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Abstract— This work studies problems of source coding under known [4] that for transmission of a Gaussian source over
the requirement that the encoder can produce an exact copy the Gaussian broadcast channel under quadratic distortion
of the compressed source constructed by the decoder. Thisgng input power constraints, an optimal scheme is not based
requirement, termed here as acommon knowledge constraint, is . . .
satisfied automatically in rate-distortion theory for single sources. ©" separation. IhStead, a single-letter code is used. and the
Howe\/er7 in the common formulation of pr0b|ems of |Ossy soure a||OW8.b|e dIStOI’tIOﬂS are |nCUrred by the Channel noises Th
coding with side information at the decoder (the Wyner-Ziv results of this coding scheme cannot be reproduced at the
problem), distributed source coding, and joint source-chanel sender side, since they depend on the channel noise whose
coding for networks, the destination can exploit the inforrmation realizations are not known.

it receives in a manner that cannot be exactly reproduced athe Th . tt d t th d id t
sender side. Some applications, like the transmission of sgtive e requirement 1o reproduce at theé sender side an exac

medical information, may require that both sides — the sendeand ~ COpY Of the destination’s version may seem superfluous &t firs
the receiver — will share a common version of the compressed after all, the sender has at hand the source itself — unddiybte
data, for the purpose of future discussions or consulting. ie g petter version oKX ™ than the reproductioﬂz”. But in some
purpose of this work is to study the implications of common  4,jications, having at the sender a better version than tha

knowledge constraints on the achievable rates in scenariogf f th . tb h C ider. f |
lossy source coding. A single letter characterization of th rate or the receiver may not be enough. Lonsider, 1or example,

distortion function is developed, for the problem of sourcecoding the transmission of medical information, e.g. MRI results,
with side information at the decoder, under a common knowlede over a noisy broadcast channel to a number of experts, for
constraint. Implicatiqns of this constraint on problems of joint  the purpose of consultation. The experts have previous data
source channel coding for the degraded broadcast channel @r o the patient, that serve as side information in retrieving
studied. Specifically, it is shown that in this setup, a scheebased . . . .
on separation achieves optimal distortions. the new data. I__ossy tran_smls_smn of med|pal mformatlon_ is
Index terms — Broadcast channel, common knowledge, hierar- Undesireable, since the distortion can blur important cadi
chical coding, joint source channel coding, source coding ith  details. Moreover, depending on the coding scheme and the us
side information, successive refinement, Wyner-Ziv problen. of side information, the sender may not have control over the
distortion pattern, and thus does not know what details were
most affected by the distortion. Despite these shortcosing
In the common formulation of lossy source coding protsometimes there is no choice but to introduce some disigrtio
lems, the code designer is primarily concerned with redycitlue to the limitations of the physical channel over which
the coding rate under a prescribed distortion between tbemmunication takes place. The lesser of all evils would be
source and the reproduction at the destination. The queesttben to devise a coding scheme that enables the sender to
of whether the sender is acquainted with the distorted eersiproduce exact copies of the distorted data that arrivedeo th
produced by the decoder is not raised in this context. Inylossexperts. The role of this common reproduction is twofold.
compression of single sources, the optimal reproduclién First, it leaves some control at the hands of the sender over
is a deterministic function of the original sourcé™ and the quality of the data at the destination, since the senater ¢
therefore it is readily available to the sender. While inslos decide to re-transmit in case that important medical detail
compression of single sources the encoder and decoder weme blurred during transmission. Second, it can serve as a
share a common version of the compressed source witheatnmon reference for the consultation, where each side &now
sacrificing performance, this is not the situation in morexactly what the data at the other side looks like.
general scenarios. In source coding with side information As the above example demonstrates, being able to reproduce
at the decoder (the Wyner-Ziv problem, [9]), the encodde receiver’s version at the transmitter’s side can be fizake
does not have the realization of the side information, aril many practical systems. This requirement is termed tjineu
therefore is not acquainted with the receiver’s versionhef t out the paper as theommon knowledge (CK) constraifithe
distorted source. Similar examples abound in multiterininpurpose of this work is to study the implications of common
systems, perhaps most notably the problem of joint sourdexowledge constraints on the achievable rates and distrti
channel coding for the degraded broadcast channel. It ik wial source coding and joint source channel coding problems.

I. INTRODUCTION



Jyn In (2), E stands for statistical expectation. The rate of the
code isR = (1/n)logM. A specific CK code is denoted
xn T ¢ i i i '
Encoder Decoder X by the three mapping§f, g, v), wi_iere t_he dimensmr_i W|Il_be
e =R clear from the context. A rate-distortion pdiR, D) is said
rate = A to be CK-achievablef for every e > 0 and sufficiently large
" Ed(X",X") <D n, there exists arfn, 2"(t9) D ¢) CK code for the source
X with decoder side informatiof’. The CK rate-distortion

l P(X") = X" function denoted byR. (D), is the minimal rateR such that

the pair(R, D) is CK-achievable.

) . L ) The only difference between this definition and the classica
Fig. 1. Source coding with side information under a commonwKkadge definition of loss . . . . .
constraint y source coding with side information (the

Wyner-Ziv problem), is the requirement (3). The model is
) ) ] depicted in Figure 1. Denote by z (D) the Wyner-Ziv rate
In Section I, the problem of source coding with decodefistortion function for the sourcé with side information
side information and common knowledge constraint is posegd, [9], and by R(D) the regular rate-distortion function for

and a single letter characterization of the correspondié-r ihe sourceX when no side information is present. Clearly
distortion function is presented. In Section lll, a few exdes

are given, and the relations of the new results to classical Rwz(D) < Rex(D) < R(D). (4)
rate-distortion functions are discussed. Section IV gsidhe
implications of this constraint on joint source-channediog
for the degraded broadcast channel. (D) =min[I(X; X) — I[(X;Y)] (5)

Il. SOURCE CODING WITH SIDE INFORMATION AT THE  where the minimum is over all random variabl&s taking
DECODER values in the reconstruction alphats&t such that the Markov
Let (X,Y) be a joint source. We are interested in losskelations
coding of the sourc& where theY” component serves as side XeXeoVY (6)
information at the decoder, under the requirement to rapred _ . .
the decoder output at the sender side. The model is depicted®!d: and the distortion constraint
Fig. 1. Let the finite seft’ stand for the reproduction alphabet, Ed(X,X) <D 7)
and letd : X x X — [0, 00) stand for a single letter distortion
measure. Note that since the sets are finite, the definitionigfatisfied. Due to the Markov conditions ();,.(D) can be
the range off implies that the distortion measure is bounde@Xpressed also as a minimum of conditional mutual informa-
Define tion )
ez = max _d(z, ). k(D) =minI(X; X|Y), (8)
T€eEX, TEX

For a given distortion leveD, define

a\f\/here the minimum is over the same set of reconstruction

The distortion betweem sequences is defined in the usu Jandom variables as in (5). It is easily verified 2y, (D)

way. 1 is a convex function ofD. The next theorem states the main
dlz, ) = — Z d(zi, T;). (1) result on the CK rate-distortion function of a joint memass
i source(X,Y).
Definition 1: Let 7 be a set of integer® = {1,2,..., M}. Theorem 1:For any memoryless source with decoder side
An (n, M, D, ¢) common knowledge (CK) code for the sourcénformation,
X with decoder side informatiori consists of an encoder map Rer(D) = Ry (D).
n It is instructive to examineR}, (D) in light of the Wyner-
fx" -1, Ziv rate distortion function. In [9], Wyner and Ziv showedath
a decoder map the rate-distortion function ok’ with decoder side information
g: T x Y™ — X", Y is given by
and a sender reconstruction map Rwz(D)=min[l(Z; X) - I(Z;Y)] 9)
P X" — AT, whereZ is an external random variable taking values in a set

such that the average distortion is not larger thzn Z, and the minimum is over alt’ and deterministic functions
¢ Z x Y — X such that the Markov relations
Ed(X™, g(f(X"),Y")) < D, 2
( ) ) ) . ZeoXeoY (10)
and the sender can acquire the decoder’s output with high

probability, via the sender reconstruction map hold, and the distortion constraint

Pxy (p(X™) # g(f(X"),Y")) <e. ®3) Ed(X,¢(2,Y)) <D (11)



is satisfied. In a typical Wyner-Ziv code, a codeboo)}
of rate I(Z; X) is constructed, from the external randon
variableZ. The side informatiory” is exploited in two distinct
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\
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phases — binning and estimation. In the binning phase, t N
side information is used to reduce the ratel§y;Y). In the
estimation phase, the side information is used by the deco

to enhance the quality of estimation and reduce the disto#ti

hence the dependence@bnY’, in (11). Therefore, the code- =

words {z(i)} do not have to satisfy the distortion constrain "
by themselves. The estimation is the operation that cant
be mimicked by the encoder. When the common knowled
constraint is present, binning can still be performed, bt t

decoder cannot usk¥ to reduce the distortion. The structure
of R%.(D) reflects precisely this fact: the codewor{is(7)}
consisting the codebook, satisfy the distortion consti@ione,
like in lossy source coding without side information. Th%ig. 2. Rate distortion curves for the doubly symmetric binsource, with
binning operation, however, can be performed, and the ratess over probability 0.25.
is reduced byl (X;Y).

The result stated in Theorem 1 is, in a sense, complementary
to a result of Weissman and El Gamal in {7Bpecifically, The CK rate distortion function for this source is given by

Weissman and El Gamal showed that if the decoder is re- _
icted © the sde nformation i | h R(D) — h(p= *q)
stricted to use the side information incausalmanner, then Ru(D) = Yhip.xD) 0<D<gq (14)
the rate-distortion function is given by [7, Theorem 1] 0 ¢<D
Reausal §iP) = min I(W; X) (12) whereR(D) is the rate distortion function ok without side
information
wherelV is an external random variable with alphabf and R(D) = h(q) — h(D) (15)
the minimum is over all random variabl&g and deterministic ¢ ’
functions¢ : W x Y — X satisfying h is the binary entropy functioh(a) = —aloga — (1 —

- a)log(l — a), a € [0, 1], and= is the cyclic convolution
Ed(X, o(W,Y)) < D. (13)

_ _ o pexq=p:(1—q)+(1—-p:)g
In other words, under the causality constraint, the side in- o ) ) )
formation is used for estimation (sineg in (13) depends The characterization (14) can be written also in the folrayvi

on Y), but binning cannot be performed (since there is @M

—I(W;Y) term in (12)). This stands as a complementary Rex(D) = G(D) + h(q) — h(p-*q), 0<D<gq, (16)
to Theorem 1 here, where the side information is used for

binning, but estimation cannot be performed. whereG(D) is the function defined by Wyner and Ziv in [9]

[1l. EXAMPLES G(D) = h(p. x D) — h(D). (17)

In this section the function&,, (D) of few sources are pre- It iS interesting to comparéi (D) to the Wyner-Ziv rate
sented, and compared to the Wyner-Ziv rate distortion fonct distortion function iy z(D). Note that for binary sources,
and to the rate distortion function without side informatio Only the case of doubly-symmetric sourge{ 1/2) is solved.

Example 1:Binary source, with a symmetric channel sid&©r ¢ = 1/2, the CK rate distortion function is given by

information and Hamming distortion measure. Hate= X' = Ru(D)=G(D) 0<D<1/2. (18)

Y =1{0,1}, X ~ Bernoulli(g), and the side informatiolr is

given by As shown in [9], the Wyner-Ziv rate distortion function for
Y =X&Z, this source is thdower convex envelopéce) of g(D), a

function closely related td-(D):

GD) 0<D<gq,
0 g <D

whereZ is binary, independent ok, Z ~ Bernoulli(p.), and
@ stands for modulo-2 addition. The distortion measure is the 9(D) = {
Hamming distance

(19)

0 i Rwz(D) = Ice(g(D)) = inf [0 (h(p- xn) — h(n))]  (20)
d(x,f:):{ v o

1 otherwise where the infimum is over alt, n such that

1This observation is due to Tsachy Weissman. 0<0<1, 0<n<p. (22)



and
D=0n+(1-0)p..

Since G(D) is a convex function ofD, the Wyner-Ziv rate
distortion function coincides witly(D) in the region0 <
D < D, for D, that solves the equation
G(D.)
Dc — Dz

(22)

= G/(Dc)v (23)
and forD. < D < g, itis given by the straight line connecting
the points(G(D.), D.) and(p.,0). Hence, in the regiof <
D < D., the functionsRy z(D) and R (D) coincide This
is stated in the next corollary.

Corollary 1: For the binary doubly symmetric source with
Hamming distortion measure, no penalty is incurred due
the common knowledge constraint in the regibg D < D..

Figure 2 shows the curveBy z (D), R.r(D), and R(D),
for the doubly symmetric binary source.

Example 2:Gaussian source and square error distortion
measure. As in [8], the result stated in Theorem 1, whichli

proved for finite alphabets, can be extended to infinite (disc intersects the capacity region of the DBC. That is, under a

or continupus) alphabets. Note that also in [8].’ the dii;ln_rt common knowledge requirement, a separation theorem holds.
measure 1S boundgd on bounded sets, and this is satisfie ile this result can sound intuitive at first, note that in
the square error distortion measure;. . . general a common knowledge constraint does not imply the
I.n th_e current exampleX ~ N(0, 0% ), the side information optimality of separation. For example, common knowledge
Y is given by is automatically satisfied in lossless transmission. Harev
as seen from the transmissibility result of Cover, EI Gamal,
and Salehi [1], separation strategy is not optimal in lassle
transmission of a joint source over the MAC.
distortion function of this source is Lossy transmission of a sourée over the general broadcast
1 52 D4 o2 channel (BC) under common know_ledge constraint is defined
= _1Og( > X > Z) . as follows. LetPy, v,y be a BC with inputU and outputs
2 Ox T 0z D Vi, V. Let the finite setsX; and X, stand for the two
As shown in [8], the Wyner-Ziv rate distortion function forreconstruction alphabets at user 1 and user 2, respectively
the Gaussian source coincides with the rate distortiontfomc Let d; : X x )Ej — [0,00), be a single letter distortion
whenY is known at both sides, encoder and decoder, andnseasure at uset, 7 = 1,2. As in Section Il, both distortion

L L
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Fig. 3. Rate distortion curves for the Gaussian sou¥ce- N(0, 1), with
side informationY = X + Z, whereZ ~ N(0, 1), independent ofX.

&finement rate region of the source with distortidhs, D),

Y=X+2 (24)

whereZ ~ N(0,0%) and is independent of . The distortion
measure is the square errdfy, #) = (z — #)2. The CK rate-

Rex(D)

(25)

given by
( o%0
(

_Liog %% 02)D)' (26)

2 ox +oz

Figure 3 shows the curveBy, z (D), R (D), andR(D) for

Rwz(D) = Rxy(D)

measures are finite. Distortion between sequences is negasur
in an additive-normalized manner, as in (1).

Definition 2: An (n,m, D1, Dy,¢) CK code for transmis-
sion of the sourceX over the BC Py, v, consists of an
encoder map

the Gaussian source. f:xT-=um

IV. JOINT SOURCECHANNEL CODING FOR THE DEGRADED a pair of decoding maps
BROADCAST CHANNEL Lo

) , . gj: Vi'—= A&}, j=1,2

It is well known that Shannon’s source-channel separation

theorem does not hold in networks. The two most studi€uhd a pair of sender reconstruction maps

examples are the transmission of sources over the degraded _

broadcast channel (DBC), and over the multiple access @hann W

(MAC). For these two problems, counter examples are knowich that the distortions are bounded By and D5

that show that separation is not an optimal strategy [1], [2]

[4]. In this section the implications of the CK constraint on Ed; (X", g;(V]")) < Dj, j=1,2

the problem of transmission of sources over the degradglqd with high probability, the mapg; can produce, at the

broadcast channel are examined. In par_tlcular, '.t IS Sh_‘b'ﬂn Fsender side, the reconstructions available at the decoders
under the common knowledge constraint, a given distortion
P (h;(X™) # g;(V]") <€, j=1,2.

pair (D1, D2) can be achieved if and only if the successive

X" ‘)en
J



A distortion pair (D1, D2) is said to beCK-achievable with Rx (D1, D), and the proof that it indeed satisfies a single
bandwidth expansion factgr (p > 0) if for every e > 0 and letter characterization as in (29) and (30), can be foun®in [
sufficiently largen there exists ain, pn, D1+¢, Do+¢€,¢) CK  or [6]. For a given bandwidth expansion facior- 0, denote
code for transmission ak” over Py, v,y The CK-distortion by pC’ the set of rate pair6R;, R;) such that( R, /p, Ry /p) €
region D.(p), is the set of all distortion pair6D;, D) that C’. The main result orD.;(p) is stated next.
are CK-achievable with bandwidth expansion ratio Theorem 2:For any discrete memoryless degraded broad-
Since the two decoders in Definition 2 do not cooperateast channel and discrete memoryless source with bounded
the regionD..(p) depends on the channél, v, only via distortion measuresD..(p) consists of all distortion pairs
its conditional marginal distribution®y, ; and Py, ;. This (D1, D) for which
resembles the situation in channel coding for the general BC ,
The capacity regior® of the DBC Py, v, is given by the Rx (D1, D) N pC" # 0.
convex hull of the set of all rate paifR?;, R2) satisfying Thus, for the transmission of a source over the DBC
under the CK constraint, a separation strategy yields @tim
R = 1(Z;Wh) distortion pairs. However, unlike the situation in singlgeu
Ry < I(U;V2|Z) (27) systems, here the separation does not imply that the design
of the channel code and of the source code are completely
decoupled of each other. Unlike the situation is single user
systems, the code designer has degrees of freedom in dgcidin
&ere on the boundary of the capacity/rate distortion megio
e rate pair resides. Some coordination between the dersign
of the source code and the channel code is necessary, to
guarantee that the designed rate pairs match each other.

for some Pzu v, v, = PzPyzPv, v,ju, Where Z is an
external random variable, taking values in a s&t with
|Z| < min{|U|, |V1],|V2]}. The stronger user of a DBC can
detect all the messages that are intended for the weaker u
which is user 1 in our case. Denote &)} the total rate that
can be detected by the stronger user, and denoté’ lihe
corresponding capacity region. The regi6his the convex
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