(m ﬂ) is convex in € whenever
ds* ) * * 5 10g€ (6*761/711193( ) 6*)
= — In ’ + —s* A.10 1milarly, when Ty )+ Ty )— 7) > 0, one can show
W S@y)y, S@y) O (a10)  Similarly, when H H(my)—H(r) >0 h
zEX ) that that for any € (0, Omaz (m|Tx)), there exists a positive
: ) —loge .
which in turn implies integer N such that for 1(a)lllsn > N, Hyy(m, =2 mx) is
convex in € whenever —22< € (0%, dypae(7|mx) — 0%).
3 s*(z,y) dsy(y) | s*(z,y)
s5(y)  dA m(x,y) ACKNOWLEDGMENT
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