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Abstract—A simple lemma is derived that allows to transform
a general single-user (non-Gaussian, non-additive) continuous-
alphabet channel as well as a general multiple-access channel
into a modulo-additive noise channel. While in general the
transformation is information lossy, it allows to leverage linear
coding techniques and capacity results derived for networks
comprised of additive Gaussian nodes to more general networks.

Index Terms—Lattice codes, Network coding , Additive Noise.

I. I NTRODUCTION

There has been considerable progress in recent years in
deriving structured coding schemes and capacity results for
single-user channels as well as networks with AWGN noise,
e.g., [2], [7], [10], [4], [6], [1]. A key ingredient in these
results is the use of linear/lattice codes that are particularly
well suited for additive noise channels. In this work, we derive
a lemma that allows to leverage these techniques to networks
which have general multiple-access channels (MAC) nodes.
Specifically, we provide a transformation that transforms a
general (neither Gaussian nor additive) continuous-amplitude
MAC, into an modulo-additive one, at the price of some
information loss.

For some channels, the rate increase offered by lattice
coding outweigh the loss in mutual information incurred by the
transformation. More specifically, for any network of Gaussian
channels for which lattice encoding schemes are exploited to
derive an achievable rate region, using the derived lemma, one
may obtain an analogous inner bound on the rate region for a
network with the same topology but with general channels.

The transformation is a simple extension of the mod -Λ
transformation derived for single-user channels as given in [2]
and specifically the version given by Forney in [3].

II. M ODULO LATTICE TRANSFORMATION

Consider a general multiple-access channel withM users.
For simplicity, the derivation below will be written in terms
of a two-user (M = 2) MAC. The extension to the general
case is straightforward. We thus assume a two-user MAC
with inputs X1, X2 and outputY , with a general transition
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distributionw(Y |X1, X2), where all random variables are real-
valued and continuous. Unless stated otherwise we assume
that all transmitters as well as the receiver have full channel
knowledge. We further assume that the transmitters are subject
to an input constraint. In the following the input constraint will
be taken to be a power constraint so that the inputs must satisfy
E[X2

i ] ≤ PX,i. We may transform the channel into a mod -Λ
MAC as we describe next.

Let Λ be a lattice and letV be some fundamental region of
Λ. Let vi ∈ V , i = 1, 2, be the information bearing signals of
the users. Further, letUi ∼ Unif(V), i = 1, 2, be independent
dithers uniformly distributed overV . We assume that the dither
Ui is known to transmitteri as well as to the receiver1. For
any scalar functionf : R → R, when operating on ann-
dimensional vector, we define its operation as the cartesian
product extension. That is, forx ∈ R

n,

f(x) = (f(x1), . . . , f(xn)) .

With this notation, the transmitters operate as follows.

Transmitteri
Computes:

X
′
i = [vi + Ui] modΛ. (1)

Sends the preprocessed signal:

Xi = fi(X
′
i). (2)

wherefi(·) satisfies the power constraint,

E[fi(U)2] ≤ PX,i. (3)

Note that due to the dither,X′
i is uniformly distributed over

V (see [2], [3]), for any value ofvi. Let S = k1X
′
1 + k2X

′
2

wherek1, k2 are integers. Let̂S = g(Y) be an estimator ofS
from the outputY. Ideally, the criterion for estimation should
be that of minimum noise entropy but any other estimator
may be used. Denote the estimation error byN = Ŝ−S. The
receiver processes the output as follows.

Receiver
Computes:

Y
′ = [Ŝ− k1U1 − k2U2] modΛ

= [g(Y) − k1U1 − k2U2] modΛ. (4)

1In practice, a pseudorandom sequence will be used at both transmission
ends.
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Fig. 1. The general modΛ transformation.

We now observe that the induced channel fromv1,v2 to Y
′ is

indeed additive moduloΛ. From (4) and using the definition
of S we obtain,

Y
′ = [Ŝ + (S − S) − k1U1 − k2U2] modΛ

=
[

Ŝ + k1([v1 + U1] modΛ) + k2([v2 + U2] modΛ)

− S− k1U1 − k2U2

]

modΛ

= [k1v1 + k2v2 + (Ŝ − S)] modΛ (5)

= [k1v1 + k2v2 + N] modΛ,

where (5) follows sincek1 and k2 are integers. Note that
(V1,V2,U) ↔ (X1,X2) ↔ Y forms a Markov chain. Since
X1,X2 are independent ofV1,V2, so is the pair(S, g(Y))
and henceN. We thus obtain the following lemma,

Lemma 1: Applying the transmission scheme (2), (4), re-
sults in a mod -Λ additive noise channel:

Y
′ = [k1v1 + k2v2 + N] modΛ (6)

whereN = Ŝ − S is independent of the inputsv1 andv2.
We note that the lemma generalizes the single-user version

of [2] in several ways. First, it applies to any channel, which
need not be Gaussian nor additive2, and thus extends results
even for a single-user channel. Second, it treats multiple-access
channels as well. We further note that while in [3] the optimal
estimator turned out to be linear since the channel considered
was an AWGN channel, it is apparent that in a more general
setting, non-linear estimation is beneficial.

We refer to the application of the functionsfi(·) at the
transmitters (2) as “preprocessing” and to the applicationof the
functiong(·) at the receiver (4) as “postprocessing”. Allowing
for preprocessing at the transmitters is of great value, as will
be seen in the examples below. The ability of the transmitters
to choose suitable preprocessing functions of course depends
on their having channel knowledge. Furthermore, in general,
determination of the optimal preprocessing and postprocessing
functions calls for a joint optimization3. We note that pre-

2We note that as opposed to the single-user additive Gaussiancase, in
general there is information loss associated with having the receiver use only
Y′ (i.e., it is not a sufficient statistic) rather than(Y′,U).

3In a slowly varying environment, for instance, the pre/postprocessing
functions could be performed at the receiver and the determined preprocessing
functions would be fed back to the transmitters.

processing was not allowed for in previous works such as
[8] where a time-varying channel model was assumed and no
channel knowledge was available to the transmitters.

Consider now a single user modΛ channel

Y
′ = [kivi + N] modΛ. (7)

Note first that sinceki is an integer, as long as it is non-
zero, it has no effect on the capacity of the channel, which
may be achieved by taking the inputVi ∼ Unif(V), a choice
that results also in[kiVi] modΛ ∼ Unif(V). We denote the
resulting capacity byCΛ, where we suppress the dependence
on the particular choice of encoding functionsfi, the choice
of lattice Λ and the choice of estimatorg(·). We have,

CΛ =
1

n
log |V| − 1

n
h(N modΛ)

≥ 1

n
log |V| − 1

n
h(N).

Denote the set of (indices of) “active users”, for whichki 6= 0,
by A. It is easy to see that the capacity region of the modΛ
MAC (6) is the set of all rate vectors satisfying,

∑

i∈A

Ri ≤ CΛ, and Ri = 0, for i /∈ A. (8)

Note that in our formulation, all users transmit simultaneously4

and this assumption also affects the capacity for the other
users. In particular, even for the case of an additive Gaussian
MAC, the transformation is lossy as seen in Example IV-B
below. Note also that the capacity region of the modΛ MAC
(8) is symmetric in the users, which means that in a sense
“stronger” users suffer due to “weaker” ones.

One way to achieve a general rate vectorR is by time
sharing of corner points of the form(0, . . . , Ri, . . . , 0), cor-
responding to only one user, say useri sending a message
at any given time, while for all other usersvj = 0, j 6= i.
Alternatively, one can have all users sending a message
simultaneously, each user using a (different) codebook drawn
uniformly overV with rate close toRi, and decode using a
joint maximum likelihood (ML) decoder. In certain network

4This is true even for users for whichki = 0, as dictated by (2) due to the
dither. Nonetheless, choosingki = 0 for a user, still increases the capacity
of the other users as it allows for better estimation.



settings however, further discussed below, the users will use
neither of these coding approaches but will rather all send
messages simultaneously while using thesame codebook
(which will be linear). In such a scenario, the decoder’s task
is to decode a linear combination of the messages (see, e.g.,
[6], [1]) rather than the individual ones (which will in general
not be possible). In a network scenario, different MAC nodes
may choose to focus on different subsets of users, i.e., they
may setki = 0 for different users, thus working with different
sets of “active users”.

III. N ETWORK CODING USING NESTED LATTICE CODES

As our motivation for the modΛ transformation is to allow
to leverage the strengths of linear coding in a network coding
scenario, we now briefly describe how this may be achieved
using the framework of nested lattice codes.

As an example scenario, we may consider the Gaussian
relay network proposed in [8], depicted in Figure 2, where
M users wish to communicate with a destination (central
decoder) through a layer ofL relays. Each relay receives some
weighted (by the fading coefficients) linear combination ofthe
transmitted signals corrupted by AWGN, i.e., each relay is a
Gaussian MAC.

We note that the approach we describe is different than
the one taken in [8] which relies on treating the codewords
as Gaussian sources. In particular the approach of [8] calls
for decoding first the latticeΛ (necessitatingΛ to be a good
channel code), while the nested lattice approach does not. The
nested lattice approach has been described in in the contextof
Gaussian networks in [6], [1], [9].

In general, for any latticeΛ used in the transformation, we
may use a “fine” latticeΛ1 such thatΛ ⊂ Λ1, i.e.,(Λ, Λ1) is a
nested lattice pair [2]. The codebook for all users will thenbe
C = Λ1 ∩V . It is not hard to show that for any5 coarse lattice
Λ, there exists a fine latticeΛ1 such that the resulting code
C = Λ1 ∩ V will approach the capacityCΛ as the dimension
goes to infinity, when used over the channel (7). This may be
shown by random coding as in [5] (see also [2]).

We now further restrict the choice of the nested lattice pair,
for reasons that will become clear shortly. In the rest of this
section, we will focus for simplicity on the case whereΛ =
p · Zn wherep is a (large) prime number.6 That is, the lattice
is a Cartesian product of a uniform one-dimensional lattice.
We takeV = [0, p)n as the fundamental region. We further
assume that the codeC is a linear code overZp. That is, it is
spanned by someκ×n (1 ≤ κ < n) generating matrix whose
elements are in the fieldZp,

C = {c : c = n · G modp for some n ∈ Z
κ
p .}

The fine latticeΛ1 is obtained by “lifting” C using Λ1 =
C + p ·Zn, i.e.,Λ1 is generated fromC using Construction A.

5To be precise, the coarse lattice should be chosen to be a Cartesian product
of Λ, see [2].

6The results may be generalized to obtain “shaping” along thelines of
Section VII of [2].

The benefit of using a nested lattice approach as described
above is that the coding problem is greatly simplified; it
reduces to coding and decoding of a linear code over an
additive-noise channel over the fieldZp. We now examine
the “network coding” aspect of the problem by considering
the setup proposed in [8]. Recall thatM denotes the number
of users and suppose we haveL ≥ M MACs (i.e., relays), all
sharing the same inputs. Applying a modΛ transformation on
each, we obtainL channels,

Y
′(l) =

[

M
∑

m=1

km(l)cm + N(l)

]

modp, l = 1, . . . , L.

Assuming correct decoding7 by someL′ ≥ M relays, each
of these relays will obtain knowledge of a linear combination
c̄(l) = [

∑M

m=1 klmcm] modp. Assuming now that a central
node obtains from each MAC its decoded output, as well as the
coefficient vectorsk(l) modp, then it will be able to recover
the messages if and only if the matrix

















k1(1) k1(2) . . . k1(L
′)

k2(1) k2(2) . . . k2(L
′)

...
...

...
...
kM (1) kM (2) . . . KM (L′)

















is full row rank overZp.

IV. EXAMPLES AND APPLICATIONS

A. Multiplicative MAC with AWGN noise

Consider the channel,

Y = X1 · X2 + Z,

whereZ is zero-mean AWGN with variancePZ andX1 and
X2 are subject to power constraintPX . Let Λ = AZ be the
one-dimensional lattice of integers, so that the fundamental
region is V = [0, A). The information bearing signals take
values invi ∈ V . We may take

Xi = fi(X
′
i)

= c · ebX′

i ,

where the constantsb, c are such that the power constraint is
satisfied. At the receiver we get,

Y = c2eb(X′

1
+X′

2
) + Z.

We defineS = X ′
1 + X ′

2. Consider the following estimator,

Ŝ =
1

b
ln(|Y/c2|).

Figure 3 depicts the probability density function (PDF) of the
effective noise whenb = 1,c = 4 andPZ = 1.

7We implicitly assume that a relay that is not able to decode isaware of
that and “declares an erasure”.
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Fig. 3. PDF of effective noise in Example IV-A.

B. Gaussian MAC

Consider anM -user Gaussian MAC,

Y =

M
∑

i=1

hiXi + Z, (9)

whereZ is zero-mean AWGN with unit variance and useri
is subject to power constraintPX,i. We also denoteSNRi =
PX,ih

2
i . We assume throughout the rest of the paper that all

users are active, i.e., that|A| = M .
1) Symmetric case: Assume thatSNRi = SNR for all i =

1, . . . , M . LetV be the fundamental Voronoi region of a lattice
Λ. Assume further thatΛ is normalized so that1

n
E[‖U‖2] =

1 whereU ∼ Unif(V). The information bearing signals are
vi ∈ V and the “dithered information bearing signals are given
by (2). The output of the transmitters is thus,

Xi =
√

PX,i ·X′
i

=
√

PX,i · ([vi + Ui] modΛ) .

Define S =
∑M

i=1 X
′
i, i.e., we takeki = 1 for all i. It

seems reasonable to take a linear estimator in this example.
The optimal linear MMSE estimator ofS from the outputY
is

g(Y) =
M ·

√
SNR

M · SNR + 1
·Y.

Taking a sequence of lattices with normalized second moment
G(Λ) → 1

2πe
asn → ∞, results in

CΛ =
1

2
log

(

1

M
+ SNR

)+

,

wherex+ meansmax{x, 0}. Comparing this capacity with the
sum - capacity of the MAC, i.e., with12 log(1 + M · SNR),
we observe that we suffer from two losses8 (see also [10], [6],
[8]). First, we lose a factor ofM in power. This will be the
dominant loss at high SNR. Second the “1” is replaced by 1

M

which limits performance at low SNR9.
2) Non-symmetric case: Assume now that the users enjoy

different SNRs. Without loss of generality, we label the users
so that

SNR1 ≤ SNR2 ≤ . . . ≤ SNRM .

We also denoteSNRmin = SNR1. It is now beneficial to
allow the users to scale their inputs with a gainβi that may be
smaller than

√

PX,i, i.e., we allow for some “power backoff”.
This results in the effective channel,

Y =

M
∑

i=1

hiβi · X′
i + Z. (10)

8We note that these losses are not due to the modulo operation at the
receiver and are encountered even when ML decoding is used atthe receiver,
see [6].

9Note also that at low SNR time sharing is beneficial.



Consider using a linear estimatorŜ = αY for S =
∑M

i=1 kiX
′
i

where theki are integers to be chosen. Then the estimation
error is given by

N =

M
∑

i=1

(ki − αβihi) · X′
i + αZ.

Notice that we may always chooseα and the gainsβi so as
to ensure thatαβihi is a (non-zero) integer for alli. Indeed in
the case of a single MAC (as opposed to a network setting), at
high SNR, an optimal choice satisfies thatk1 = 1 (the choice
of ki, for i > 1 has no effect onCΛ in this limit but does on
the power consumed) and using

α = 1/
√

SNRmin

and
βi =

√

SNRmin/SNRi ·
√

PXi
.

With this choice we obtain a modΛ channel with capacity
CΛ = 1

2 log
(

1
M

+ SNRmin

)

. For non-high SNRs, the choice
of the vectorsk along with the vector ofβi and the valueα
involves a non trivial optimization similar to the one described
in [8]. This optimization becomes even more involved when
we consider a number of MACs as described in the previous
section, as then we also have to require that the resulting
equations be linearly independent.

We note that the “left over” power need not go unused.
Using superposition coding along with “power backoff”, the
“left over” power may be used successively to form layers
of Gaussian MACs, each time with less users. That is, after
the first layer, we will be left with a MAC with no more than
M−1 active users, then withM−2 and so forth. The decoder
will correspondingly use a successive decoding and stripping
approach.

3) Bi-Directional Gaussian relay: Consider the bi-
directional two-user Gaussian relay studied in [6], [1] where
the “uplink” is a two-user MAC as described in (10) with
M = 2, and where the “downlink” to useri is given by,

Yi = hiX + Z, i = 1, 2

whereZi is AWGN with unit power. The power of the relay
is assumed to be at leastmax{PX,1, PX,2}. Using the results
of Section IV-B2 with the nested lattice approach describedin
Section III we recover the result of [6], [1] that a transfer rate
of

2CΛ = 2 · 1

2
log

(

1

2
+ SNRmin

)

is achievable, where we measure rate as total number of bits
received by both users per channel use peruplink cycle.

C. On/off fading MAC

In this example we show how the recently proposed methods
employing linear/lattice codes, when applied with the modΛ
transformation, may be extended to channel models which are
not additive. If the channel is “not too far” from additive, meth-
ods based on linear coding may result in an achievable rate
region which is larger than that obtained using “conventional”
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Fig. 4. PDF of effective noise in Example IV-C1.

approaches which do not exploit linearity. We demonstrate this
by considering an on/off fading MAC.

1) Single-user on/off fading channel: Consider the channel,

Y = HX + Z, (11)

whereH is an i.i.d. Bernoulli random variable taking the value
0 with probability pout and the value1 with probability 1 −
pout. The noiseZ is AWGN with unit power and the inputX is
subject to power constraintPX . We assume thatH is unknown
to both transmitter and receiver. A simple upper bound on the
capacity of this channel is obtained by allowing the receiver
knowledge ofH , resulting in,

C ≤ (1 − pout) ·
1

2
log(1 + PX). (12)

We now demonstrate how the channel may be transformed
into an additive one. We use a very crude (far from optimal)
choice of parameters. We takeΛ = A · Z·, with fundamental
region isV = [−A/2, A/2) whereA =

√
12PX . We take the

input to the channel to be,

X = f(X ′
i) = X ′

i.

Since the channel is a single-user channel, we defineS = X ′

and let the estimator by simplŷS = Y . This results in effective
noise,

N = Y − X ′

= (H − 1)X + Z

Note that the PDF ofN modΛ is a mixture of a normal PDF
(of unit variance) with weightq = pout and uniform PDF with
weight 1 − q. Figure 4 depicts the PDF of the effective noise
for pout = 1/2 andPX = 40.

2) Multiple access on/off fading channel: We may gener-
alize the channel (9) to an on/off fading MAC,

Y = H1X1 + H2X2 + Z. (13)

For simplicity we consider only the symmetric case whereH1

andH2 are both i.i.d. and independent of each other, both with
outage probabilitypout. We further assume that both users are



subject to the same power constraintPX and that the noiseZ
is AWGN with unit variance. As for the single-user channel,
a trivial upper bound on the capacity region is obtained by
considering the case where the receiver has knowledge of both
H1 and H2. We only consider the sum rate in this example,
for which this bound yieldsCsum ≤ CU

sum, where,

CU
sum = (1 − pout)

2 · 1

2
log (1 + 2PX)

+ 2pout(1 − pout) ·
1

2
log (1 + PX) . (14)

Taking the exact same approach as for the single-user case, we
let Xi = X ′

i, i = 1, 2, and defineS = X ′
1 + X ′

2 and Ŝ = Y .
This results in a modΛ channel with effective noise,

N = (H1 − 1)X1 + (H2 − 1)X2 + Z.

Note that the PDF ofN modΛ is as in the single-user case
(depicted in Figure IV-C1) but now withq = (1−pout)

2. The
capacity of the resulting channel is

CΛ =
1

2
log(12PX) − h(N). (15)

It is not hard to show that (forM users), we have

CΛ ≥ (1 − pout)
M · 1

2
log (12PX/2πe)− HB(q).

Thus, aspout → 0, the gap to the upper bound behaves as that
for the non-fading MAC. On the other hand, the gap becomes
very large for large values ofpout, particulary so whenM
is large. In this sense, it is not surprising that the method
proposed is of most value when the original channel is “not
too far” from additive.

3) Bi-directional relay channel with on/off fading: Consider
the bi-directional relay channel scenario of [6], [1] wherewe
replace the Gaussian MAC with an “on/off fading” MAC. The
“uplink” is described by (13) and the “downlink” is given by,

Yi = HiX + Z,

where both users as well as the relay are subject to the power
constraintPX . The capacity of the MAC (15) immediately
provides2CΛ as lower bound on the capacity of this channel.
Consider now a ”traditional” approach where the relay decodes
both messages and then relays the two messages in two (or
one if conventional network coding at the bit/message level
is used) communication rounds. A (loose) upper bound on
the information exchange rate is thenCU

sum where CU
sum is

given in (14). A simple calculation shows that for example,
for pout = 5%, the network coding scheme using the modΛ
transformation of Section IV-C2 outperforms the traditional
approach (as evaluated byCU

sum) for PX greater than≈ 7dB.
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