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Abstract—In this paper we consider ensembles of codes, decoding strategies.
denoted RA™, obtained by a serial concatenation of a repetition
code andm accumulate codes through uniform random inter- In [9] a first analysis of the distance properties of repeat-
leavers. We analyze their average spectrum functions for eacin  accumulate codes for, > 2 is undertaken. The authors show
showing that they are equal to0 below a threshold distancee,, that for fixed IengthN_and lettingm — 4o the weight
and positive beyond it. One of our main results is to prove that . . ) .
these average spectrum functions form a not-increasing seques enumeratlng fur_lctlons cqnverge to the weight _en_umeratlng
inm Converging uniform|y to a limit Spectrum function which is funCtlon Of the ||near C0d|ng ensemble. From th|S it f0||0WS
equal to the maximum between the average spectrum function that there exists a sequence of repeat-accumulate codegwho
of the classical linear random ensemble and@. As a consequence minimum distance converges to the Gilbert-Varshamov bound
the sequence:,,, converges to the Gilbert-Varshamov distance. A 1, ¢ jt does not allow to conclude that the typical distancalbf
further analysis allows to conclude that the threshold distance .
€m IS indeed the typical distance of the ensembl®&A™ when the repeat-acc_umL_Jlgte CO(_jes converggs to the Gilbert-Vasham
interleaver length goes to infinity. Combining the two results we bound. This difficulty is mathematically due to the fact that

are able to conclude that the typical distance of the ensembles the two limits, form — 4+o00 and N — +oco can not be so
RA™ converges to the Gilbert-Varshamov bound. simply interchanged.

. INTRODUCTION In this paper we undertake a fundamental analysis of the
) . average spectral shapes of repeat accumulate codes fat.any
Repeat-Accumulate codes are a popular family of serially,, prove that (Theorem 9), for each, the average spectral
interconnected turbo codes which, for their simplicity anghape is symmetric with respect 192, it is 0 in intervals
good _performances, have receivec_j lots of atten_t?on in tk@ em] UL — 6, 1], wheree,, > 0 for everym > 2, and it is
past literature [3], [4]. They consist of a repetition Cc’détrictly positive otherwise. Moreover we show that (Theore
mtercon_nected W|th_a cascadeaf simple accu_mulate codeslo), asm varies, the average spectral shapes form a decreasing
and all interconnections are through random mterleg\ﬁls. uniformly convergent sequence of functions. Their limitrjgo
case Wherm' = 1 represents an example'of a classical serigl the maximum betweef and the average spectral shape of
turbo code (just two convolutional codes interconnecte@my e jinear coding ensemble. As a consequence the threshold
intgrleaver): for this _coding sqh_eme ite_rative decoding _ba sequencer,, converges to the Gilbert-Varshamov distance.
fruitfully used and this makes it interesting from an apalie® gince the spectral shapes are not negative but only equal to
point of view. On the othe_r.hand, as it happens for all cl@sic) pefore e, We can not conclude at this point anything on
serial turbo codes [6], minimum distances for such codes agir typical minimum distances. However estimating weigh
not so good: typical minimum distances indeed grows only, merators using techniques proposed by Mc-Eliece, we are
sublinearly in the lengthV of the interleaver. However, it was e o conclude (Theorem 11) that indeed for such ensembles

already remarked in [2] that instead, when= 2, minimum  istances grow linearly iV and the typical linear growth, for
distance present a linear growth M. It was conjectured in g specificm, is exactly givene
’ me

[8] that distance performance should increasenagyrows

and in fact should reach the Gilbert-Varshamov bound whenWe now present a brief outline of this paper. Section Il
m — +oo. It is well known that repeat-accumulate codes fds a preliminary section containing all notation and cleaki

m > 2 are, at the moment, of little practical interest because msults needed from coding theory. Section 1l is devoted to
the fact that iterative decoding show in these cases very sla formal description of repeat-accumulate codes and basic
convergence. These codes are though of theoretical inmquartaclassical results. Section IV contains a summary of previou
since the understanding of the ingredients which lead &alin results, while Section V presents, in a formal way, all resul
distance may in principle open the possibility to find difflet presented in this paper. Section VI, VII, and VIl are the
codes with similar characteristics but, hopefully, moffiecefnt technical sections where results are proven.



Il. PRELIMINARIES Consider now the sequence of ensembiés= {LNINen: it
We begin our work by fixing notations and reviewing som&an easil)_/ be verifieq that the asymptotic spectral shape has
concepts about block encoders. In particular, we give argendn€ following expression
definition of an encoder ensemble and of its weight structure 7(6;Z) = H(S) — (1 — R)In2 )
as done in [5] and [8]. Moreover we suggest some techniques

for the estimation of the minimum distance distribution. ¥vher¢H(5) = —6Ind—(1-06)In(1-4) is the natural entropy
unction.

A. Weight enumerators and spectral shapes for coding ensemwe define theaelative Gilbert-Varshamov distance
ble
: , : dav(R) = (Hlj0,1/2)) " [(1 = R)In2]. 3
.Let Zo be the usual bmgry f|eld.- Ko-linear bIocliglr\hcoder Notice thatF(scy (R): Z) — 0 and that the spectral shape is
with rate R and lengthV is a Z,-linear map¢ : Zs = negati ; ;
N . , gative before this point.
75 . Let C¢ = Im(€) be the associated block code. Given a
sequenceu € Z5', denote withwy (u) its Hamming weight, B. Estimation of minimum distance distribution
namely the number of its non zero elements. Thieimum  One of the uses of the average weight enumerators and of
distanceof & (or of C¢) is defined as the corresponding spectral shapes, is to obtain probtidbilis
. information on the minimum distance for the encoders of the
dmin &)= dmin C = : Cel. . e s
() (Ce) = min{wp (@) : @ € Ce} ensemble. Indeed simple probabilistic arguments lead ¢o th

For any block encodef we denote estimation:
— [RN] | _ -1
Adle) = [ € B wn(Ew)) = dll P (duin(6) <d) < Y Au(6). @
Awa(€) = {u e ZS™ s wy(u) = w,wy (E(u)) = d}. h=1

where dnin(€) denotes the minimum distance as a random
variable on the ensemble.
Consider now a sequence of encoder ensembles=

Often, we will also use the symb@l(£) to denote theV x N
matrix whose(w, d) entry is given byA,, 4(£).

Let now & be a set ofZs-linear encoders with rat& and e .
length N'. We can introduce a probabilistic structure 6rby 16} nen- Expressing in (4) the output weight enumerators
considering a random encoder chosen uniformly from this s88 4 (én) = exp{N7n(h/N: &)}, it is easy to verify the
We then define thewerage output weight enumeratosnd 0OWing result: _
the average input-output weight enumerat@s follows Proposition 2:If there exists, such that

_ 1 sup7(o; &) < 0, V6 < g
Ay (&) = @l > Aa() 0<b
) ces then, for anye > 0,
Zw &) = — Aw 5 . —00
2O ] 2 Al P (duin (6) < (59 — )V) =570, (5)
€ o Example 3 (Random linear encoder ensemblE)e use of
We will also use the matrix notatioA (&) as before. Theorem 2 makes surprisingly easy the estimation of the

Consider now a sequenee = {&x } yen, Where eachSy  minimum distance growth rate of a typical binary linear
is an ensemble of encoders of length For each ensemble encoder, chosen uniformly from the séty.

&n are well definedd (&y) andZu,d(@N). Notice that the asymptotic spectral shape given in (2) is
We define theN-th spectral shapef & as negative ford < dgv (R), crosses zero dt= dqv (R) then is
o 1 _ positive for some&) > dgy (R). By Theorem 2 it follows that,
ry(0; &) = N lnAL(;NJ (&n), fordelo,1]. for any e > 0,
and theasymptotic spectral shapsf & as P (dunin(Zn) < (Bav(R) — €)N) =5 0. (6)
7(0;&) :=limsupry(6; &), forse0,1]. (1) Il. REPEAT-ACCUMULATE-m
N=eo In this section we describe the ensemble of Repeat-

Wheneveré is clear from the context, spectral shapes wil\ccumulatem codes and we state our main results.
simply be denoted by (4) and7(d), respectively.
Example 1 (Random linear encoder ensembigiven

R > 0 and fixedN € N, let Zy be the set of all possible First, we formally introduce the repetition and the accu-
Zo-linear encodet : Z%RNJ —zy. mulate encoders. Giveg € N and N € ¢N, the repetition

. 737 — 7} repeats the information block

A. Ensemble description

q
The average output weight enumerators for the linear éf?coderRepy,

coder ensemble can be easily computed [1]: g-times
B N\ 2lBN] _ 1 Repl ([v1, .-, 0n/g]) = [U1, -+, UN/gs - -5 V1, UNYq) -
Ag(Zn) = — _
d 2 q times



The accumulatorAccy : ZY — 71 is the block encoder V. PREVIOUS WORKS

defined by Kahale and Urbanke show [6] that fan = 1 the typical

minimum distance of such coding schemes grows sub-linearly
in NV with probability approaching one. Precisely, they prove
the following result.

Theorem 5:For ¢ > 3 and for everye > 0 we have

ACCN([Ul,...,UND = [ul,ul + ug,...,Ur ++uN]

Denote bySy the group of permutation oy elements. Each
o € Sy can naturally be interpreted as a linear isomorphism
o: 7Y — 7% . Fixedm € N and giveno = (01,...,0m) € lim P (dmin(RAY) < N'7V/14/21=¢) — g,

lu i N—o0
Si, we can define the concatenated block encoder by the mapqtice that the repetition factar plays a crucial role in the

composition (Fig. 1) estimation of the minimum distance: the more the paramgter

is large, the more the minimum distance growth rate is close
to be linear with high probability.

] For cases withn > 2 both analysis in [2] and [8] concern
Let RAY; be the set of all serial encoders (7) generated Ry the computation of the minimum distance distribution.

In particular, in [2] is proved that forn = 2 andg > 3
N/q N N N N the typical minimum distance grows linearly in the inteviea
q —
length. In [8] an estimation of the linear growth rate is give

The result is summarized in the following theorem.

Accy o my, 0... 0 Acey o o Repy.

Fig. 1. Coding scheme: Repeat-Accumulaie- Theorem 6:For ¢ > 3 and for anys < (468/Q)*1
. . . A2 < N—oo
varying the vector of permutationsover all possible elements P (dmin(RA%,) < 6N) —5"0. . _
in S7. If we serially concatenate any encoder, whose minimum dis-

tance is growing lik&y NV, with an accumulate encoder through
a Uniform Random Interleaver, the minimum distance of the
new encoder must grow faster thdw/2 as Py, 4(Accy) is
The average weight enumerators are computedHdr Z€ro for everyd < [h/2]. Then Theorem 6 implies that if the
in [7] and [8] with combinatoric techniques. We have th&inimum distance behaves linearly i for m = 2 then so
following results. must hold for everym > 2:
‘:\[2) =90,

B. Weight enumerators and spectral shapes fof"RA

Proposition 4:
P <dmin (RA?\}L) <

_ 2
A(RAT) = A 1VP(A m 8

(RAK) (Reply)P(Acen) ©) Although this argument allows us to conclude that the

where A (Rep?,) and P(Accy) are matrices given by: typicgl minimum d_istance is growing linearly iN, it leads us
to think that the linear growth rate should decrease monoto-

. N/q nically with the number of accumulators. Instead, simolati
Auw,d(Repyy) = ﬂ{d—qw}< w >, results in [9] show that the linear growth rate is increasing

(N_d)(rw%]l 1) monotonically withm. Moreover the authors, with arguments

from the spectral theory of stochastic matrices applied to
w P(Accy), prove that

P, 4(Accy) describes the probability that an input word of Theorem 7 (Theorem 3 in [9])Fixed N € ¢N
weight w is mapped, by the accumulator, to an output word

Pw,d(ACCN) _ lw/2] |

; i : i — 1, if d=0

of welghtd. P(Ach).ls thus a stochastic matrix. lim Ay (RAT) = Ny2RY_p o (11)
Givend € [0,1], define the intervaf); = [0,25 A (2 — 26)] m—ee (2) =1 ha =1

and consider the functiofi(u, §) defined by As a consequence, we have the following result

Corollary 8: There exists{my } negn Such that

f(u,0) = —H(u)+ (1 - 6)H <2(1u_5)> +0H (2%) ©) Jim P (§) = H() — (1— R)In2, § € [0,1]. (12)
This result is very encouraging, as it puts into evidence tha
if 6 €]0,1] andu € Qg, while f(0,0) = f(0,1) = 0. It is there exists a subsequence of encoderfRA’"™ } ncqv be-
easy to see that this defines a continuous functiofuii).  having asymptotically like all th&,-linear random encoders.
It can be verified [8] that the asymptotic spectral shapéd particular the minimum distance of such codes becomes

satisfy the iterative relation close to the normalized Gilbert-Varshamov distance witihhi
probability.
?(i)((;) = max,cq, {ﬂifl)(u) + f(u, 5)} , i>0 Notice however that this argument does not give any infor-
7)) = H(©)/q mation about the minimum distance distribution for the case

(10) of a finite number of accumulators.



V. SUMMARY OF OUR RESULTS [ BT e | e [ a [dv |

1/2 ][ 0.0352] 0.1055] 0.1106 | 0.1106

In the following theorems are summarized our main results. 1/3 11 013571 0.1759] 0.17/59] 0.1759

_ ; . 1/4 || 0.1960 | 0.2161 | 0.2161 | 0.2161

Theorem 9:There exists a sequence of points,, }men 1/5 [ 0.2312 | 0.2462 | 0.2462 | 0.2462

(with e, = 0) non-decreasing imn such that 1/6 || 0.2563 | 0.2663 | 0.2663 | 0.2663

1/7 || 0.2764 | 0.2814 | 0.2814 | 0.2814

P =0 Vo€ [0,em] UL — €em, 1], 1/8 || 0.2915 | 0.2965 | 0.2965 | 0.2965

) 1/9 || 0.3065 | 0.3065 | 0.3065 | 0.3065

T(8) >0 Vo€ (€m, 1 —€pm). 1/10 || 0.3166 | 0.3166 | 0.3166 | 0.3166
Theorem 10:The sequence of asymptotic spectral shapes TABLE |

m . i . X .
{ﬁ )}MEN . [0, 1} —-R _'S monotonlcally SmCtIy decreasmg NUMERICAL VALUES OF LINEAR GROWTH RATES€,, FORmM = 2, 3,4 AND
in m and converges uniformly fom — oo to

ﬂ"o)(d): H(5)—(1-—R)In2 if(SE('(SG\/,l—(ng)
0 otherwise

The spectral shapes are visualized in Figure 2 with 3

for m = 1,2,3 and compared to that of allo-linear random VI. SPECTRAL SHAPE ANALYSIS

codes.

COMPARISON TO THE NORMALIZEDGILBERT-VARSHAMOV DISTANCE.

This section is devoted to the study of the asymptotic
spectral shapes for a fixed number of accumulaters
03 ; ‘ ‘ ‘ Proposition 12: The following facts are true
0.25— E 1) 7ﬁm)(‘” = 7/Xm)(l —9);

2) #™)(§): [0,1] — R* is continuous;

3) 7™ (§) >0, Vs € [0,1];

4) 7m)(6) is increasing i € [0, 1/2] and 7™ () = 122

Proof: 1) The assertion can be verified trivially.

2) The asymptotic spectral shap&! is continuous as
the entropy function and the functiofi defined in (9) are
continuous. Then proceed by induction on

3) We haver()(§) > f(0,8) + H(0)/q = 0. The general
case can be proven again by inductionan

4) The assertion follows by the fact thitu, d) is strictly
increasing ind < 1/2 and f(u,1/2) = 0. |

Proposition 13: The sequence of function§ (™) (8)},,>1
Fig. 2. Asymptotic spectral shapes for ensembles of RepeatAdlater:. 1S decreasing inn.

Proof: We prove the assertion by induction en

Consider first the caser = 1. We prove that
Unfortunately, the floor of the spectral shapes is zero and we

can not apply Theorem 2, in order to estimate the minimum r(8) <70(5) Vs €0,1] (13)
distance distribution.
Nevertheless we shall prove the following theorem.
Theorem 11:We have that/e > 0

0.2t
015}
7 (5)

0.1r

0.051

and the equality holds if and only &= 0,1/2.
From the expression (9) we have

26 —u 26 —u
i P(duin (RAR) < (em — ON) =0, flwd) =uln (2V5(1-9)) = == 1n ( 2 ) i
These theorems guarantee together that the typical minimum 295 —u 2_95—u
distance of such coding schemes grows linearlyNinwith + (1wl —u) - 9 ( 295 >

probability close to one. Moreover the minimum distance . ) _ )
growth rate increases monotonically with and converges Jensen's inequality and the fact that) = ulnw is strictly
to the limit implied by GVB whenm tends to infinity. In Convex imply that

Table | the normalized minimum distances are listed for 25 — u 2_95—u
m = 2,3,4 and compared to the GV-distance. Notice thdtl — ) In(1 —u) = 9( 55 0t 20 =9) (1- 5)) <
convergence looks quite fast: it is sufficient a small number

L 26 —u 2—20—u
of accumulate codes to get very close to the limit. < dg 55 (1-4d)g 20-0)

Summarizing, our results generalize those in [9] and im-
prove the earlier estimations of the growth rates in [2] &8]d [by which
for m = 2. f(u.6) < uln (2¢/6(1=79)) (14)
In sections VI, VII and VIII we shall prove respectively
Theorem 9, 10, 11 through intermediate steps. and the equality holds if and only if =0 or § = 1/2.



By (14) we get that

{Hé“) + gln (2 51— 5))q}. (15)

Deriving this expression respect to variableve have that the
optimizing value in the computation is

(2,/5(1 - 5))
1+ (2v/(1= 5))q
If we replace it in (15) we get

FO0) < Ry0) = n (1+2V50-9)" a7

7D(8) < max
0<u<l1

q
. (16)

’EL:

Being G(?)(0,6) = 0, we conclude thaf(® (§) = 0 V6 < e.

This completes the thesis. [ ]

It can be proven that the sequence of poifis,},>1 IS

strictly increasing. The details will be given elsewhere.
Theorem 9 follows trivially from Proposition 12 and 14.
Proposition 15:

Fm(§) > H(8) — (1 — R)In2
Proof: We prove it by induction omn.
Consider the case witlh = 1
FD(8) > ¢ T H(20(1 — 6)) + f(26(1 — 6),0)
=q 'H(26(1—6)) + H(0) — H(25(1 - 9))
> —(1—q¢ HIn2+ H(S).

vm.

In order to prove (13), it is now sufficient to show that

Ry(8) < 70)(8).
Define the auxiliary function

Fy(8) = g (6)Ry(8)] = H(®)—In [1+ (2v/6(1 - )]

The sequence of functiongR,(d)},>2 is strictly decreasing
in ¢. So it is sufficient to verify thatR,(5) < 7 (5) or
equivalently F»(5) > 0, Vé € [0, 1].

We haveF,(0) = 0 and F»(1/2) = 0. Deriving we get

}5% Fi(6) =00  Fi(1/2)=0.
Moreover it can be shown that
FY(0)>0 <= 1/2-1/V6<d<1/2
FY(0)=0 < 6§=1/2-1/V6, 6 =1/2
FY(0) <0 <= 0<d<1/2—1/V6.
Therefore we conclude thdt;(§) > 0 for 0 < § < 1/2 and
that it has a minimum point at = 1/2. This completes the

proof for the case withn = 1.
The inductive step can be verified trivially.

|
It is easy to prove that we can strengthen the properties

and 3) of Proposition 12 in the cagse = 1 . Indeed, we have
that 7(1)(§) > 0, V6 € (0,1) and 71 is differentiable. In
particular, from the bound in (17) we have

d =0 forg>3
4 ) q=z
& <5)‘5—0{ <2 forg=2 (18)
Define the sequence of poin{s,, },,>1 such that
€m =max{e € [0,1/2): 7™ () =0Vs<e}. (19)

Notice thate; = 0.
Proposition 14: The sequence of pointge,, },>1 iS non-
decreasing and, > 0.
Proof: From Proposition 13 we know that,.1 > €.
ConsiderG® (u, §) = 7V (u) + f(u, ).
Notice that

1 1
fulu,d) < 3 In(26) + 3 In2+o05(1) 6 —0.
and, by (18), it follows that there exists> 0 such that
GP(u,8) <0 Vi <e Yue(0,20).

Suppose now that the inequality holds true for We have
FmHD(5) > 7M)(25(1 — 6)) + £(26(1 —6),6).
Using the inductive assumption @) and again the fact that

F(26(1 — 6),6) = H(5) — H(26(1 — §))

we prove that the inequality also holds fer+ 1. The proof
is thus complete. [ ]

VIlI. ASYMPTOTIC ANALYSIS

In the previous section we have studied the properties of the
asymptotic spectral shape for a fixed number of accumulators
m. We are devoting now to the study of the spectral shape
evolution. The lower bound derived in Proposition 15 togeth
with Proposition 13 guarantee that the sequefic&”},,cx
has limit whenm tends to infinity.

The recursive expression in (10) allows us to track the
evolution of the spectral shape as it passes through each
accumulate encoder. In this case the spectral functionén th
new iteration can be expressed through a dynamical system.

rough some techniques of non smooth analysis and the
study of fixed points of the dynamical system, we will see
that these functions converge uniformly when— oo to that
of all Z,-linear random codes where it is positive. This section,
together with Proposition 13, completes the proof of Theore
10.

A. Dynamical system formulation
We start by considering the operator

v: C([0,1]) — C([0,1])

Vigl(6) = max{g(u) + f(u,0)}, Voe[01.  (20)
Given 7 as initial condition, the sequence of asymptotic
spectral shapes can be obtained recursively by

R —w [70]. (21)
In order to describe the evolution (21), we study now some
properties ofl.
We start with some simple properties:
Lemma 16:Let g, h € C(]0,1]), then,



1) [|%[g] — Y[A][oo < |g — Pfoo - Since, for any fixed, L(u, ) is concave inu it is maximized
<

2) If g(6) < h(d) V& € [0,1], then ¥[g](d) < W[h](6) atthe only stationary point
Vo €[0,1].
3) U[g+ C]=C+ ¥lg], for anyC € R. Umax = 20(1 —9). (24)
Proof_: 1): The result is an immediate consequence 6 s straightforward to verify thaf(umax(6),8) = H(5). m
the following fact An important consequence of Proposition 17 and 18 is that

W[g)(8) < max|g(u) — h(u)] + max[h(w) + f(u,8)] = both H() — (1 —R)In2 and[H () — (1 — R) In 2], are fixed

u€s u€ENs - points for .
= max[g(u) — h(u)] + [h](5). The following is the key technical result of this section:
ues proof will be given in the appendix B.
2) and 3) are obvious. ] Lemma 19:We have

|7/"\(m)(52) - ;’\(m)(51)| S K|62 — 51‘ Vél,ég,Vm.
Theorem 20:The sequence{ﬂm)}mzl converges uni-
formly to the limit 7(>).
Proof: Since the sequence of functiofg(™},,>; is
decreasing inm and is lower bounded, it converges to the
limit function 7(>)_ Let

B. Fixed points analysis

We say thay € C([0,1]) is afixed pointfor ¥ if g = ¥[g].
It follows from (3) of Lemma 16 that, if; is a fixed point for
¥, then the same holds fgr+ C. Another interesting way to
modify fixed points is illustrated in the following result.

Proposition 17:If g is a fixed point ford, theng, =0Vvg
is a fixed point for®. am = max [P (6) — 7 (§)].

Proof. Consider the subset of maximizing points oo
Then, a,,, is monotonically decreasing im and has a limit

(o) = argmax [9+(w) + f(u,d)]. whenm — co.
° From Proposition 12 and Lemma 19 the famfl§™},,,>,
For eachd € [0, 1] chooseu™ () € TV (§). We have consists of uniformly bounded Lipschitz functions. Theref
. Ascoli Arzeld's theorem guarantees that there exists a subse-
Wlg11(6) = g+ (u(9)) + f(u™(0),6) = quence{m;};en such thata,,, — 0. For uniqueness of limit
= f(u"(8),8) V[g(u"(9)) + f(u"(8),8)] < we conclude thati,,, — 0. m
Corollary 21: 7(>)(§) is a fixed point for¥.
+
< f(w7(9),9) v {max[g(“) +f(u, 5)]} Proof: It follows from Theorem 20 and Lemma 16.m
= f(u™(9),6) v g(d). (22) c. Analysis of limit functiorr(>) ()
Suppose now thaf € [0,1] is such thatg(§) > 0. Then,  Aswe know the family{7")},,,>, consists in a sequence of
from (22) we have continuous and non negative functions converging unifgrmi
to the limit function7(>). The next proposition characterizes
0 < Wlg4](0) < f(u™(5),8) v g(6) <0. some properties of it.
We conclude that[g. ](5) = 0 = g. (5). ProE((;s)mon Zil?e foIIO\{vmg facts are true
If insteadd is such thaty(§) < 0, we have 1) 70(0) = 7>)(1 — 9); _
2) 7>)(§): [0,1] — R is continuous;
g(u) < g1 (u) = g = ¥lg] < V[g,]. 3) there exists,, > 0 such that(>)(§) = 0, V6 < e;
_ o 4) 7(>)(§) is increasing ind € [0,1/2] and7(>)(1/2) =
As f is negative, it follows that In2
q - i
5) < W 5) < +(8),8) V g(6) = g(6), Proof: They are trivial consequences of Proposition 12
900) < ¥lg+1(0) < F(u7(9),0) v g(d) = 9(0) and, for the only case of continuity, also of Theorem 2@
and we conclude tha®[g.](6) = g¢(6) = g+(d). This Notice that we already know a fixed point 8f satisfying
completes the proof. m all properties stated in Proposition: it is the functidi(d) —
Proposition 18: The following functions are fixed points for (1 — R)In 2], . For the moment we only know that, for any
¥, for any arbitrary constan®: § € [0,1], 7>)(§) > [H(6) — (1 — R)In2],. In the rest of
1) g(8) = C; this section we will prove that they are in fact equal.
2) ¢(5) = H(5) +C. Considerg such that?[g] = ¢ and such that it satisfies all
Proof: 1) The result follows trivially by noticing that Properties listed in Proposition 22. Let
g=0isa _f|xed point for¥ as f(u,d) is negative. T',(6) = argmax [g(u) + f(u,d)].
2) Consider u€ss
L(u,8) = H(u)+ f(u,d) Then, for anyu € T'y(4) it clearly holds

5H (35) + (1= 0)H (5 *) 9(8) = g(u) + f(u,9). (25)




We start with a technical result.

Lemma 23:The following facts are true.

1) For anys € [0,1/2[, T'4(6) € [0,1/2].

2) If 61 < 02 < 1/2 andu; € T'y(d;) (¢ = 1,2), then
u1 < ug;

3) For anyd €le,1/2[ andu € T'y(d), we haveu > 4.
Moreover,é € T',(d) if and only if § € {0,1/2}.

4) If 5, "= 6 and,u, € Ty(d,)
Uso, theNus € Ty (0s0)

Repeating the argumenittimes we get

92(8) — 1(8) < g2(@5” (8)) — g1 (@5" (9)).

In the same way we get that

92(6) = g2(11(8)) + f(@1(0),6) + g1(
> g2(11(0)) + 91(6) — g1 (a1(9))

Iterating the argument times, we have
Proof: 1) For any fixedé # 1/2, it can be checked B ) ~ (k)
that f(u,d) is strictly increasing inu € 5. The result then 92(9) = 9100) 2 92(87(9)) = 91 (7(9))-
immediately follows from the symmetry 1 of Proposition 22. Fix now § € [¢; V &,1/2] and consider the recursive
2) Notice first that sincgfs, (u, ) > 0 for anyd < 1/2 and  systems, fori = 1, 2:

everyu € )s, it follows that
=a;(6F) V=96
0

52
%[f(% d2) = f(u,61)] = /6 fou(u,0)dd > 0. (26) By the wayi,; have been constructed and from points 1) and 2)
' of Lemma 23 we know that both sequendé$} ey, i = 1,2
are upper bounded by/2 and increasing irk. Using 3) of
Lemma 23, it follows that they both converge 1¢2.
From inequalities in (27) and (28) we have

(27)

(0)) = g1(a(9)) =

n—oo

is such that,, —

(28)

o+ (29)

We now prove the result by contradiction. Suppose that
u1. Using (26) we can write,

g(02) = g(uz) + f(ug,02) + f(uz,d1) — f(uz,d1)
< gluz) + f(uz,61) + flu1,d2) — f(ur,61) Jim g(07) = 91.(67) < 92(0) — 91(9) < lim g5(35) — 9(3).
< gw) + f(ur,00) + f(ul’(SQ) Flur, ) As the functionsg, and g, are continuous
:g(ul) f(ula(SQ)

1 1 1 1
by which uy & T (). 0=g2 <2> -0 <2> < 92(0)— 91(8) < g2 (2> —0 (2) =0
3) Notice first that ifd €leso, 1/2], for sured & I'y(6). Since
f(u,8) <0 forany§ # 1/2 andu # 0, it follows from (25) and we conclude thay(d) = g1(0) for every s € [& v
that, necessarilyy(6) < g(u). It now follows by property 4) €2,1/2]. Proofis completed usmg the properties of Proposition
of Proposition 22, thatj > . Finally notice that (25) holds 22
with « = ¢ if and only if f(6,) = 0 and this happens if and u

only if 6 € {0,1/2}. Corollary 25:
4) Leta € [0, 1]. It holds, r(‘x’)(d) _H() - (1 - R)n2,.
u ~;5n S n n;5n N
9(8) + J (@, 6n) < glun) + f (u ) VIIl. ESTIMATION OF MINIMUM DISTANCE DISTRIBUTION

By letting n—oo and by continuity ofg and f we get

g(@) + f(@,000) < g(Uoo) + f(Uoos o) -

This yields the result.
[ ]
Theorem 24:Let g; and g» be fixed points ofl satisfying
the properties listed in Proposition 22, ther{d) = g2(9), V4.
Proof: Let

€ =max{e <1/2: ¢;(§) =0, V6 <€}

For anyé € [0, 1], choose arbitrarilyi; (6) € 'y, (§) with the
only constraint thati; (1/2) = 42(1/2) = 1/2. For anyd, we
can estimate as follows

92(6) = g2(u2(5)) + f(
< g2(12(9)) (

Ug
Uq

+f
+f

As we have already noticed, the floor of the spectral shapes
is zero (see Figure 2) and we can not apply Theorem 2,
in order to estimate the minimum distance distribution.sThi
means that/e > 0 the minimum distance is upper bounded
BY dmin(RAR) < (e, — €)N with a probability that does not
decay exponentially inv.

We will prove that this probability decreases to zero poli-
nomially in the interleaver lengtiV. Inspired by asymptotic
techniques devised in [5], we split the computation of the
probability in two parts. The first part considers the contri
bution of the codewords with small input weight in the last
accumulate encodér < hy and the second part those with
weight b > hy. The sequencéhy}neny €an be chosen in
such a way that the first term dominates the behavior of the
overall probability.

Lemma 26:Let {hx}nen be a sequence of integers such
that for any arbitrary; > 0

hy o, lim In N

li

N—oco hpy



Then Being 7 V(u) = 0 Yu < ¢,_;, We can compute the

g optimizing value, by splitting the computation dfirek as
Y A (RAR) = O (NFmtn) (3y) PHmizng + Y Spiting P max
= follows
whereg,, =1 -7 [q/2™]. L), = max (Lgm)7 Lém))
Proof: A complete proof is given in [7]. [ ] h
Lemma 27: where ( )
m N +1) | (m) _ Sl em —€)
i (6) < 2m= =+ (0) | L= s
Proof.' By using the |nequa}l|t|es .(35b) in Appendix A ) A=) () + f(u, em — €)
the assertion can be proven by inductionsen [ ] Ly = max
Theorem 28:Let {¢,,}m>2 be the sequence defined by u€(em—1,2(em—e)] u
(19). We have that'e > 0 As f(u,e, — ¢€) is decreasing in,, andhy /N — 0 when

A}im P(duin(RAT) < (em — €)N) = 0, N — +o00, we can conclude that

Proof: Fix ¢ > 0 and putdy = (en — €)N. Pick a  1(m _ fhw/Noem =€) . fln/Niem =€)
. N Iy 1 =
sequence of integerShy } ven Satisfying conditions (30). hn /N N—o0 hn /N
From (4) and (8) we have = fu(0,€m —€) <0. 32)
32
dN 2d
=T - i m=1) and both continuous and
P(d, (RAT) < dy) < A, (RAT1) P, 4(A Using the fact thaf! and f are
( (RAY) < dn) < ;}; ! ( N ) ha(Acen) f(u,d) is strictly increasing i < 1/2, by the waye,, has
2dn dn been defined (19), we obtain that
T m—1

< Z ZAh (RAX™") Pr.a(Accn) =D () + f(uy e —€) <0 TOF U € [em_1,2(€m — €)].
h=1d=1
hn—1 dn Hence,

A m—1

< 2 A (RAFT) D PralAcen)t (m) 7m0 (u) 4 f(u, em — €)
h=1 d=1 Ly = max <0.
2dy dn u€lem—1,2(em —¢)] U (33)

1 m—1

+ h; ;Ah (RAR™") Poa(Acen) Put7 = min(L{™, L{™) < 0, from (32) and (33) we get
thl 2dN

< 3 Au(RAT )+ SN < (e — (N +12742 Y e <
h=1 h=hnN
2dny dn 2ma2 eThN

+ D D A(RAY) Pra(Accy) - < (em =N
h=hy d=1

It follows that

S7n(N)

PUtG(™ (2,y) = 7" D(2) + f(z,y).
From Lemma 27, from the inequalities (35b) in Appendiwith C = %
A, and using the fact thaf(u, §), for fixed v is increasing in ~ From (VIII) and from Lemma 26 we conclude thédt > 0

J < 1/2 we can estimate as follows: P(din(RAR) < (6 — )N) = O (NPn140) | (34)

S™(N) < Cexp[(2m +2)In(N + 1) + rhy] T=5°

2dn  dn
S™(N) < (N 1)t 37 37 NG (/Na/N) by which
h=h d=1 lim P(dpin(RAR) < (€ — €)N) =0
omat1 2dy N E[lnjnvafi( N]G(m)(h/N7y) N—oo
<dy(N+1) D e ve/Nin/ for m >3 andg > 2 orm =2 andq > 3. n
h=hn
2d IX. CONCLUDING REMARKS
m (m) €m—€
< (em — (N + 1)2mF2 3~ N (0/Noem =) A. Summary
h=hn This paper leaves a number of open problems to study.
Moreover forhy < h < 2dx Our analysis focused on repeat accumulate codes. However,
NG(m)(h/N,em —e) < hLﬁﬂl we e>_<pect many of the properties to holq_ for more general
constituent encoder. Replacing the repetition code with an
where other encoder is a simple and straightforward generatizati
(m) _ P (u) 4+ f(u, € — €) we get the same exact results. Much more subtle is the role

max

hN/Nil?é(em_e) u of the accumulator since the dynamical systémwe have



defined depends exclusively on the accumulator and it wouttence,
be different with another convolutional encoder. Encoathg

by the results in [9] which did hold for any choice of the F@ ) < 0<u<2(£?]§((1—5—71)[?<7n D)+ S+
convolutional encoder (as long it was not the identity), we o + f5(2(6 +n)(1 — 6 —n),6)n]
believe that the dynamical systems analysis should holds tr () ’

for all convolutional encoders (recursive or not recursive <T8) + f5(2(8 +m)(1 = 6 =), d)n,

Instead for the final part on the estimation of distances, th& cre the last inequality follows by the fact that™ (5) <
role of recursivity must necessarily come up since, if itdd n 25(1 — &). So we have -

recursive can not certainly exhibit linear growth of minimu
distances. 75 +n) — 7m)(5)
n

< f5(200+n)(1 =6 —n),0)
APPENDIX
A. Some useful inequalities [8, Appendix 3A] and

. L . 7(m) _ p(m)
For any integerd < k < n the following inequalities hold  Jim sup (6 +n) —7™(9)

< f6(26(1 = 6),0) = H'(9).

true: =0 N
k k
(@) (™) < (nfe) (353) From Lemma 29 we conclude that™) (5) — H(5) decreases
k k k inoele1/2].
onH (k/n) n . . 2) We prove it by contradiction.
wrl S ( ) < emHm (35b)  |f we assume that, for somé € [¢,1/2], it holds

u(mtD(§) > 25(1 — 6), then
?(m“)(é) _ %\(m)(u(m+1)(6)) + f(u(m+1)(5)75) =

B. Proof of Lemma 30
In order to prove Lemma 19 we need to establish some inter-

mediate results. Lemma 29 allows us to get some information = 7m) (M () — H(u™D(5))+
about the m.or_10tony of no_n—smooth fun_ctions. The result is T H(u(m+1)(5)) 4 f(u(m+1)(5),5).
surely not original but we give the assertion, as we don’ehav
any reference. From the hypothesis and from (24) it can be upper bounded
Lemma 29:Let y € L*(R) and lety : R — R be as follows

Lipschitz. If Fm+D) (§) < 70 (26(1 — 6)) — H(26(1 — 8))+

lim sup 2T = 9@ (36) + H(20(1 - 8)) + £(26(1 — §),6) =

=0 K = 7™ (28(1 — 6)) + £(26(1 — 6), )

theny(z) is a decreasing function. o o 1)

We now prove the second part of 2). Ligt< J; € [¢,1/2].

I (5) = argmax {7~V (u) + f(u,6)} (37)  We have

et WD (55) € [0,28,(1 — 8)].

and choose:(™ (§) € T'™)(§). Moreover it is easy to prove
that in the casen = 1 that for any fixedd the maximizing

valueu(M) (5) is unique.

As f(u,d) is Lipschitz ind € [e,1/2] uniformly in v €
[0,26(1 — 0)] there exists a consta € R such that

Lemma 30:For any arbitrarye €]0,1/2], we have: FmE1) (5,) = max {7 (u) + f(u,82)}
1) if w(™(§) < 26(1 — &) and 7™ () is Lipschitz in 0<u<26,(1-32)
5 € le,1/2], then 7("™)(§) — H(S) is decreasing in < . Jex ){ﬂm)(u) + f(u,61)} + K62 — 61
d€le,1/2]; Jmll)l 1
2) if #™)(5) — H(6) decreases 5 € [e,1/2], then =T (01) + K|d2 — 61].
w1 (§) < 26(1 — §) and 7™+ (§) is Lipschitz in Similarly, we can estimate
0 € e, 1/2]; ' '
Proof: 1) From the hypothesis we know that™ (§) < At (5,) > FmHD(6)) — K6y — 64
20(1 — ¢) and we can write that for any arbitrary> 0 We conclude that
AUDNE — ~(m-1) 5 .
A 0§u§2(§£1r%{(1—5—n)[r () + £ (.8 ) P (8,) =PV (61)] < K6y — 61| V61,05 € [6,1/2].

Using the fact thaffss(u, ) < 0, andfus(u,d) > 0V0 < 1/2,  Notice that the constark only depends orf ande, and not
Yu € s, we can estimate, for < 2(5 +n)(1 — 0 —n), on m. ]

Flu,54+n) < Fu,8) + fs(u,8)n Lemma 18We have
< flu,6) + fs(2(6 +n)(1 =36 —n),d)n 7™ (59) = 7™ (61)] < K62 — 1] V61,62, Ym.



Proof: We first consider the case = 1. Let u,gl)(é) =
argmax [H(u)/q + f(u,d)].

uENs
If we consider the casg = 2, we find the analytical
expression

3—/9-325(1-6
u$?(5) = 1 1=9) e [0,1/2],
by which u$" (5) < 26(1 — 6) andul" () = 25(1 — §)
d=0oréd=1/2.

We prove now tha{uél) (0) }4en is a decreasing sequence of

functions inq. Supposing ab absurdo thmé;l)(é) < ugﬂzl(é),

H uu)5
Fle) =Ty pwD(8),6)+
H(uﬁ,“(é)) H(ug“(é))
_ B

q+1
H(u{)(5)) _ H(ulM (5)

< q q+1 + W
H(u §
£ (ull(8),6) + Xl <
o HEdh () Hwl ()
- q q+1 M (s
H(u
(i) (8), 0) + Hla -
H(ul') (6)

= F(ul))(8),8) + 2

we get thatugl)(é) # argmax [r(M) (u) + f(u,d)].
u€ENs

So we haveu” (5) < ul (8) < 26(1 — 6), Vg € N.

Notice thatr!)(4) is differentiable and:(") (§) < 26(1—0).
Applying, inductively, Lemma 30 for some € (0,¢2) we
obtain that7("™)(§) are all Lipschitz iné € [¢,1/2], Vm. As
7(m)(§) is symmetric respect to axis= 1/2 and7("™ (§) = 0
Vs < e, 7™ (0) is Lipschitz in every point in0, 1], Vm.

Notice that the Lipschitz’'s constaiif is the same for every
spectral shape. []
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