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Abstract—In this paper, diversity analysis of bit-interleaved error events that dominate BER performance need to be found.
coded multiple beamforming (BICMB) is extended to the case We introduce a method to find the dominant error events
of general spatial interleavers, removing a condition on teir ., aytending a method from convolutional code analysis to
previously known design criteria and quantifying the resuting det . t f 71 181 into th sl
diversity order. The diversity order is determined by a parameter e erm'r.]e system _per.ormance, _e.g., [7], [8], into the y8ia
Qmax Which is inherited from the convolutional code and the Of the given combination of the interleaver and the code. We
spatial de-multiplexer used in BICMB. We introduce a methodto  also show that for any convolutional code and any spatial de-
find this parameter by employing a transfer function approach as  multiplexer, the maximum achievable diversity order iatetl
in finding the weight spectrum of a convolutional code. By Usig ity the product of the code rate and the number of streams,

this method, several@ .. values are shown and verified to be . . . .
identical with the results from a computer search. The divesity by using the Singleton bound [9]. The design rule of the spati

analysis and the method to find the parameter are supported by de-multiplexer to get the maximum achievable diversityesrd
simulation results. By using the Singleton bound, we also slw is also proposed.

that Qma. is lower bounded by the product of the number of  The rest of this paper is organized as follows. A brief
streams and the code rate of an encoder. The design rule of the ro\je\y of the BICMB system is given in Section II. Section Il
spatial de-multiplexer for a given convolutional code is poposed . . - .
to meet the condition on the maximum achievable diversity ader. introduces a method to fing-vectors for a given convolutl_onal_
code and the number of subchannels. Pairwise error prdtyabil
(PEP) analysis is given in Section IV. In Section V, the
. INTRODUCTION analysis of the maximum achievable diversity order of BICMB
When the channel information is perfectly available at the shown, and the design rule of the spatial de-multiplexer
transmitter, beamforming is an attractive technique tcaeck for the maximum achievable diversity order is proposed.
the performance of a multi-input multi-output (MIMO) syste Simulation results supporting the analysis are shown iti@ec
[1]. A set of beamforming vectors is obtained by singulaueal VI. Finally, we end the paper with a conclusion in VII.
decomposition (SVD) which is optimal in terms of minimizing
the average bit error rate (BER) [2]. Single beamforming, Il. BICMB OVERVIEW
which carries only one symbol at a time, was shown to The code rateR. = k./n. convolutional encoder, possibly
achieve full diversity order ofVM where N is the number combined with a perforation matrix for a high rate punctured
of transmit antennas and is the number of receive antennagode, generates the codewertfom the information vectob.
[3], [4]. However, multiple beamforming, which increaségst Then, the spatial de-multiplexer distributes the codesl ipito
throughput by sending multiple symbols at a time, loses tlfesequences, each of which is interleaved by an independent
full diversity order over flat fading channels. bit-wise interleaver. The interleaved sequenbBeare mapped
To achieve the full diversity order as well as the full splatidoy Gray encoding onto the symbol sequend&sA symbol
multiplexing order, bit-interleaved coded multiple beamnfi- belongs to a signal sef ¢ C of size |[x| = 2™, such as
ing, combining bit-interleaved coded modulation (BICM)dan2™-QAM, wherem is the number of input bits to the Gray
multiple beamforming, was introduced in [5]. Design cilisier encoder.
for interleaving the coded sequence were provided such thafhe MIMO channelH € CM*¥ s assumed to be quasi-
each subchannel created by SVD is utilized at least onceawitlstatic, Rayleigh, and flat fading, and perfectly known tohbot
corresponding channel bit equal tan an error event on the the transmitter and the receiver. In this channel model, we
trellis diagram [5], [6]. BICMB with 1/2-rate convolutional assume that the channel coefficients remain constant fat the
encoder, a simple interleaver and soft-input Viterbi derodsymbol duration. The beamforming vectors are determined by
was shown to have full diversity order when it is used ithe singular value decomposition of the MIMO channel, i.e.,
a2 x 2 system with2 streams. In this paper, the diversityH = UAVH whereU andV are unitary matrices, and is
order is analyzed even when the interleaver does not maediagonal matrix whose'” diagonal element), € R, is a
the criteria of [5], [6]. To determine the diversity ordenet singular value ofHH with decreasing order. Whefi symbols



Spatial a given BICMB system. If the interleaver is properly designe
dermux such that the consecutive long coded bits are mapped onto
distinct symbols, the PEP between the two codewerdsd

¢ with Hamming distancely is upper bounded as [5]

P(c—¢&)=FE[P(c— ¢H)]
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Fig. 1. Equivalent system model of BICMB

whered,,,;,, is the minimum Euclidean distance in the constel-

are transmitted at the same time, then the firstectors ofU  lation anda,, denotes the number of times th& subchannel
andV are chosen to be used as beamforming matrices at :tﬁélseg corresponding 6 bits under consideration, satisfy-
receiver and the transmitter, respectively. Let's denfogefirst ing >, s = dy. Since PEP is affected by the summation
S vectors ofU andV asU and V. The system input-output Of the products betweenm; and singular values as can be seen

relation at thek!" time instant for a packet duration is writtenin (5), it is important to calculate the-vectors for each error
as path to have an insight into the diversity order behavior of a
S - particular BICMB implementation.

e = UTHVyy + Ulng It has been shown in [5], [6] that for a single-carrier BICMB
wherey;,, is anS x 1 vector of transmitted symbols;, is an System, if the interleaver is designed such that, for albrerr
S x 1 vector of the detected symbols, ang is an additive paths of interest with Hamming distandg to the all-zeros
white Gaussian noise vector with zero mean and varianath,

- th i
No = N/SNR. On eachs™ subchannel, finally, we get 1) the consecutive coded bits are mapped over different

Thys = AsUk,s + Nk,s (2) symbols,
_ 2) as>1for1 <s<S,
wherery, s, yr, s, andny, s are a detected symbol, a transmitted

symbol, and a noise term, respectivdilyis complex Gaussian then the BICMB system achieves full diversity. In this paper
with zero mean and unit variance, and to make the receiv&§ Will analyze cases where the sufficient condition> 1
signal-to-noise ratioSN R, the total transmitted power isMay not be satisfied, i.eq, = 0 for somes = 1,2,---, 5
scaled asV. The equivalent system model is shown in Fig. 1S possible. In order to carry out this analysis, as well as to
The location of thel'” coded bite; within the detected 9€t an insight into the system behavior in_[5], [6], one needs
symbols is stored in a table— (k, s, i), wherek, s, andi & method to calculate the values og_ (Whl_ch we call the
are time instant, subchannel, and bit position on a symb@rVector) of an error path at Hamming distanég to the
respectively. Lety! C y whereb € {0,1} in the ith bit all-zeros path.
position. By using the information in the table and the input We developed a method to calculate thevectors for a
output relation in (2), the receiver calculates the ML bitrios  convolutional code and interleaver combination. We willwno

as illustrate this method with a simple example. For this exinp
; ) 9 the system is composed of 4state 1/2-rate convolutional
V' (Phss ) = yrg(n [7k,s = Asyl™ () encoder and a spatial de-multiplexer rotating with an oafer

€l

a, b, ¢, andd which represent the four streams of transmission.
The combination of the ML bit metrics of (3) afd detector Fig. 2 represents a trellis diagram of this convolutionaiaeter

at the receiver is not the unique solution to get the optimufar one period at the steady state. Since a convolutionad &d
BER performance. Appropriate bit metrics corresponding tolinear, the all-zero codeword is assumed to be the inputeo th
linear detector, such as zero-forcing (ZF) or minimum meamcoder. To find a transfer function of a convolutional conle a
square error (MMSE) detector, were shown to be equivalemtspatial de-multiplexer, we label the branches as a combina
to the bit metrics of (3) witHU detector [10]. Finally, the ML tion of a®=, b%, ¢?c, andd®<, where the exponent; denotes

decoder can make decisions according to the rule the number of usage of the subchaninelhich contributes to
& — aremi i - 4 detecting the wrong _brgnch by the detector. Adgitipnéll?/?,
= argmim Z 7 (s 1) 4)  whose exponent satisfigs; = ¢, + ¢, + ¢ + da, is included
! to get the relationship between the Hamming distafigeand
Ill. a-SPECTRA a-vector of an error event. Furthermore, the non-zero states

The BER of a BICMB system is upper bounded by all th@'® arbitrarily labeledX;; through X53, while the zero state
summations of each pairwise error probability for all theoer IS labeled asX; if branches split andY, if branches merge
events on the trellis [5], [6]. Therefore, the calculatidrPEP as shown in Fig. 2.
for each error event is needed to analyze the diversity amfler Let's denotex = [X11 X1 Xi13 Xo1 Xoo ng]T. Then,



ab X/X cd

00y

11

11

Fig. 2. Trellis of4-state1/2-rate convolutional code witd streams

the state equations are given by the matrix equation

x=Fx+tX;

000 010 cdZ?
0 00 dZ0cz 0
0 00 ¢cZ0dz 0

=lo10 000 |*T|awze|X ©
bZ 0azZ 0 0 0O 0
aZ 0bZ 0 0 0 0

We also get
ongx:[O abZ? 0 0 cdzZ? O}X. (7

The transfer function is represented in closed form by using

the method in [8] as

T(a,b,c.d Z) =g[I-F] 't =gt + > gF't
k=1
= Z%(a*b*d + bc*d?)
+ Z5(2abc*d + a®b*d* + b*c*d?)
+ Z7(a*b*? + 2a*b*Pd 4 2a*bcPd> +
b3Ed® + a*b?d® + a*c*d®)
+ Z8(a*b?c® + 4a*b3cPd + 4a*b* A d> +
bre?d? 4 a?ctd? + 4a*bPd® + a*b?dh) 4 - -

(8)

where[I-F]~! can be expanded ds+ F + F2 + - - - through

an infinite series of power of matrices. The weight spectrum,
used for error performance analysis of convolutional codes

can be easily determined B¥(a,b,¢,d, Z) |a=p=c=d=1 and
can be compared with the literature [11], [12].

Assume that, b, ¢, d are assigned to be the stream numbers
1, 2, 3, and 4, respectively. We can then figure out from the

transfer function that the-vectors of two error events with
Hamming distance equal toare[220 1] and[0 1 2 2]. Besides,

convolutional code and-stream BICMB system. If the spatial
de-multiplexer is not a random switch for the whole pachked, t
period of the spatial de-multiplexer is an integer multipfe
the least common multiple (LCM) ai. and S. Note that we
restrict a period of the interleaver to correspond to angete
multiple of trellis sections. Let's denot® = LCM (n.,S)
which means the number of coded bits for a minimum period.
Then, the dimension of the vectaris nP(K —1)k./n. where

n is the integer multiple for a period of interest.

By using this method, transfer functions ot statel /2-rate
convolutional code with generator polynomigls 7) in octal
combined with several different de-multiplexers are shamn
(9), (10), and (11). The spatial de-multiplexer usedTn
and T5 is a simple rotating switch o8 and 3 subchannels,
respectively. ForTs, it" coded bit is de-multiplexed into
subchannek,,oq(i,18)+1 Wheres; = -+ =sg =1, 57 = -+~
S12 = 2, s13 = --- = s13 = 3 and mod is the modulo
operation. Throughout the transfer functions, the vaesahl|
b, andc represent *t, 2"¢ and3"¢ subchannel, respectively, in
a decreasing order of singular values from the channel matri

T) = Z°(a?b®) + Z5(a*b? + a?b*)
+ Z7(3a*b® + a?b°)
+ Z8(aS* 4 6a*b* + a?b"%)
+ Z°(5a°b® + 10a*b° + a?b")
+ Z"(a®? + 15a5b* + 15a*b° + a?b%) + - - -

9)

Ty = Z°(a*b*c + a®bc? + ab*c?)

+ Z%(a®b?c + a®bPc 4 a®bc?+
ab*c? + a’bc + ab*c?)

+ Z7(2a°b3c + 2a°b*c? + 2a*b3c*+
2abc? 4 2a*b*c® 4 2abc?)

+ Z8(a®b® + a*b*c + a®bre + 2a*H? P+
3a3b*c? + 2a%b*c? + a*bc® + 3a®b? 3+
3a263¢3 + ab* S + b2 + aPbct+
2a2b%c* + abPc* +a3cd) + - -

(10)

T3 = Z°(a® + a®b* + a?b+
b +a*c® + b3 +a?c® + b2 + )
+ Z5(a*p® + 3a3b® + a?b* + a*c? + 3a%b? P+
bre? 4 3a®c® + 3b3¢® + Pt + bPe?)
+ Z7(2a*b® 4 2a3b* + a®b3c 4 TaPV? P+
7a*b3c? + 2a*c + a®bc® + Ta*b P+
ab®c® + 2b%c® + 2act + 20%ct) + - -

(11)

T; shows no term that lacks any of variablesndb, which

the vectors witha; equal to0 are easily found by choosing means the interleaver satisfies the full diversity ordetedon,

the terms composed of only, ¢, andd, which are[0122],
[0222],[0322], and[04 22]. No vector is found which has
a1:a2:00ra1:a2:a3=0.

This method can be applied to arg-state k./n.-rate

as > 1 for s =1, 2 [5], [6]. Most of the terms inT, are
comprised of three variables, b, andc. However, three error
events with Hamming distance 8flack one variable, resulting
in the a-vectors as[530], [053], and [305]. In T3, many



terms missing one or two variables are observed. Especiallyand thereforef (Mz(l), e
vectors witha; = 0 for two subchannels can be found a3he expressions fof (1, - -

7#@(}{))
, ) in (17) provide a conve-

7N6(K)) < f(ue(n,"'

[500], [050], and[005]. In Section IV, we present how thesenience that is useful for the integration in (16) by removting

vectors affect the diversity order of BICMB.
IV. DIVERSITY ANALYSIS

Through the transfer functions in Section Ill, we have seefn(W @,

interleavers which do not guarantee the full diversityesid.

As stated previously, contrary to the assumption in [5] that 7
,S, we assume in this paper that

as > 1fors =1,2,---

it is possible to haven, = 0 for somes = 1,2,---,S.

Let's define,.min @s the minimuma among the nonzero

a’s in the a-vector. Using the inequalit} ®  a A2 >
Onzmin Zle ar£0 A2, PEP in (5) can be expressed as

5 eXP < w Z Né(k))] 12)

where W d2 ;i Onzmin/(4No), K is the number of
nonzeroa’s, ¢(k) is an index to indicate thé&** nonzero

Plc—¢& <E

a, and u; = A\2. To solve (12), we need the marginal pdffhe other polynomialk (1ery, -+

f (pe(rys -+ me(xc)) by calculating
/’Lé(l)v ! 7#@(}{)
M1 He(1)—2 uem HN-—1
/ / / / / ,Lle a,LLN)

cdyyd,,. (13)

#z(1)+1 M(l) 1

The joint pdfp(ul,”-
literature [13], [14] as

,un) in (13) is available in the

N

*Z Hi
ppa,-un) =p(p1, - pN)e = (14)
where the polynomiab (u1,- -+, un) IS
P, i) = Hﬂfw NH — )" (15)
7>

Because we are interested in the exponerit/ofthe constant,
which appears in the literature, is ignored in (15) for bievi
Let's introducef (pe1),- - » iecx)) Which is defined as

/’Lé(l)v 7#@(}{)
H1 He(1)—2 He(l) HN—1
/ / / / / :ulv : ,HN)
HN" lte(1)+1 M(1) 1 d d (16)
wherep (u1,- -+, un) is defined as
pA(Mla"' 7MN) =
K
— 1+ e
p(,ul7"'a,u’N)e ( i=1 ‘ )
if ;=0 (17)
- f He(i)
p(pr,---,pN)e =t if a; > 0.
Then, we can see that(u1, -, un) < p (1, ,pn) for

either case ofy; = 0 or a; > 0 becausee™#i < 1 for any

exponential factors irrelevant to the variables of intéigra

For any case of p(ur,---,un) in  (17),
. ,M(K)) can be decomposed into two polynomials
as
(Me(1)7 T 7ME(K)) =
>
- He(k)
ho(perys -+ s teciey) % g (Beqrys =+ tegi)) € F= :

(18)

The polynomialg (1), - - -
evant to the integration as

,W(K)) consists of factors irrel-

K
2
9 (terys -+ o)) Hug(k) T (newy = meiiy)” -
>k
(19)
Hery) for ap = 0is
shown as
,Ug (1), " 7#@(}{)
/ /Hl /Mu) 2/#[(1) /HN 1
p (,ula 7MN
A d coodydy,
g(‘ug(l)" 7NZ(K)) KN I£(1)+1 He(1)—1 H2 P
(20)
and h (pe(1y, -+ o)) for ay > 0 is the same as in (20)

except for the integrations ove for 1 <i < ¢(1)—1 as well
ase " removed. Fory; = 0, e #! andu, disappear after the
integration, whilew; is present both iry (um), e ,M(K))
andh (um), e ,M(K)) for ai; > 0. The introduction in (17)
of e=#1 for a; = 0 is needed to prevent (20) from diverging.

Let’s denote

r (/’Lé(l)v e 7#@(}{)) =
B (peciys - te(iey) % g (pe(rys -
Then,r (M(l), e ,M(K)) is a polynomial with the smallest
degree(M — Q + 1)(N — Q + 1) — K where(@ is an index
to indicate the first nonzera, that is,@ = ¢(1). The proof
of this smallest degree is provided in the Appendix. Since

£ (meqrys  becrey) < F (pterys -+ o)) the right side in
(12) is upper bounded as

e

oo He(K—1) —(1+W) f (k)
/ / 7'(/%(1)7'" 7ME(K))6 k=1
0 0

x d - (22)

Note thatl + W ~ W for high SNR. In addition, it can be
easily verified that the following equality of a specific teim

) ME(K)) - (21)

Pecry T



whereg(-) is PEP corresponding to each error evéit,(d)
denotes the total input weight of error events at Hamming
distanced, and @ is different for each error event. Since
BER is dominated by PEP with the worst exponent term, the
diversity order of a given BICMB system can be represented

by

—o—[1 0 0]
i{g [1) ﬂ Odiversity = (J\/[ - Qmaw + 1)(N - Qmaw + 1) (26)
a ——[1 22 . .
& i{g : g} whereQ,,q. is the maximum@ among the whole set a’s
——[3 0 5] corresponding to all of the error events.
——[0 1 10]

V. RELATIONSHIP BETWEEN(Q), 4 AND CODE RATE

The relationship betwee@,,.... and the code with rat®,
is analyzed by using the same approach as in [15] which
L s T ST employes the Singleton bound to calculate the minimum

SNRin dB distance of a non-binary block code. Let's defifig s (c, ¢)

as the Euclidean distance between the mapped symbols of the
two codewords residing on thé” subchanneldg s(c,¢&) =
S lyks — Gks)® where y, . and g, are symbols on
the st subchannel at the time index from the codeword
c and ¢, respectively. Ifas is equal to zero, then all of

Fig. 3. Monte-Carlo Simulation Results f8rx 3 S = 3 case with4-QAM

a polynomial forvy > v9 > --- > vk holds true; the coded bits on the® subchannel of the two codewords
. are the same. Since we assume that the consecutive bits are
W3 mapped over different symbols, the symbols corresponding t
/ / ' ’/K € dyrdy, = the same coded bits of thé" subchannel are also the same,
K resulting indg s(c,&) = 0. Then, the parametef) can be
CW_<K+;§1 B") (23) Viewed as an index to the first non-zero element in a vector
[dgai(c,&) dga(c,€) --- dgs(c,€)]. In the case of a
where ( is a constant. Since the polynomiahair of the codewords that ha— 1 non-zerods s(c,8)s, Q
7 (o), s b)) is @ sum of a number of termscan be2 because of the vector typgé x x --- x], or1 from
with different degrees, the result of (22) is a sum of the. (g x x ... x], [x x 0 x X -+ x], -+, [x x x -+ x 0],

terms of W whose exponent is the corresponding degregherex stands for non-zero value. In general for a pair of the

Furthermore, we are interested in the exponentlofto codewords that hag; non- zeradp (¢, &)'s, Q is bounded as
figure out the behavior of the diversity, not the exact PEP.

Therefore, we can conclude that PEP is dominated by the Q<S—dm+1 (27)

term with the smallest degree mf(ﬂf(l)z"'_’w(l{)) which If we consider thel, symbols transmitted on each subchan-
is (M - Q+1)(N -Q+1) - K, resulting in nel as a super-symbol ovar”, then the transmitted symbols
Plc—&) < W~ (M-Q+H(N-Q+1) for all the subchannels in a block can be viewed as a vector
—(M=Q+1)(N=Q+1) of length S super-symbols. For convenience, we will call this
) vector of super-symbols as a symbol-wise codeword. We will
now introduce a distance betweenand &, which we will
(24) call 6y, as the number of non-zero elements in the vector
wheren is a constant. Fig. 3 shows the calculations of (8)e,1(c,€) dgz2(c,€) --- dgs(c,¢)]. This distance is
corresponding to several specificvectors through Monte- similar to the Hamming distance but it is between two non-
Carlo simulation. Three dotted straight lines are PEP asynignary symbol-wise codewords. By using the Singleton bound
totes at high SNR whose exponents correspond th and9. which is also applicable to non-binary codes, we can caleula
Regarding the exponent of PEP, we can see that the caleulatide minimum distance of the symbol-wise codewords in a way
of (5) through simulation matches the analysis. similar to finding the minimum Hamming distance of binary
For a ratek, /n., binary convolutional code and a fixed Graycodes Let's defineV as the number of distinct symbol-wise

_ omLSR,
encoded constellation labeling map in a BICMB system, BEE??ZW%rdS' ];I'h<enswe fag seet tht‘?]t . 2t f:om F'?' fli
P, can be bounded as etk (0 < k < S —1) denote the integer value satisfying

omL(k=1) « M < 2mLk SinceM > 2mL(k=1) there neces-

1 &= Wi(d) sarily exist two symbol-wise codewords whose 1 elements

% Z > 9(d,Q(d, i), x) (25) are the same. From the Singleton bound [9], the minimum
d= i=1 distance of these symbol-wise codewodgs,,, is expressed

d? .« ;
_ min®nzmin SNR
g ( AN



as 6Hm1n <S—-k+1. SinCE2mLSRC < 2mL(S_5H7mm+1),

we get 1
O min < S —[S-R.]+1 (28)
using the fact thab g .., iS an integer value. M_2)(N-2
For a given BICMB system witld g ..., it is true that the 3/4l ( YN-2)
distanced gy between any pair of the codewords is always larg:
than or equal to the minimum distanég ,,..,,. By combining 2/13f
the inequalities 0By > dg min and (27), we geby min < g° (M-1)(N-1)
og <8 —Q+1, leading to the following inequality as
Q< S —Hmin+ 1. (29) 2
From the inequality (29), the maximuf among the whole MN
set of @’s can be found as 13}
Qmaz =5 — 5H,min + 1. (30) 14}t
The inequality (28) and the equation (30) result in the foHo 1 5 3 2
ing inequality as S
Qmaw Z I_S : Rc~| (31)

Fig. 4. Multiplexing-Diversity-Rate Relationship
The relationship (31) can be supported by the examples in
Section Il where thel /2-rate convolutional code is used in
S = 3 BICMB system with different spatial de-multiplexersstate in one period because of the repetition property of the
Since Q.mae can be2 or 3 according to (31), the rotating convolutional code. We incorporate the basic idea that once
spatial de-multiplexer used to calcula®, in (10) makes the sth stream is assigned to an error bit of the first branch,
Qumax €qual to2 while that of T3 in (11) makesQ, ... equal obviously, all of the error events containing that brancregi
to 3. By considering the calculated diversity order of (26)xs > 0, resulting in@ < s. By extending this idea, we can
the maximum diversity order for a given code rate BICMBUMMarize the assignment procedure as
system is achieved by choosing the convolutional encodér an 1) the lowest available subchannel is assigned to the error
the spatial de-multiplexer satisfyir@,,.. = [S - R.]|. In this bit position of one of the first branches which have not
case, the maximum achievable diversity order is yet assigned to any subchannel,
2) the procedure 1) is repeated until all of the first branches
Ouiversity = (M =[S+ Re] + (N — [§ - Re] +1). (32) are assigned to one of the subchannels. If all of the first
Based on (32), Fig. 4 depicts the relationship between the branches are assigned to one of the subchannels, the
code rateR., the number of stream§, and the maximum assignment procedure quits after the rest of subchannels
achievable diversity order. The whole combinations %f are assigned randomly to the unassigned bit positions,
and R, are divided into the four regions each representing  subject to satisfying the rate condition on each subchan-
the maximum achievable diversity order. For example, such  nel.
combinations agS, R.) = (2, 1/2), (2, 1/3), (2, 1/4), (3, We will explain the procedure above by using the example
1/3), (3, 1/4) in the region with the legend ot/ N achieve of Fig. 2 whereP = 4 and the number of available assignment
the full diversity order of M N. for each subchannel i8/S = 1. From the trellis, we can see
Since we assumed in the previous description that thdtere are2 first branches that split from the zero state for
exist the convolutional encoder and the spatial de-melti@l one period. According to the procedure above, we need to
which satisfy the relatiol), ... = [S - R.], we will show the assign the best subchannel to one of the first branches.dn thi
specific design method of the interleaver from a given canvolexample, let’s assign it to the dummy variakleThis ensures
tional encoder to ensure the relation. The following metisod «; > 0 for all the error events stemming from this branch,
not the unique solution to guarantee the maximum achievalésulting inQ = 1. For the second branch connectiAg to
condition, but simple to state the concept. Let’'s considéf;;, we need to assign the next available lowest subchannel,
a BICMB system withS subchannels and the code ratevhich is2, to the dummy variable. As a result, we can see
R. = k¢/n. convolutional code. Each aP = LCM (n.,S) thatQ < 2 for the error events that share this branch. Since all
coded bits is distributed to the streams in the order specifiedof the first two branches are assigned, the unassigned dummy
by the interleaving pattern. Since each stream needs to agiables are allocated randomly witheand4. This procedure
evenly employed for a period?/S coded bits are assignedassures thaf),,.... is equal tol or 2 for this BICMB system.
on each stream. To guarant®g,,.. = [S - R.|, it is sufficient On the other handy,... > 2 from the equation (31) resulting
to consider only the first branches that split from the zeiffoom the Singleton bound. Therefore, this method guarantee



TABLE |

lo—l SEARCHRESULTS OF THE DOMINANT@-VECTORS FORG64-STATE
‘ ‘ ‘ ;e—T (M‘:N:S:Z) CONVOLUTIONAL CODES
1
——T,(M=N=5=3) [STrate] djec | dominanta-vectors | Quax |
+T3(M=N=S=3) :
107k P> 2x2 Alamouti || 1/2 10 3 7] [46] [55] 1
4 < 3x3 OSTBC 2 [2/31 6 [0 12] [0 14] [0 15] 2
; 3/4 5 [0 8] [0 10] [0 12] 2
v 1/3] 15 [366][546][46 6] 1
@ 10 4 | 1/2] 10 077[086][097 2
2/3] 6 [045/[063][0406] 2
3/4] 5 |[0013][0015[0017]| 3
107 1
10° ‘ :
" —6—S=2 R=1/2
10 v ——S=2 R=2/3
0 5 10 SNRliSn - 20 25 30 & —e—S-2 R=3/4
> Odiversity:4

Fig. 5. Simulation results for d-state1/2-rate convolutional code with
different spatial de-multiplexerst-QAM is used for all of the curves.

BER

Qmaz = 2, Which is the condition to achieve the maximun
diversity order for the given convolutional code.

VI. SIMULATION RESULTS

To show the validity of the diversity order analysis ir
Section IV using the parameted,,., calculated by the
method in Section Ill, BER against SNR are derived through w w w
Monte-Carlo simulation. Fig. 5 shows BER performances f 10 15 20 SNRZ?n dB 30 % 40
the cases correspondingTo, T», T3 in (9), (10), and (11).
The well-known reference curves ach|eV|_ng the full divigrsi Fig. 6. Simulation results for th2 x 2 case wherd 6-QAM is used for all
order of M N are drawn from the Alamouti code for tlex 2 of the curves
case and /2-rate orthogonal space-time block code (OSTBC)
for the 3 x 3 case [16]. From (9)Q...... for Ty is found to
be 1 becausen, > 1 for s = 1,2 in all of the a-vectors. In codes such a2/3 and 3/4, the perforation matrices in
this case, as predicted by the analysis in [5], [6], the ditgr [12] are used from thel/2-rate original code. Instead of
order equalst by calculating (26) withA/ = N = 2. From displaying the whole transfer functions, we present ontgéh
the figure, we can see that BER curve By is parallel to a-vectors among such a number of dominantectors that
that of 2 x 2 Alamouti code. SinceY,n., for Ts is 2 due lead to Q... The search results comply with the bound
to the vector[0 5 3], the calculated diversity order isin the Qma. > [S - R.] in (31) as was analyzed in Section V.
case ofM = N = S = 3. This can be verified by Fig. 5, Fig. 6 shows the BER performance of tBex 2 § = 2
losing the full diversity orde®. Although the same numberBICMB system with the64-state convolutional code and a
of subchannels and the same convolutional code asTfpr simple rotating spatial de-multiplexer. The diversity ersl of
are used, the different spatial de-multiplexer from thaifgf the systems with punctured codes drbecause botl€),,q.
described in Section 1l fofl's, gives no diversity gain at values corresponding to the codes shown in Table |2re
all. The reason for this is that the vect{ir05] which can while the system with the /2-rate convolutional code, whose
be observed from the transfer function ™y makesQ,.: 3 @mas iS €qual tol, achieves full diversity order of.
resulting in the calculated diversity order biin the equation  As shown in Fig. 7, for @ x 3 system with3 streams, only
(26) with M = N = S = 3. This matches the simulation1/3-rate convolutional code achieves full diversity order9of
result. since other codes havg,, .. of larger thanl as given in Table
Table | shows results of a computer search of the |. The analytically calculated diversity orders by using)?2
vectors of BICMB with industry standar@i4-state convolu- and Table | aret, 4, 1 for 1/2, 2/3, 3/4 respectively, which
tional codes and a simple rotating spatial de-multipleXee can be easily verified from Fig. 7 by being compared with the
generator polynomials for rately’2 and 1/3 are (133,171) asymptotes. For the rafe4 code with the same spatial de-
and (133,145,175) in octal, respectively. For the high ratemultiplexer, reducing one stream improves the performance




where the degree df' (M — N) is contributed by thé( factors

of the formyp/ ", and K (K —1) comes from the(; ) factors

in the form of (1, — W(j))Q.

To calculate the smallest degree of the polynomial
h (pery, - -+, tecx)) » We first focus on the case of, = 0. The
polynomialp (u1,- -+ , ux) in (15) hasN factors of the form
M= and (§) factors of the form(u; — u;)*. The division

x by g (um), e ,M(K)) makes the common factors eliminated,
= —e—S=3R=113 leaving N — K and () — (%) factors of the formu}~~
10+ igjg Ezg E and (1; — 1;)°, respectively. Hence, the resulting polynomial
—+—S=3R=3/4 p(pa, -+ un) /9 (ery, -+ bery) has degree
—%—S=2 R=3/4
10 A O Dhorg=(N—K)(M —N)+N(N —1)— K(K —1).
> Odiversi'(y:4 (34)
o, =9 _ _ :
10 9 Zaversiy The integration overu; for 1 < ¢ < ¢(1) — 1 in (20)

5 10 15 20 25 30 35 40

) makes the variableg;, 1 < i < ¢(1) — 1 vanish. Since
SNR in dB

all the terms inp (u1,--,1n) /9 (o), -+ bury) have
different distributions on the degrees of the individuaiables
although they have the same degree as an entire term, the
smallest degree of (11, - - - , 1e(x)) is determined by the
term which has the largest degree of the vanishing variables
dramatically. The diversity order of this casedsfrom the Of p (i1, -, 1un) /g (per), - be(x))- It'S not necessary to
equation (26) withM = N = 3 and Q ez = 2. find all the terms with the largest degree of the vanishing
variables. Instead, we can see that one of those terms, whose
degree isDy, 4, includes the following factors

Fig. 7. Simulation results fo x 3 case wherd6-QAM is used for all of
the curves

VII. CONCLUSION

In this paper, we investigated the diversity order of BICMB an- M—N N 9
when the interleaver does not meet the previously introduce H Hi H/‘i' (35)
=1 j>i

design criteria. We introduced a method to calculate the
a-vectors from a given convolutional code and a spati#ih this case, the degree for the vanishing variables in (85) i
de-multiplexer by using a transfer function. By using this

method, thea-vectors that do not fulfill the full diversity —DPh.wanishing = (€(1) = 1)(M — N)

order criteria are quantified. Then, the diversity behavior +2N((1)—1)—£(1)(¢(1) —1) (36)

corresponding to thex-vectors was analyzed through PEP . _
calculation. The exponent of PEP between two codewords'} ere({(1)—1)(M—N) is contributed by thé(1) -1 factors

(M - Q + 1)(N — Q + 1) whereQ is the first index to the of the formuZM*N, and the rest of the degrees are calculated

2
non-zero element in the-vector. Since BER is dominatedfrom the factor; of the_ form;. )
by PEP with the smallest exponent, the diversity order is Finally, the integration ovey; for £(1) + 1 < i < N
(M=Qmaz+1)(N—Qmaz+1), whereQ is the maximum accumulates the degree of the current variables and adds up
amongQ's corresponding to each-vector. We provided the t© the degree of the correspondmg,k € T,'where an
simulation results that verify the analysis. We also showdjdered setY is defined as{i: a; > 0for 1 <i <S5} In
that Q.ne. is lower bounded by the product of the code rat@ddition, during the each integration, the degree increlye

i n _ ,n+1 H
and the number of streams. This result indicated that we neegue to the fact tha; pilyrdpivy = pi" " /(n+1). Since
R, < 1/S to achieve the full diversity order ¥ . ¢(1)—1 variables from originalV — K variables of integration
= vanished inh (um), e ,M(K)), the degree to be added by

the remaining variables of integration is

APPENDIX
PROOF OF THE SMALLEST DEGREE Dhaddea = N — K — £(1) + 1. (37)
Since 7 (), - k) 1S @ product of the twWo  The smallest degree of (1(1)s -+ + o)) s now ready
polynomials as shown in (21), the smallest degree ¢f pe calculated, which is
7 (ko) 5 b)) 1S @ sum of the smallest degrees of each
polynomial. Let's denotéy smaues: @s the smallest degree of Dy smaliest = Dg,smaliest + Dh,smallest

the polynomialy (sue(1), -+ , pe(rcy)- It is easily found that all
of the terms in (19) have the same degree. Therefore,

Dg,smallest = K(M - N) + K(K - 1) (33)

= Dg,smallest
+ (Dh,org - Dh,vanishing + Dh,added)
= (M — (1) +1)(N —¢1)+1)— K (38)



where Dy, org — Dh vanishing Stands for the degree of the

remaining non-vanishing variables of the term that leads to

the smallest degree 6f (1¢(1), -« . per))-

In the case ofy; > 0, the integrations over the variablgg
1 <i<¢(1)-1in (20) do not exist. Contrary to the case of
ap = 0, no variable vanishes, resulting i, vanishing = 0,
and Dy, q44ea = N — K. Equation (38) holds true fat; > 0
since /(1) = 1 in this case. Therefore, for any case @f,
the smallest degree of the polynomia{iis(), - , fecx)) is
(M-t 4+ 1)(N—-£1)+1)- K.
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