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Abstract— In this paper, we present an overview of recent work high spectral efficiencies with much lower complexity than
on the applications of Markov Chain Monte Carlo (MCMC) the LSD based detectors. As opposed to LSD detectors that
techniques to both multiple-input and multiple-output (MI MO) perform well at high signal-to-noise ratio (SNR), the MCMC
detection and channel equalization. In the setting of MIMO detect ffers f the hiah SNR bl P ,'bl di
detection, we have shown that, even for very large antenna etec orsu_ers rom_ ehig problem. Fossible reawsedi
systems with high spectral efficiencies of 24 bits/channelse (8 for addressing the high SNR problem of MCMC detectors can
transmit and 8 receive antennas with 64 QAM modulation), the be found in recent work [5], [7].

MCMC MIMO detector can bring us within 2 dB of the channel We will also review recent work on channel equalization
capacity with a greatly reduced complexity compared to seval using MCMC techniques [13], [14]. For frequency selective

versions of sphere decoding based detectors. For frequensglec- o .
tive channels, we demonstrate that MCMC-based equalizersgid ~ cN@nnels with inter-symbol-interference (IS), [14] sfsothat,

excellent performance even for severe inter-symbol-intéerence @S 0pposed to the bit-wise GS or symbol-wise GS that gen-
(1S1) channels. The MCMC equalizer achieves significant pdor- erates one bit, or one symbol at a time, a more complex
mance gain over minimum mean square error (MMSE) linear version of the GS that examines a group of symbols at a time
eg;gl!ze.r ang tgle.trfor{/lnzpcloselyl. to t\?ve OFl’It'"ral ér)axmum a is necessary to achieve good performance for channels with
posteriori probability ( ) equalizer. We will also discuss new significant I1SI. Such MCMC detectors demonstrate superior

approaches that effectively alleviate the well-known highSNR .
problems in existing MCMC detectors. performance than the MMSE-based equalizer of [15].

I. INTRODUCTION II. MIMO D ETECTION

In this paper, we review recent results on the application of We consider a MIMO channel withtransmit and- receive
Markov Chain Monte Carlo (MCMC) techniques to multipleantennas. The channel model is given by :

input multiple-output (MIMO) detection and channel eqoai

tion. The MCMC simulation is a mathematical tool that can be y= \/EHd +n, (1)
used to draw samples from an arbitrary and possibly unknown t

distribution. The MCMC detectors follow a statistical sgar whered = (di,---,d;)” and d; is the complex symbol
procedure called the Gibbs sampler (GS) to randomly gemeratansmitted from thej-th antenna. The notatiof)” denotes
a small sample set containing the most likely transmittetle transpose operatoy. = (y1,---,y.)" is the received

signal vectors. A distinguished feature of the MCMC detestosignal vector;H is the » by ¢ channel gain matrix with
considered here is that they can achieve excellent perfozenai.i.d. complex Gaussiad A/ (0, 1) distributed entriesH is also
with a very small sample set. This makes the low-complexityssumed to be independent over time; the channel noiservecto
MCMC detectors highly attractive when the complexity of has i.i.d.CA/(0, 1) distributed entriesp denotes the SNR
the optimal maximuna posteriori probability (MAP) detector per receive antenna. Throughout this paper, we use lonercas
grows exponentially with the number of antennas, constellaold letters to represent vectors and uppercase bolddetter
tion size, and channel memory. represent matrices.

We first discuss the MCMC MIMO detectors studied in [1]—

[7]. The MCMC detectors demonstrate superior performance u ornation | channel Symbol MO
than linear detectors such as minimum mean square errGfquence | Encoder > Nefpaiyng ?7| channel
(MMSE) and zero-forcing (ZF) [8] detectors, and the more

sophisticated list sphere decoding (LSD) based detectais a pecoded N

. . . . { Recei ved

its variants [9]-[11]. The linear detectors achieve low eom sequence gggg:'r 4|nf%?fntmion DetMez’tDm Signal
putational complexity, however, at the expense of signitica

performance loss. The widely used LSD detectors, while f Sof t

>

perform well, have a complexity that grows exponentially as Information
the number of transmit antenna increases [12]. The MCMC
detectors are shown to achieve near capacity performance at Fig. 1. A block diagram of the MIMO system.



Fig. 1 shows a block diagram of the MIMO system. At Algorithm 1: b-MCMC MIMO detector

the transmitter side, the channel encoder encodes a seguénc
of information bits into a sequence of coded bits, which
is then mapped to a sequence of complex symbols through
Gray mapping. Here, we assume that the size of the complex
constellation isM = 2M- so that everyM, bits is mapped to ~ *
a complex symbol. The sequence of complex symbols is then
divided into blocks oft symbols and sent throughtransmit
antennas over the MIMO fading channel. At the receiver end, 3
for each set of received signal samples from theeceive
antennas, the MIMO detector computes the log-likelihood- *
ratios (LLRs) of the coded bits. The “extrinsic” part of tkes 5
LLRs is passed to the channel decoder for decoding. At thee
next iteration, the LLRs produced by the channel decoder are
fed back to the MIMO detector to produce updated LLRs.
In this manner, joint MIMO detection and channel decoding
proceeds iteratively through soft information exchanggée”

a pre-determined number of iterations, decisions are made a
the output of the channel decoder to generate the decoded big

sequence. 10

A. Capacity-approaching MCMC MIMO detector 1

Assume that the bit sequence corresponding te denoted
by b = (bo,bl,"' ,bK_l)T, where K = tM.. Let A =
(Mo, -+, A—1)T, where); is the LLR of thei-th bit provided
by the channel decoder. In a MAP detector, gigermnd X,
the LLR value of a particular bit; is given by

12

13
14

Input : Prior LLR for transmitted symbols (from the
decoder)
Output: Extrinsic LLR for channel decoder

Use bit-wise Gibbs sampler to generate samples
/1 D parallel G bbs sanpler

repeat
Generate initial sequends”)
/1 | iterations

for n«— 1to I do

Generatebg") from the distribution
PO =

b|bgn—l)’ bgn_l), .. ’b(lgrll)’ y, /\0)

Generatebgn) from the distribution

P(bgn) _ b|bén), bgn—l), . 7b§?:11)’ y, /\1)

Generatebf,?)_1 from the distribution
P(b(I?)—l =

b|bgn)7 bgn)’ . ’b(I?)—% v, )\K—l)
Saveb(™ into sample sef3

until D times ;

Compute the LLR
for k—0to K —1do
L Compute extrinsic LLR foib;, using (3) or

(4).

— In P(bk = O|Y7 A) 16
T TPl =1y 7
ZP(bk = Oabk|ya )‘)
— i @ —
> P(br = 1,bily, A)
by

WhereBk = (bo, cee bkfl, bk+1, cee ,bK71)§ bj S {O, 1}.

Computation of each summation in (2) is over all combilhis is necessary for successful operation of the various-Ma
nations ofb,, which is equal t2%~1. Hence, the complexity Log and Log-MAP detectors studied in this paper.

of the optimal MAP detector grows exponentially Ki. The

For Max-Log b-MCMC, the output LLR for bitk is

MCMC detector reduces the detection complexity by utilizincomputed as

Gibbs samplers to generate a small sample&ebntaining
most likely bit sequences. The output LLRs are computed from
samples in3. Hence, the computational complexity is reduced
greatly compared to the MAP detector.

The main steps of the bit-wise MCMC detector (b-MCMC)
[6] are summarized in Algorithm 1. We rub Gibbs sampler
in parallel. Each Gibbs sampler perfornis iterations to
generatel bit vectors {b(™ n = 1,---I}. Hence, a total
of D - I bit vectors will be generated and they constitute
(excluding repetitious samples) the sample Bet

To compute the output LLR for bit, we define an expanded
set B* which includes not only all bit vectors i3, but also
new bit vectors that are obtained by flipping theh bit of
the vectors inB3. We then letB}, and B*, denote the set of

LLRy =

max

p I
_Nly = /2Hd® H +:ATp
{b: be BFH}{ Hy \/Z (b) 2 }

p I
—ly- —Hde “ATbl.
{b:{:nea)é’jl}{ Hy \/; )| +3 }
(3)

whered(b) denotes the symbol vector corresponding to the
bit vectorb.

Alternatively, [6] shows that replacing the Max-Log al-

bit vectors inB* whosek-th bit is +1 and —1, respectively. gorithm by the more accurate Log-MAP algorithm with ta-
Considering the larger se8* instead of B assures that the ble look-up (Log-MAP-tb) yields superior performance vehil
number of elements in the substéil andB*, are the same. requiring less number of samples. For the Log-MAP-tb b-



MCMC, the output LLR is computed using coded and LDPC coded systems, the same 10x10 Log-MAP-tb
2 1 b-MCMC detector gives the best performance with the lowest
LLR; ~In Z exp{ - Hy — \/ng(b)H + 5)\Tb} complexity. The LDPC coded system using 10x10 Log-MAP-
{b: be Bt} tb b-MCMC achieves within 1.8 dB of the channel capacity
P 2 1 (6.4 dB), which reduces the previously known capacity gap (4
—In Z exp{ - Hy - \/;Hd(b)H + QATb}. dB [1]) by more tharb0%. Its simulation time is7 = 0.7 ~ 1
{b: be B*,} for the turbo coded system and the LDPC coded system,
(4) respectively. In comparison, simulation time of LSD based
. . . detectors are7 = 4.1 ~ 27 for the turbo coded system.
To further reduce the complexity, we approximate (4) USINGince the simulation time of LSD based detectors increases
the Jacobian logarithm [16] . s ,
even further at lower SNR, it becomes prohibitive to find good
In(e® + €%) = max(dy, dz) + In(1 + e~ 192791 LDPC codes and evaluate LDPC coded performance for these
= max(81,82) + fo(|61 — ba)), () detectors. This result clearly demonstrate the MCMC detect
] . . ) as the detector of choice for approaching channel capatity i
where the correction functiorf.(|6; — d2|) is approximated gt performance and complexity.
using a one-dimensional pre-computed table. Our simulatio
results show that it suffic_:es to use a very small table whi(§1_ MCMC MIMO detectors for high SNR
stores only ten values witfd; — ;| equally spaced between
0 and 5. We refer to the b-MCMC detector that utilizes (4) It is well-known [1], [5], [18] that MCMC methods become
based on table look-up (5) as the Log-MAP-tb b-MCMC. less effective as the operating SNR increases. This is kecau
at higher SNRs, the Markov chain associated with the GS

10° 1 is likely to become reducible so that it tends to get stuck in
T e kﬂ"e?x"_"['oAgF’:_bec',\'\A"g'\z"& aoet certain states and fail to reach the states correspondigadi
—— Turbo Log-Map~tb b-MCMC 10x10 G=0.7 distances|y — \/ng(b)H . One approach to alleviate this
. —*— Turbo Max-Log b—-MCMC 20x20 G=1.4 ] . . .
10"} - | —b— Turbo Max-Log LSD L=1024 G=4.1 problem is to assume a higher noise variance than the actual
ing mzx_‘,\'i\% Sn'f_gl‘ng_E’L';l(L’i‘l‘oGO:é;G noise variance when running the GS [1]. This increases the
\ chances that the GS converge to the optimal solution. In [5],
& 5 \ it is shown that detection performance can be further imgdov
@ Qk ‘\ by initializing one of the GSs using the MMSE or ZF solution.
RN Recently, [7] proposes a constrained MCMC detector for high
e SNR scenarios. The main idea is as follows: First, the GS is
10°F JREHH initialized from either a ZF solutiorbéoF), or a ML solution
Ca}m‘ty | b,(\,?ﬂ. The ML solution can be found by running a hard sphere
‘ | 5\ decoder [9]. Assume that the GS is initialized ush%. Now
10"‘6 . - {;\ 5 m P 13 consider an arbitrary bik. When there is no prior from the
E,/N, (dB) channel decoder, the exact Max-Log algorithm for computing

the LLR of bit & is given by

Fig. 2. Performance of turbo and LDPC coded TX8 64QAM systems. p 2
R = s { = [y fmam)])
Fig. 2 shows performance curves of b-MCMC detectors o 5
for an eight transmit and eight receive antenna system with —  max { — Hy - \/EHd(b)H },
64QAM modulation. We compare the MCMC detectors with {b: by=—1} t
several versions of the LSD based detectors including the 0) . i ) ) )
Max-Log LSD [9] (I = 1024), the Max-Log soft-in soft- If by, =1, then the first maximum in (6) is achieved by
out LSD (SISO-LSD) [10] £ = 1024), and the modified b,(v?,f. We refer to the vector that attains the second maximum
versions of these two detectors, denoted by Log-MAP-tb LSD (6) as the N-ML solution. The N-ML solution needs to be
(L = 100) and Log-MAP-tb SISO-LSD [, = 100), obtained found in order to compute the exact LL.RIn [7], it is shown
by replacing the Max-Log by Log-MAP-tb. Hefedenotes the that we can get good approximations of the N-ML solution
list size. We use to denote the normalized simulation timgdy running constrained MCMC. As shown in Algorithm 2,
of each system against the LDPC coded system that emplégseach bitk, we can run a GS starting from an initial vector
the 10x10 Log-MAP-tb b-MCMC detector withh = I = 10. that is modified fromb,(\,?L). Then we apply the GS to update
The LDPC code used here is optimized for the 10x10 Logne bit at a time while keeping the value of kitconstrained
MAP-tb b-MCMC detector using the EXIT chart method [17)(let b, = —1 if by} , = 1). At high SNR, it is shown in [7]
Please refer to [6] for the details of the code parameters ahat a few iterations are sufficient for the GS to get close to
discussions on code design. Fig. 2 shows that for both turthee N-ML solution.



Algorithm 2: ML-C-MCMC detector 10
Input : Prior LLR for transmitted symbols (from the
decoder) -
Output: Bit sequences used for computing extrinsic
LLR ‘ ;
1 Use bit-wise Gibbs sampler to generate sample sets gmf@ “oZENONe @b o ;
2 Generate initial ML vectob,(v(,)L) using hard output “poMLeee +
sphere decoding, save into important Bet - Fxact-Max-Log B
3 for k—0to K —1do 10™' ~6-ZF-MCMC e
——ZF-C-MCMC : RNRINE
4 d=|k/M,] —— ML-C-MCMC ’ BN
5 Flip the k-th bit and change the values of e B o
remaining bits belonging to thé-th symbol 107 2‘0 P 2
so that the resultin%] )symbol is the closest to SNR (dB)
. (0
the d-th syr(rS;)oI inby. Denote the new Fig. 3. Performance comparisons of ZF-MCMC, ZF-C-MCMC
vector byb ML-C-MCMC, LSD, and exact Max-Log detector. Assume a two
/1 1 iterations transmit, two receive MIMO channel with 64 QAM or 256 QAM
6 for n — 1to I do constellations.
7 Generateb(()") from the distribution
P(bo = blp{" by Y bl D) : .
8 (bo (7|L)1 vz o UKL Y) the MCMC detectors with the LSD detector of [9], using the
° Generate; (fr)orrz tflle) d'Str'b(UtE? same list size as in [9]. The LSD detector performs comparabl
10 P(by =0|by", 01", by, ) to the ML-C-MCMC when the QAM alphabet is large. For
1 : lower order QAM modulations, the LSD still outperforms
i Fix the.value of thek-th bit: o™ — (=1 _the ML-C-M_CMC detectpr at_the expense of much higher
(n) ¢ he di ' I;) ok implementation complexity. Finally, the performance @rv
13 Generate, /, from the distribution of the exact Max-log detector is presented as a performance
14 {D()bkﬂ :( V) (1) benchmark. The ML and N-ML solutions for each bjt can
blbg ", by by by Y) be found by running a sphere decoder presented in [9] or [10].
15 : I1l. CHANNEL EQUALIZATION
16 Generatei)ﬁ,?l1 from the distribution We consider a single antenna ISI channel given by
17 P(bel :b|b(()n)abgn)a 7b§?)727)’) L
18 | Saveb™ into the important seB Yn = Z hxp_1+ 2, n=01,--- N+L-1, (7)

L 1=0
where L is the channel memory,; denotes the channel gain
of the I-th tap, zo,--- ,zy_1 are the transmitted symbols,
yn is the received signal at time. The channel noiséz,,}
is i.i.d, complex Gaussian with zero mean and variance of
23 o2 = Ny/2 per dimension. For notational convenience, in (7),
we letz, =0for - L<n<-landN<n<N-+L-1.
Assume that the channel gain {h;} is
known perfectly to the receiver. Lety =

In Fig. 3 we compare performance of ZF initialized McMC{Yo, y1. - ynvL-1h,x = {zo,z1,-+ ,Tn+p-1} and
(ZF-MCMC) [5], the ZF initialized constrained MCMC (ZF-Xj—L:j = {%j—L,%j—L+1, -+ ,x;}. Since the channel has a
C-MCMC), the ML initialized constrained MCMC (ML-C- finite memory ofL, the conditional pdf of they givenx can
MCMC) [7], LSD, and the exact Max-Log detector. It is asbe written as
sumed that MIMO detection is performed only once, followed N+L-1
by channel decoding. The ZF-MCMC runs 11 GSs with 3 p(y[x) = [ p(;lxi-:)
iterations each. For both ZF-C-MCMC and ML-C-MCMC, 16 3=0

19
20 Compute the LLR

21 for k—0to K —1do

22 L Compute extrinsic LLR foib;, using (3).

8
constrained GSs are ran (each corresponding to a fixeld) bit NtL-1 1 L ) ®
with 2 iterations each. It is clear that the ZF-C-MCMC is at = H exp ( - ﬁhﬁ - Zhl%‘fﬂ )
least one order of magnitude better than the non-consttaine j=0 =0

ZF-MCMC [5]. The ML-C-MCMC improves performance of In [14], various versions of MCMC based channel equaliz-
ZF-C-MCMC at the cost of additional complexity needed ters are proposed. In particular, a group-based MCMC equal-
find the ML solution. We also compare the performance dafer, denoted by g-MCMC, is shown to greatly improve the



convergence rate of the GS. It outperforms bit-wise MCMCAlgorithm 3: Group-wise Gibbs sampler

equalizer under channels with significant 1SI. Input : Prior LLR for transmitted symbols (from
The main steps of the g-MCMC equalizer is summarized decoder)
in Algorithm 3. The key idea is to group evely symbols Output: Bit sequences used for computing extrinsic
XiitG—1 = {x; -+ ,xirc—1} together and update these LLR
symbols simultaneously inside the Gibbs sampler. We first initial o0d0)-
identify a sample sef = {u?,--- ,u"}, where eachi! is a 1 Generate Initial sequenoe™;
2 forn—1to I do
symbol vector of lengtlz. For small values oz < 2, we let s Go — n%G T |(N = Go)/GCrma]
S contain all possible choices af.;, ¢, and the size o8 is 0 A O/ ma
r = 2MG _ For larger values off > 3, S is found by applying 4 | Generat&.g,_, from the distribution
the QRD-M algorithm [19] with thel/ parameter equals. 5 P(Xo:co—1|xglofl), o ,w%:l))
Each time a random sample veciqr, 1 is generated from ¢ Generate(glo):Gmeax—l from the distribution
the sample sef following a probability mass function (PMF) 7
{v,l=1,---,r} overS. We compute{~;} according to P(XGo:Go+Gmarl|I(()n)v . wg})il’xgzojrlc);m’ . ,x%‘j))
i+L+G-1 8 :
m o= C H p(yj|xé>L:j)P(Xi:i+G*1 =u'), (9) 9 Generate((c?olrL,GmaxiN_1 from the distribution
a 10 P(XG0+JGmaX:N*1|I§Jn)7 e ’I(C?o)ﬁ-J»Gmax—l)
where C' is a scaling constant such that,_, v = 1, and 11 SubFunction: Generate %.;,;¢_; from the
xt = (§", 2l a2 ). distribution P
In Algorithm 3, Gmax is the maximal number of symbols 12 if G <3 then
allowed for group updating;%b denotes the remainder af 13 foreach combination of x;.;+c—1 do
divided by b, and || denotes the maximal integer less than 14 | Compute the PMF using (9)
a. Note that line 3 of Algorithm 3 allows us to group different ;¢ Select one combination randomly according
adjacent symbols over iterations. As shown in simulation to PMF {v1,--- , 7}
results, this is necessary to speed up the mixing rate of GS. 4 else
Assume that the GS produces a sample&sdiach element 17 Perform QRD-M over to seleat
in B is a bit sequence of length/, N. Assume that bitk combinations with maximal probabilities
is mapped to symbotk;, then the received signals that are 1s Generate one sample from the selected
affected byb, arey;.;+r. Sincey;..+r, depends only on bits | combinations randomly according to PMF (9).
{bi, i1 = Mp(i — L) <1 < Mp(i + L) = iz}, we find 19
that when computing the output LLR fdr, it is sufficient  ,, compute the LLR
to truncate each sequence f to take into account only 1 | for k — 0to MyN — 1 do
bits {b;, i1 < 1 < ix}. We denote the set that contains the - ConstructBZ’?: andBZ’;—;-
truncated sequences I8, .;,. For.eac_ho <k < MyN -1, ” Compute extrinsic LLR fob; using (10)
we construct a larger sé’ ; which includes all sequences

in B;,..,, together with new sequences that are obtained by*
flipping the k-th bit of each sequence iB;,.;,. Repetitious
sequences are removed frd#fj.; . Furthermore, we Ierl’j;j

and B! denotes sequences Bf .;, whosek-th bit equals channel impulse response is given by

llz’ig

1 and —1, respectively. The LLR for bib; is then computed hiln] = 0.2276[n] + 0.465[n — 1] + 0.6886[n — 2]
as +0.468[n — 3] + 0.2276[n — 4]
‘2 We assume that the receiver knows the channel response
. ZG:B’?’“ P(YisitLDiy i) zgl P(bi) perfectly. The average energy per bit to noise ratio is défine
v = In B - (10) as: ) L1 )
> p(Yiitrrlbisi) 1_2[ P(br) Byp B _ Blnl) _ 2o I
biyeig €55 1=, No NoRM. NoRM, 202RM.,

We use a ratd /2 convolutional code with generator poly-

In Fig. 4 we compare performance of the proposed MCM@omial (1 + D2,1 + D + D?). The code length of 4098.
equalizers with the optimal MAP equalizer and the MMSHhe bit sequence is mapped to a sequence of 8-PSK symbols
equalizer of [15]. The system diagram is similar to the ongsing gray mapping. The channel interleaver is obtained by
shown in Fig. 1 with the MIMO channel replaced by an I1San S-random interleaver [21] withS = 0.51/0.5K., where
channel and the MIMO detector replaced by an equalizer. \W&. is the number of coded bits. In Fig. 4, we plot the
consider a channel with significant ISI (taken from [20]) who performance curves for the case of separate equalization an



DChannel 1, seperate equalization and decoding Channel 1, 5th iteration
10 T T T 10 T T

MAP MAP

—8— g4MCMC —8— g4MCMC
—>— MMSE —*— MMSE
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(2]

(3]
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| | M

(5]
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Eb/NO(dB) Eb/NO(dB)

(7]

Fig. 4. Performance comparisons of MAP, MMSE, and MCMC 8]
equalizers over a channel with significant ISI.

El

decoding, where equalization is performed only once, Yotid

by channel decoding, and the case of five iterations of joiHP]
equalization and decoding. The g-MCMC equalizer uses 10
parallel Markov chain and each chain runs 20 iterationg?l
The maximal group updating symbols of the g-MCMC is 4,
QRD-M is used to reduce the complexity and= 8. Fig. [12]
4 shows that the proposed g-MCMC equalizer significantly
outperforms the MMSE equalizer. For separate equalizatiﬂg]
and decoding, the MMSE equalizer has a huge gap (more
than 20 dB) from the MAP detector, while the g-MCMC is
less than 4 dB worse. After 5 iterations, the g-MCMC is only ,
1.7 dB away from the MAP equalizer and still performs 2 d
better than the MMSE equalizer at BER*. The g4MCMC-

FG detector shown in Fig. 4 assumes fixed grouping, |é15]
(Gy is always set to be zero in Algorithm 3). It is clear that
g4MCMC-FG performs much worse than the g4MCMC thd#6l
groups different symbols over iterations. The performayee
between g4MCMC-FG and g4MCMC is significant for the
case of separate equalization and decoding. [17]

[18]
IV. CONCLUSION
[19]
In this paper, we summarize our recent results on soft-in
soft-out MCMC detectors for MIMO channels and frequencyg
selective channels. It is shown that in both cases, MCMEt]
techniques are highly effective in achieving good perfaroea
with an acceptable (relatively low) receiver complexity.

It will be interesting to further explore MCMC techniques
for continuously time-varying channels with imperfect chel
state information. Theoretical analysis of the convergante
of MCMC detectors remains to be a challenging research
direction.
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