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Abstract— It has recently become popular to use simulation-
based algorithms to empirically estimate achievable information
rates over intersymbol interference (ISI) channels with inputs
from specific input constellations. Such algorithms are guaran-
teed to converge by invoking the Shannon-McMillan-Brieman
theorem provided that the output sequence is stationary and
ergodic. In this note, we establish a central limit theorem result
on the rate of convergence, and show that the variance of the
estimates decreases like 1/N (where N is the sequence length
employed) as N goes to infinity. This result indicates that it is
possible to achieve estimation accuracy with any desired level by
simply increasing the number of samples appropriately.

I. MOTIVATION

Intersymbol interference channels appear in many important
communication scenarios, including recording channels, wire-
less channels when the delay spreads are large, underwater
acoustic channels, etc. With this motivation, the capacity of
deterministic 1Sl channels with additive white Gaussian noise
(AWGN) has been derived, and it is shown that channel
capacity can be achieved with correlated Gaussian inputs [1],
[2]. For the case of random ISI channels encountered in
wireless communications, i.e., for frequency selective fading
channels, results on channel capacity are also available [3].
Extensions to multi-input multi-output (MIMO) systems have
also been considered in the literature, e.g. [4], [5].

Consider, for instance, the case of deterministic 1SI channels
with AWGN, channel capacity results indicate that one needs
to use correlated Gaussian inputs to achieve optimal transmis-
sion. However, in a practical system, one is usualy limited to
signals from specific constellations such as phase shift keying
(PSK), quadrature amplitude modulation (QAM), etc. There-
fore, it is aso of importance to characterize the information
rates under these constraints. When independent inputs are
picked from a specific signa constellation as the input, the
resulting information rates are ssimply referred as achievable.
If the inputs are limited to specific constellations, but memory
is allowed (i.e., Markovian sequences are selected as inputs)
and optimization is carried out over the Markov input statistics,
the resulting information rates could be referred as constrained
capacity.

When the inputs are picked from specific constellations such
as binary PSK, the input-output relationship can be described
by a state diagram, or equivalently by a channel trellis. It isthis
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structure that allows simplifications in the calculation of the
mutual information expressions in an efficient manner once a
long sequence of channel inputs and outputs are produced.
This approach is employed in simulation based techniques
for estimation of the achievable information rates/constrained
channel capacities over ISl channels [6]{9].

The rest of the note is organized as follows: In the next
section, we state the rate of convergence problem formally. In
Section 111, we give the main result and provide the proof.
We discuss some generalizations and give an example in
Sections 1V and V, respectively. Finally, we conclude the note
in Section VI.

Il. PROBLEM DESCRIPTION

Consider N uses of an I1S| channel corrupted by additive
white Gaussian noise. The input-output relationship can be
written as

L—1
yn:Zhlﬂcn_z—an forn=1,2,...,N, Q
1=0

where the coefficients hg, h1,...,hr_1 denote the determin-
istic channel taps, x1, x2,...,xy are the channel inputs, and
{n.} are the independent zero mean Gaussian noise samples
with variance o2 each.

The capacity of this IS channel is given by
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where XV = { X, X»,..., Xy} isthe entire input sequence,

YV = {Y¥1,Ys,...,Yn} is the entire output sequence, and

I(-;-) denotes the mutual information. If the maximization

is done over the Markov input distribution (with a specific
constellation), a constrained channel capacity is obtained.

Clearly, using the independence of the input and noise

terms, we can write
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where H(Y;"Y) denotes entropy of the output sequence which
is the only unknown in this expression.



For a given input distribution, one way to estimate the
entropy of the corresponding output sequence is to generate
a long segquence of channel input and output realizations, and
compute the probability of the resulting output sequence. Due
to the well-defined trellis structure of the channel description,
this computation can be efficiently done using the forward
recursion of the well-known BCJR algorithm [6]-{9]. For a
Markov input sequence, the output sequence is stationary and
ergodic, and the result is guaranteed to converge by invoking
the Shannon-McMillan-Breiman Theorem. If one is after the
actual channel capacity, then an optimization over the input
probability mass function is needed.

In summary, for the simulation based algorithms, we need
to compute the following

Sy = —logp(YV), 4
N

= _2271,7 (5)
n=1

where p(-) is the joint probability density function of the
output sequence, and

Zy, = logp(Ya Yy ™) (6)
with p(:|-) denoting conditional probability density function.

I11. MAIN RESULTS

Assume that the input signal is Markov with a given order.
Our main result is that Var(Sy)/N — o2 where o2 is a
congtant, and S /v/N convergesto a normal random variable
with variance o2. Therefore, the variance of the estimation
error in computing the mutual information supported by the
channel is proportional to 1/N and hence approaches 0 as N
goes to infinity.

Before proceeding with the proof, it is illuminating to com-
ment on atrivial specia case. When the channel has no mem-
ory (i.e., L = 1), the input that maximizes the mutual informa
tion (achieves the channel capacity) is independent identically
distributed (i.i.d.). In this case, the sequence {Y1, Ys,..., Yy}
becomes independent, hence {Z1, Zs,...,Zy} areii.d. Itis
easy to verify that any moment of Z,, is finite as the random
variable Z,, can be sandwiched between quadratic forms,
and the expectations can be carried out over the Gaussian
p.d.f. since the noise is Gaussian. Therefore, the clam in
the previous paragraph follows directly from the central limit
theorem. The point of this note is to establish a central limit
theorem when the channel has memory, i.e. L > 1, and the
inputs are Markov.

Before we proceed with the proof, two definitions, and a
related result from probability theory will be useful [10].

Definition 1: A random sequence {W,,, n = 1,2,3,...},
is m-dependent if the random variables W,,, and W,,, are
independent for al n, and ny such that ny — no > m for a
fixed m < oco. That is, the samples of the random sequence
taken sufficiently far apart are independent. Sometimes, i.i.d.

sequences are referred as 0-dependent.

Definition 2: A random sequence W,, is a-mixing if the
random samples are approximately independent with increas-
ing separation between them. More precisely, let «,, be a
number such that

|P(AN B) — P(A)P(B)| < an

where

A€ o(Wy,Wa,..., W)

and
B S U(Wn-i-k’; W7L+k+1) .. )7

fork > 1 andn > 1 (o(-) denotes the o-field generated
by random variables given in the argument). If «,, — 0 as
n — oo, then {W,,} is a-mixing.

The following result is a central limit theorem for a-mixing
sequences [10].

Theorem 1: If W, is a-mixing with a(n) = O(n~%) and
E(W}2) is finite, then the central limit theorem holds, that
is, ﬁSN = ﬁ(Wl + Wa + -+ + Wy) converges to a
Gaussian random variable as N goes to infinity.

Clearly, m-dependent sequences form a special case of a-
mixing random processes, hence the central limit theorem
holds for this case as well. Also, note that the stated conditions
on the convergence are sufficient, but not necessary. Based on
this theorem, we now restate and prove our main result.

Theorem 2: Consider Sy in Equation 4. Var(Sy)/N goes
to a constant as /N goes to oo.

Proof:

Let us first consider the case of i.i.d. inputs where the de-
pendence on the input, output and z,, sequences are illustrated
in Figure 1. In this case, clearly, the channel output at time n
is independent of the channel outputs prior to the time n — L.
Hence, Z,, can be written as

It is also clear that the sequence Z,, is m-dependent since 7,
and Z;, are independent when n and k are sufficiently far apart
(for n — k > 2L — 1). Since the central limit theorem applies
to m-dependent sequences, the result follows.

If the input is Markov with a certain memory order, say
M, the channel input at time n, conditioned on the pre-
vious M inputs X,,_1, X,,_o,..., X, IS independent of
{Xn—pm—k,k > 1}. Assume that the initial probabilities of
the states (there are finitely many of them) are set to the
stationary probabilities. Then, the input and output sequences
are stationary. In this case, the sequence {X,,} is a-mixing,
where the dependence in time reduces exponentiadly for X,
and X, (with n — k) (see Example 27.6 on page 363 of
[10]). It is clear that (see Figure 1), Y,, is fully determined
by the inputs X,,, X,,—1, ..., Xn—r+1 and independent noise
terms, and accordingly term Z,, is described by the inputs

Xn; Xn—la DRI 7X7L—2L+2-
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Fig. 1. lllustration of dependence of the random seguences of interest.
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Fig. 2. Histogram of the information rate estimates for the given channel for different simulation lengths.

Since the input sequence is Markov with order M, we can
define a new Markov process that describes the sequence of
interest Z,, with a memory order of at most 2. + M — 2, and
the sequence {Z,,} is Hidden Markov. Also, the dependence
between samples of {Z,} reduces exponentialy, hence the
sequence is a—mixing with «,, P with p < 1 (see
Example 27.6 on page 363 of [10]). Therefore, for this
particular o-mixing process we have a,, O(n="). Also,
it is straightforward to use the total probability theorem, and
upper and lower bound random variables Z,, by quadratic
forms. Thus, any moment of Z,, is finite due the noise being

Gaussian. Therefore, the central limit theorem holds, thereby
proving the Theorem 2. [ |

IV. EXTENSIONS OF |SI CHANNEL MODEL

So far, we have assumed that the channel is a deterministic
ISl channel. Let us now consider the scenario where the chan-
nel isfading, and the channel coefficients evolve as a stationary
ergodic Markov process. Assume that the channel coefficients
are available at the receiver, hence the same entropy expression
conditioned on the channel coefficients is needed to estimate
the relevant information rates, or constrained channel capacity.
The same type of proof aso holds in this case with dight



modifications (where M should be selected as the maximum
of the Markov input memory and the memory of the channel
coefficients). Therefore, the estimation error goes to zero as
the sequence length IV goes to infinity (~ 1/N).

We further note that the results also hold for MIMO 1S
channels and for the (constrained) ergodic capacity of MIMO
frequency selective fading channels. The proof follows aong
the same lines.

V. EXAMPLE

As a brief illustration of the main result, let us consider
a specific channel model. Assume that the channel transfer
function is given by H(D) = [+ 1 -1 — 1] Figure
2 shows the normalized histogram of the estimates of the
information rates for i.i.d. BPSK inputs (+1 and —1 with
uniform distribution) for several values of the sequence length
used in the estimation process for a signal to noise ratio 1/0°2
of 5 dB. The estimate is 0.78 bits per channel use, and the
variances of the estimates are calculated to be (from numerical
data) 0.0066, 0.0033, 0.0013 and 0.000653 for simulation
lengths of N = 100, N = 200, N = 500 and N = 1000,
respectively.

This example clearly corroborates our result above.

V1. CONCLUSIONS

We have shown that simulation based methods for estimat-
ing constrained capacities of 1SI channels result in an estimate
variance that behaves like ~ 1/N where N is the sequence
length used in the estimation process, and that the estimates
converge to a Gaussian random variable. Hence, the method,
now widely used, over a variety of 1Sl channel models is
sound, and can yield results with any desired accuracy by
selecting appropriate simulations lengths.
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