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Abstract—Non-symmetric ternary channels can be used to
model the behavior of some memory devices. In this work, ernmo
correction coding for a non-symmetric ternary channel whee
some of the error transitions are not allowed, is consideredWe
study distance properties of ternary codes over this chandeand
define the maximum likelihood (ML) decoding rule. It is shown
that the ML decoding rule is too complex, since it depends on
the channel error probability. A simpler alternative decoding
rule, called da-decoding, is then proposed. It is shown that
da-decoding and ML decoding are equivalent for values ofp ] ]
under a certain threshold. Assumingda-decoding we characterize Fig. 1. Non-symmetric ternary chanrif.
the error correction capabilities of ternary codes over thenon-
symmetric ternary channel. We also provide an upper bound ad
a constructive lower bound on the size of such codes given the
code length and the minimum distance.

In this paper we consider coding for the non-symmetric
ternary channel of Fig. 1. We define the maximum likelihood
|. INTRODUCTION (ML) decoding rule over this channel and show that its

. .implementation becomes too complex, since it depends.on
Electrically erasable programmable read-only memories

(EEPROMSs) are semiconductor memories that retain theér da $ an alternative, a simpler decoding rule, caliaddecoding,

. . I8 proposed based on a more appropriate distance measure. It
contents when power is off. They can be read and written isoshown that the proposed decoding rule is equivalent to ML
like standard RAM and are suitable for applications whe prop 9 q

r : .
. o . (?ecodmg for the values af of interest. We then study error
storage of small amounts of data is critical and periodic . .
L . . , o correction capabilities of ternary codes undgy-decoding
writing of new data is required. Typical applications ar€ : . .
. . e -fule. In particular, we derive an upper bound on the size of
radio frequency identification tag, smart dust, or autowsoti

L . ) . : . .. .the code. We also derive a lower bound on the size of the
applications including car audio and multimedia, chased a . . o ) X
. code given the code lengthand its minimum distance, which
safety, and power train.

The communication channel underlying EEPROMs cyoves the existence of good codes. For small values of the

be suitably modeled as a binary symmetric channel (Bs(g]nimum distance the lower bound and the upper bound are

i : ose.
Currently, very simple error correction codes based on the

well-known Hamming codes combined with hard decoding
are implemented on-chip to correct single bit errors [1]. 1. MAXIMUM LIKELIHOOD DECODING

However, next generation devices demand for more stringent

requirements in terms of reliability as well as storage itgns For later use, leC be a ternary code of length, and let
A suitable modification of the physics of EEPROM memories = (¢1,...,2,) € C andy = (y1,...,yn) represent a
allows to store the information in three levels, thus high@odeword transmitted over chanrél and a received vector,
densities can be achieved. A suitable model of the resultirespectively.
channel is the discrete memoryless non-symmetric tem%%finition 1 Letu —

: o : oo ty) andv = (vy, ..., v,) tWO
channel depicted in Fig. 1, and denotedy The channel is B .(ul’ ) Un) o .
characterized by an input alphab&t = {0, 1,2}, an output ;Zﬁféi :53' The distance du.(u, v) betweenu and v is
alphabety = {0, 1,2}, and a set of conditional probabilities '
P(y|z) such that the symbol is received correctly with . it & (u,v) > 0

probability 1 — p and received as & or a2 with crossover 6o, v) log(1 — p)
probability p/2, and symbolsl and 2 are received as 8 dyvr(u,v) = O\t & p .

: o . . —1(u,v)log(l —p/2)  otherwise
with crossover probabilityp/2 and received correctly with o (uv) log(p/2)
probability 1 — p/2. Hence, transitiond — 2 and2 — 1 0™ glp )
are not allowed.

A. Graell i Amat was funded by a Marie Curie Intra-Europeatidveship INote thatdyy, is not formally a distance as it is not symmetric and as
within the 6th European Community Framework Programme. the identity of indiscernibles does not hold.



where

do(a,v) = |{i|u; = v; = 0}
d1(u,v) = [{ifu; = vi # 0}

2
dp(u,v) = [{i]u; # v Aujv; = 0} 2)
o (u,v) = [{i|u; # v Augv; # 0} .

where
0 if U; = Uy,
dA(ui,vi) = 1 if w; # v; A uv; =0, (8)
oo if u; #v; A ujv; # 0.

Using this distance measdreve can define the following
decoding rule which does not depend jan

In (2) dp(u, v) andd; (u, v) denote the number of positions

i where u; and v; are both equal, and; = v; = 0 and

u; = v; # 0, respectively. For symmetric channels, there is

no need to distinguish between positions whefe= v, =
0 and positions where,;, = v; # 0, since the probability

of the transitions) — 0 is the same as the probability for

any other non-error transition. However, for chanfgl this
distinction is required. Alsaj;(u, v) anddj (u, v) denote the
number of positions whereu; andv; differ, andu,;v; = 0 and

u;v; # 0, respectively. Again, this distinction is not necessa

for symmetric channels.
As the channel is memoryless, the probabilityy|x) of
receivingy, being codeword transmitted, is

n

[P wilz) 3

=1

Pylx) =
We can therefore relaté\,(x,y) to P(y|x):

n

Z —log(P(yilz:)) = dmr(x,y).

i=1

—log(P(y[x)) (4)

Using dyr,, the ML decoding rule can be formulated as

follows:

Given a received worgr, decode to the codewoxd
that minimizes the distanaé,(x,y).

Proof: It is sufficient to prove that for a givep, whenx
varies among codewordgy,(x,y) increases whet (x|y)
decreases. Fafy,(x,y) = oo, there is a position such that
the transition that goes from; to y; is not allowed, therefore
P(x]y) = 0. We consider the case whedg,(x,y) < oo:

P(x) P(x)

P(y)P(Y|X) = exp (—dmL(x,y)). (5)

SinceP(x) does not depend on the transmitted codeword
we have:

(6)
|

P(x]y) x exp (—dmL(x,y)) .

We conclude by monotonicity of the exponential.

Unfortunately,dyr, depends on the channel transition prob-

ability p. Therefore, ML decoding based af\, is cum-

bersome. To circumvent this drawback, a simple alternative

decoding rule is proposed in the following.

Definition 2. Letu andv be two vectors i¥%. The distance
da(u,v) betweenu andv is defined as:

da(u,v) = dalui,v) @)
=1

Given a received worg, decode to the codewoxd
that minimizes the distancé, (x,y).

In the rest of the paper we shall refer to this decoding
rule as tod-decoding. We denote by, the error correction
capability of a cod& over the channel underd,-decoding.
Note that dp-decoding does not necessarily minimize the
probability of error. However, the following theorem givas
upper bound orp under which, if less than or equal tQ

"Errors occurd -decoding is equivalent to ML decoding:

Theorem 1. LetC be a ternary code, and 16t be the ternary
channel of Fig. 1 with transition error probability. da-
decoding and ML decoding of vectors transmitted with less
than or equal tat 4 errors overH are equivalent for all codes
C of lengthn if and only if:

Proof:

p/2 1-p \ 7
1—p/2
« Direct implication:

I—p

We assume that (9) does not hold. Foodd, we write

n = 2m + 1. Consider the codé = {0™, 1"} consisting

of two codewords, the all-zero codeword and the all-
one codeword, and the received vector= 0™*+11™
consisting ofm + 1 zeros andm ones. Clearly,da-
decoding decodeg to the all-zero codewor@™. On the
other hand,

P(y[0™) = (1—p)™ "' (p/2)™ ,
P(y[1") = (p/2)" "' (1 —p/2)™.

Using the hypothesis, we obtaif(y|0™) < P(y|1™).
Therefore, ML decoding will not necessarily decode to
0.
If n is even, we use the same argument considering the
same vectors with an extra zero appended at the end.

« Converse:
Only the sketch of the proof is given here.
We prove that for a vector andof weightw, and another
vectorx in F% such thatds (x,y) = d, if d is finite, then:

9)

(10)

x (E)d(l— D) (1—pnvdif d <n—w,
Plvkd = { (z)d(l— 2)nﬂi otherwise.
2 2
(11)

We denote this upper bound Wy " (n,w, d). We find a
similar lower bound that we calB~ (n, w, d), such that

2Note that in this case the identity of indiscernibles holdd the distance
is symmetric. However, the triangular inequality does naitihanymore.



14 It is easy to check thatg is such that, for,; andv; in Fs:
0 if U; = V4,
0.8 dB(ui,vi) = 1 If w; £ v; N uiv; =0, (15)
2 if ’U%#’Ul/\uﬂh?éo
Definition 4. Let x and %X be two codewords af. We define
0.6+ the minimumdg-distance of a cod€, dg min, as
p dB,min = min dp (X, )~() (16)
x,xeC
0.4 ~
X #X
0.2 Then, assuming s -decoding, the error correction capability
ta of a code over the channét is given by the following
proposition:
0- T T T T T T T T T T e . oy
20 40 60 80 100 120 140 160 180 200 Proposition 1. The error correction capability, of a code
" C over the ternary channét is:
Fig. 2. Maximum value ofp for equivalence between ML decoding and - dB,min -1 17
da-decoding rules. ta = 9 (17)

Proof: Let x andy be the transmitted and the received
for all x,y € F2, if w denotes the weight of andd the vectors, respectively. If a decoder implementing tig-

ds-distance betweer andy, decoding rule erroneously decodgdo x # x, then
B~ (n,w,d) < P(y|x) < B*(n,w,d). (12) da(x,y) 2 da(x,y) (18)
Then, we show that for alk, for all w < n and for all Using (18) and Definition 3,
d < n — 1, the following inequality is equivalent to (9): 2dA(x,y) > da(x,y) + da(y,x) > d(x,X)
B~ (n,w,d) > BT (n,w,d+1). (13) > dp min > 2 \‘%J ] (19)

Thus, if (9) holds and if the minimization afx (x,y) ) .
yields a uniquex (which happens whenever less thar']l'herefore, we successfulty,-decodey if

or equal tot, errors occur), thes obtained is the same da(x.y) < LdB,min — IJ (20)
as the one obtained by maximiziix,y), i.e. the two T 2 ’

decoding methods are equivalent. whered, (x,y) is the number of errors that occurred during
B the transmission ok.

The upper bound op given by (9) is depicted in Fig. 2. Conversely, by Definitions 3 and 4, there exist two codewords
da-decoding and ML decoding are equivalent for all valueg andx and a vectory e F% such that
of p under the curve. For reasonable valuesnofi.e. n < -
100, the equivalence holds for values pf< 0.1 compatible dg(x,X) = dp,min 1)
with the error rate in EEPROM memories. Therefore, dae dp(x,%) = da(x,y) + da(y,X).
decoding rule can be considered instead of the more Commﬁ%ﬁerefore, ifda(x,y) > ta, then
ML decoding rule with no loss in performance. ~

d (X ) > dB,min _ dA(Xay) +dA(y7X) (22)
[1l. ERROR CORRECTION CAPABILITIES ALY = 2 2 ’

In this section we analyze distance properties and errer ctitus ds (y, %) < da(x,y), and thed,-decoder may fail to
rection capabilities of ternary codes over the ternary oean decodey to x. [ ]
‘H underdx-decoding rule defined in the previous section. To
do so, instead of using directly the distance measiirewe

require the definition of another distance measure: In this section we give a simple upper bound on the size of
codes over the ternary chanrtélassumingia-decoding. The

Definition 3. Letu andv be two vectors irfy. The distance pound we introduce is a sphere-packing bound. However, its
ds(u,v) betweenu and v is defined as: formulation is harder than for the case of symmetric chasinel
ds(u,v) = min (da(u, w) + da(w,v)). (14) Due to the fact that transitions between. sy_mbbbnd2 are
weFy not allowed, the ternary space we deal with is not isotropit a
has the shape of an hypercube of dimensigrcentered on

IV. A SPHERE PACKING BOUND



221 201 211 Therefore, ifn > 0 andw < n — 1,

/ / /
021 001 011 V(n,w,r) =V(n,w+1,7) =
7/ 7/ / =Vn-lLwr—-1)-Vn-1wr—2)>0.
121 101 111 27)
/210 From (27) it follows that the spheres of minimal volume are
010 the one centered on words of maximum weight.
v Now, we give an expression fa?(n,n,r). We consider the
120 100 110 all-one vectorl™. Letv € F3: v is in S(1",r) if and only if
219 dg(1™,v) < r. We denote byl this distance, and by, the
2 number of positiong wherev; = 2. The number of positions
012 j wherewv; = 0 is d — 2ep. The number of vectors that
/ match a givend ande; is therefore:
122 102 112
n n —es
Fig. 3. F3 with distancedp (62) (d - 262) '
We conclude by summing over all possibleand es:
rld/2]
the all-zero vector (seg Fig. 3 far = 3). Therefore, ;pheres Is™,r)| = Z Z (n) (n — €2 ) (28)
have smaller volumes if they are closer to the vertices of the e d — 2ez

d=0 e2=0
hypercube. The goal here is to find how many spheres of a ’

given radius can be placed in the ternary space. We give
lower bound on the volume of the spheres:

[ |

4t is now possible to formulate the sphere-packing bound
for our channel:

Propositio_n 2. We denote byS(u,r) the sphere with center Theorem 2. Let C be a code of length and minimumds-

u and radiusr in F3*: distancedp i, over the ternary channét. If |C| denotes the

S(u,r) = {veF;|ds(uv)<r} (23) Size0fC. §
| o < ’ . (29)
The voluméS(u, )| of S(u,r) is such that: ta Ld/2] (n) (n _ 62)
r |d/2] n n—es d=0 3—0 €9 d— 262
[Su,r)| = Z Z (62) (d _ 262) (24) Proof: Let x and x be two codewords ofC. Since
d=0 e2=0 dp(x,X) > 2ta + 1, the spheresS(x,ts) and S(x,ts) are
non-intersecting. This implies that
Proof: We first prove that the smallest spheres are the
ones centered in words of maximum weight (the vertices of U S(x,ta)| = Z |S(x,ta)
the hypercube). xeC xect 4/2] (30)
Let n andr be two integers. Fow < n, letu,, be a vector of > ] XA: Z (n) (n —eg
F% of weightw. The volume ofS(u,,, ) is independent from = es ) \d—2es5)
the choice ofu,,. We denote it by (n, w,r). Forn > 0, we =0 e2=0
denote byu/, the vector ofF7 ' obtained by removing the Furthermore,
last symbol ofu,,:
U St ta)| < B3] = 3™ (31)
V(n,w,r) = |{veFy|dp(uy,v)<r} x€C
= |{w0|w e F;~! Adp(u),,w) <7} Therefore, we conclude that
+{wl|w e Fy t Adp(ul, w) <r— 1} 3n
+{w2|w e Fy ' Adp(u,w) <r— 1} IC] < 12 .
= V(n-1lw,r)+2V(n—-1wr—1) ZZ (n)(n—eg)
(25) ez ) \d — 2e3
where forw € F; ™', w0 denotes the vector df% obtained =0 e2=0 -

by appending & at the end ofw.

Similarly, we show that forw < n — 1 Nit that this bound is less tighter as largég min are

considered, since the tightness of the lower bound on the
Vin,w+1,r) = V(n—1,wr)+V(n—1wr—1) volume of the spheres given by Proposition 2 also decays
+V(n —1,w,r —2). when dp min increases. This explains the results of Table |
(26) presented at the end of the article.



V. CONSTRUCTIVE LOWER BOUND

In this section, we give a constructive lower bound on the
size of codes over chann®l and show the existence of good
codes. We define mappings that are applied to binary codes
to generate a set of codewords Bf that respects a given

minimum dg-distanceds min-

A. Mappings and their topological properties

Proof:

dp(pu (), pu (@) = dp Zﬂjegu(ﬂ’ a;e%(?)
j=1 j=1
= dgliiy, i) = dp (1, W)
j=1
(37)
|

Let u be a vector off; andw, its Hamming weight. We Proposition 5. For u,v € F%, anda € Fy* and v € F4Y
denote bygu(j) (1 < j < wy) the j-th non-zero coordinate both with no0 coordinate, the following |nequal|ty holds:

of u. We define the mapping,, such that:

. Wu mn
Yu: Iy — T3
Wu

u ’ E Uj€g,(4)
j=1

where(e;)1<i<n IS the canonical basis dff.
We also call€, the subspace of% defined by&, =
eu (F5™). For instance, foru = 10011000, ¢,(201) =

dp(pu (1), oy (V) = dp(u,v) . (38)

Proof: We denote the vector dfy* with all coordinates

(32) atlby1™. Asua andv have no0 coordinate:

dp(pu(0), oy (V) = dB(pu(1**), oy (1)) = ds(u, V) -
(39)

B. Construction and lower bound

20001000 and the elements &, are the vectors of the form The aim of this section is to build, with and minimum

a00bc000 for a, b, c € F3.

dp-distancedp min given, saydp min = d, an[n, M, d] code

We define another mappingthat transforms a binary word for the ternary channéi with reasonable\/, whereM = |C|
into a ternary word with nd) coordinate by changing theis the cardinality of the code, starting from elementaryayn

symbols0 into 1's and the symbolg into 2's:
Y Fy

u — Z(ui—i—l)e
i=1

n
F3

(33)

These mappings have several topological properties regard

ing dg:

Proposition 3. Letu and v be two vectors iffy, and« the
mapping defined in (33). It follows:

dg (w(u)a ¢(V)) = 2dp (U., V) : (34)

Proof: Sincedp(1,2) = 2dp(0,1) anddg(a,a) = 0 for

all a € F3, we have

d(P(u), ¥(v)) = ZdB((w(U)) (¥(v))i)

ZZdB u; + 1, Ui-i-l)

(35)
=1
Z B(ui,v;) = 2dp(u,v) .
[ ]
Proposition 4. Letu € Fy. For a,a’ € F3™ it follows,
dp(pu (), pu (') = di (0, ). (36)

codes.

LetC be an(n, k, d) binary code with minimum (Hamming)
distancedu min equal tod and denote byA; its weight
enumerator, the number of codewords of weightt < h < n.
For all h such thatA,, # 0, let C,, be a(h, ky, [d/2]) binary
code. We consider the following ternary code:

¢ = Jwex (¥(Cu)) (40)
xcC
Proposition 6. The cardinality of cod€ satisfies:
| = Z Ap|Chl (41)

Proof: Since for allx, ¢x andzp are trivially injective, it
is enough to prove that the umU cpx P(Cy )) is disjoint.

xeC _
For x,z € C such thatx # z, let x € x(¥(Cy,)) and

z € ¢z(1(Cy,)). By Proposition 54p(x,z) > du(%,z) > 0,
thusx # z. ]

Corollary 1.
(42)

Cl =) Ap2t
h=0
Proposition 7. Let x and z be two codewords of. Then
dg(x,z) > d.

Proof: Let x andz be two distinct codewords af. We
denote byx the codeword of’ andx’ the codeword of,,,
such thatx = px(¥(x’)) (the unicity is proved in the proof
of Proposition 6). Likewise, we defing andz’ with respect
to z. We consider two cases:



TABLE | . . . .
CONSTRUCTIVE LOWER BOUND AND UPPER BOUNI{IN BRACKETS) on  CONStruction is not required to compute the lower bouncegiv

THE s12E (logy M) OF CODES AS A FUNCTION OF 7, AND dB min n andd, we only require to know the weight enumeratbg
\ of C, which can be found in [4]. On the other hand, for codes
dB min\P 8 16 32 64 128 ~ ey ;
5 TT(12) | 24 (25) | 49 (50) | 100 (101) | 201 202) Cu, Only th(_e knowledge of Fhe sizig, is required. The results
4] 709 | 19(21) | 43(45) | 93(95) | 193(195) are shown in Table I. For givem anddg min, We report in the
6 12(18) | 34(41) | 82(90) | 180(189) table the valuéog, M. The upper bound on the size of codes
1‘3 4(5) | 11(15) | 28(38) gg Eg% i;g 8%‘; over H of lengthn and minimumdg-distanceds iy is also
12 21(32) | 61(78) | 151(174) given in the table in brackets (also in the fotag, M).
14 52(74) | 140(170)
16 5(7) | 17(27)| 46(71) | 132(165) VI. CONCLUSION
20 118 (157) ; ; ; ) ;
2 36(62) | 106 (154) In this paper, coding for a _p_artlcular non-symmetric teynar
24 36 (59) 98 (150) channel where some transitions are not allowed, was ad-
28 30(54) 86 (143) dressed. We derived the maximum likelihood decoding rule
= 6(12) | 28(49) 8 Eﬁg for this channel and showed that it is too complex, since it
48 60 (114) depends on the error transition probabiptywe then proposed
56 50 (104) an alternative decoding rule, callel -decoding, based on a
1625?3 7(22) 42 811)) more suitable distance measure. We showeddhRadecoding

and ML decoding are equivalent for values fof interest.
Further, we analyzed error correction capabilities of deyn
codes over this particular channel undét-decoding. We
gave an upper bound and a constructive lower bound on the
code size, showing the existence of good codes. Following
the proposed constructive method, we found good codes for
several values of. anddg min-
dp(x,2) = dp(x(V(X')), 02(1(2')) = ds(¥(X'), ¥(2))  |n the paper we did not make any considerations regarding
=2dg(x’',z") > 2[d/2] > d . the complexity of encoding and decoding. Further research
(43) includes finding binary codes better adapted to the cort&nic
method, and a simple method to map a binary input to the
ternary codewords to be effectively used in memory devices.

o Casex = z: In this casex’ andz’ are two different
codewords ofC,. (otherwisex = z). Thus, by choice
of the codeC,, it follows that dg(x’,z’) > [d/2]. By
Propositions 3 and 4,

« Casex # z: By choice ofC it follows thatdg (%, 2z) > d.
Now, by Proposition 5,
i (x,7) = dp (px (V(X), 02 (0(2))) > dp(x,2) = d REFERENCES
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