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Abstract— In this paper, we solve for the optimal spectrum
management of the sum-rate maximization problem in
two-user symmetric interference channels. A sum-power
constraint, or equivalently, equal power constraints are
assumed. First, by solving a closed form equation, we
explicitly obtain the optimal spectrum management in flat
channels as an optimal combination of flat FDMA and flat
frequency sharing, exploiting the fact that all spectrum
management schemes are built with these two basic
co-existence strategies. Based on this result, we show that the
non-convex optimization over the spectrum and power
allocation in frequency selective channels can be equivalently
transformed into a convex optimization in the primal domain.

1. INTRODUCTION

In multiuser communications systems, interference
coupling between different users remains a major problem
that limits the multiuser performance. When the
interference signal is strong enough to decode, interference
cancellation techniques [1] [6] [7] [8] can be applied.
However, to implement interference cancellation, not only
is the complexity high, but also the users need to have prior
knowledge of each other’s transmission schemes such as
codebooks. In this paper, we make the assumption that the
receivers do not apply interference cancellation. In this
case, interference is treated as noise.

We focus on finding the optimal spectrum and power
allocation that maximizes the sum-rate in two-user
symmetric interference channels. It is well known that this
class of spectrum management problem is in the form of
non-convex optimizations [9]. Despite the fact that
non-convex optimization is hard to solve, it is shown in the
literature that the duality gap of the general spectrum
management problem actually goes to zero when the
number of sub-channels goes to infinity [10]. This
fundamentally justifies the asymptotic optimality of
solving the problem in the dual domain, and establishes a
theoretical background for many approximation algorithms
developed using dual methods [3] [4] [10].

We solve this non-convex optimization problem in the
primal domain. We show that not only is there an
equivalent convex optimization that can solve the
frequency selective symmetric channel cases, but for the
flat channel cases, the optimal spectrum management
(OSM) can actually be obtained analytically instead of by
waiting for an algorithm to converge.

We start with flat channels and introduce the two basic
co-existence strategies — flat frequency sharing and flat
FDMA. We provide the necessary and sufficient condition
in power constraints for flat FDMA to have a higher
sum-rate than flat frequency sharing. This condition
characterizes quantitatively the trend in the form of the
OSM as the interference coupling and the power
constraints change. We then show that the exact OSM is
either a flat frequency sharing, or a flat FDMA, or applying
a flat frequency sharing and a flat FDMA in two disjoint
sub-bands respectively. Meanwhile, we show that the
maximum achievable sum-rate is the convex hull of the
rate functions (as functions of the power constraints) of the
two basic co-existence strategies. An analytical form of the
maximum achievable sum-rate as a concave function of the
power constraint is obtained after solving a closed form
equation.

Based on the solution of the flat channel cases, the
frequency selective channel cases can be solved by
formulating an equivalent convex optimization in the
primal domain. In retrospect, the methodology we provide
shares some common insight with the time sharing
condition discussed in [10].

The rest of the paper is organized as follows: in Section
I, we introduce the channel model and the sum-rate
maximization problem formulation; in Section III, we
introduce the two basic co-existence strategies that
constitute the OSM; in Section IV, we provide an
analytical form of the solution for the flat channel cases; in
Section V, we provide the primal domain convex
optimization formulation for the frequency selective
channel cases; concluding remarks are made in Section VI.



II. PROBLEM FORMULATION
An n-user interference channel is modeled by
y, = H,X +Zjii X;H; +n,i=12,.,n, where X is the
transmitted signal of user i, and y, is the received signal
of user i including additive Gaussian noise n,, (a user
corresponds to a pair of transmitter and receiver). H;; are
the direct channel gains, whereas H; are the cross

coupling gains. We assume the transmission is over the
interference channel without interference cancellation, i.e.
interference from other users is treated as noise. We
assume that the channel is frequency selective over the

band (f,, f,), where W = f, — . The channel gains H,
and H; are denoted as H;(f) and H;(f), f e(f,, f,).
Denote the transmit power spectrum density of user i by
P.(f), and the noise power spectrum density at receiver i

by o,(f). We then have the achievable rate for user i :
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Normalizing the channel gains and the noise power by the
direct channel gains, we have
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Thus, finding the optimal spectrum management
corresponds to optimizing over the power and spectrum
allocation functions P(f),i=12,..,n.

We consider the two-user symmetric frequency selective
Gaussian interference channels defined as follows:

a,(P)y=a, (f), Vfe(f,f,)
Nl(f): Nz(f)a v e(fl’ fz)

We solve the sum-rate maximization problem with an
equal power constraint P/2 for both users:
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Instead of solving the above problem directly, we relax the

equal power constraint to a sum-power constraint P:

max R +R,,st. :Z(Pl(f)+Pz(f))df <P,P(f)>0. (3)

R(F.P(1)
We will show in the following sections that the optimal
solution with the sum-power constraint (3) is the same as
that with the equal power constraint (2), because the
optimal value of (3) can always be achieved with the
sum-power divided equally between the two users. Thus,
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Fig. 1. Power allocations of flat frequency sharing and flat FDMA, also
an illustration of flat FDMA reallocation.

we work with the sum-power constraint which is more
mathematically tractable.

III. TwWO BASIC CO-EXISTENCE STRATEGIES

Since we assume interference cancellation is not applied,
there are essentially two strategies for multiple users to
co-exist:

1. To avoid each other in the frequency domain, i.e.
FDMA.

2. To occupy a common band at the same time, i.e.
frequency sharing.

We introduce two basic forms of these two co-existence
strategies: Flat Frequency Sharing and Flat FDMA. A flat
frequency sharing scheme of two users is defined as any
power allocation in the form of B (f)=p,, P,(f)=p,,

vf e(f,, f,) . A flat FDMA scheme of two users is

defined as any power allocation in the form of
P(f)R(f)=0and P(f)+P,(f)=p, Vf e(f,f,). We
define the flat FDMA reallocation to be the following
power invariant transform that reallocates a flat frequency
sharing scheme to be a flat FDMA scheme: user 1
reallocates its  power  within a sub-band
W/=(p,/p, +p,)W with a flat PSD p/ = p, + p,; user 2

reallocates its power within another disjoint sub-band
W, =(p,/p, + p, W with the same flat PSD p, = p,+p,.

Ilustrations of the power allocations of the two basic
co-existence strategies before and after a flat FDMA
reallocation are depicted in Fig. 1.

We show later that these two basic co-existence
strategies are the building blocks of all OSM schemes:

a. In flat channels, the optimal spectrum and power
allocation always has the form of applying a flat frequency
sharing and a flat FDMA in two disjoint sub-bands
respectively (or, as a degraded case, simply one of the two
basic strategies applied in the whole band).

b. In frequency selective channels, by looking at the
infinitesimal sub-channels around every frequency point,
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Fig. 2. The region in which flat FDMA has higher sum-rate than flat
frequency sharing.

the channel becomes flat, and the power allocation scheme
becomes either flat frequency sharing or flat FDMA.

The form of the OSM scheme depends on two
parameters:

1. Interference coupling. When the cross coupling gains
are strong, users can co-exist in an FDMA manner so that
there is no mutual interference. When the cross coupling
gains are weak, they can share the same bandwidth, while
the mutual interference is insignificant.

2. Power constraint. Toward one extreme, with users’
power constraints approaching infinity, FDMA
outperforms frequency sharing. This is because frequency
sharing is interference limited and leads to a finite upper
bound on the achievable rate, whereas FDMA avoids the
interference completely and allows the rate to go
logarithmically to infinity. Toward the other extreme, with
users’ power constraints approaching zero, frequency
sharing becomes (if not exactly optimal) infinitely close to
optimal. This is because the interference becomes
negligible compared to the noise level, and each user
should simply perform waterfilling over the noise across
the whole band, resulting in frequency sharing of both
users.

We now investigate how the form of the OSM evolves
as a function of the above two key parameters. Consider a
two-user symmetric flat Gaussian interference channel
model:

f)= fy)=a, Vf f,, T,
{alz( )=a,(f)=«a e( ) )

Nl(f):Nz(f):na vt e(fpfz) .

We have the following theorem on the necessary and
sufficient condition under which a flat FDMA scheme is
better than a flat frequency sharing scheme.

Theorem 1: For any flat frequency sharing power
allocation, a flat FDMA power re-allocation (Fig. 1) leads
to a higher or unchanged sum-rate if and only if

+ 1 1
Proof: See [11]. [

Define the critical point p, = 2( 12 —lj .
200 «

When a21/2, p,<0 . Since p,=20,p,=20, (5)
always holds i.e., flat FDMA is always better than flat
frequency sharing.

When a<1/2, p,>0 . In this case, within the
non-empty triangular power region 0 < p, + p, < np,, flat
frequency sharing is better than flat FDMA (which is the
optimal FDMA scheme in flat channels). We define this

power region and its complement as Py, and Prowa
(Fig. 2).

Theorem 1 provides a first order rule in determining the
form of OSM given the interference coupling and power
constraint: When « >1/2, the form of OSM is always flat
FDMA; When « <1/2, the critical power constraint value

p, that triggers a transition in the form of OSM grows
quadratically with the inverse of the interference coupling.
To capture the exact details in the transition of the OSM
from flat frequency sharing to flat FDMA, further insight is
needed as will be shown in the next section.

IV. OPTIMAL SPECTRUM MANAGEMENT IN TWO-USER
SYMMETRIC FLAT CHANNELS

In this section, we analyze the optimal spectrum
management with a sum-power constraint (3) in two-user
symmetric flat channels (4). WLOG, we add the
assumption that n=1. The sum-rate of flat frequency
sharing then becomes

f(pn pz): R1"’R2

:W[log(1+
1+

Pyt log(1+—2 )J
ap, I+ap,
The maximum achievable sum-rate with flat frequency
sharing f"(p) is defined as follows:
f*(p)=max f(p;,p,)
st. p,+p,<p, p,20,p, 20

where p = V% We have the following lemma that shows

the form and the concavity of f"(p) in Pegy, -
Lemmal: When O0<p<p,, a<1/2,

£'(p)= W log| 1+—P/2 (6)
l+ap/2
which is a concave function of the constraint p. The
optimal flat frequency sharing scheme is p,=p, =p/2.
Proof: See [11]. =
In comparison, the maximum achievable sum-rate with
FDMA schemes h'(p) is defined as follows:
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According to the water-filling principle, the above
maximum FDMA sum-rate is achieved when both users’
powers are mutually non-overlapped and collectively
filling the whole band flat. We then have the following
lemma:

Lemma 2: The maximum achievable sum-rate with
FDMA is

h(p) =W log(1+ p) (7)
We define r(p) to be the upper envelope of f (p)
and h'(p). As a direct implication of Theorem 1, it can
be verified that f'(p,)=h"(p,) . Furthermore, when
O<a<l/2,
d .. 4o’ o’ d .
o' P, e ST Pl
It means that although f’(p) is concave in [0, p,] and
h"(p) is concave in [p,,], r(p) is not concave in
[0,00) . We define r'(p) to be the unique convex hull of
r(p):
1) Define the set of functions
S ={F(p)| F(p) concave; F(p)=r(p), Vpe[0,0)}.
2) r'(p) is the unique function satisfying

{r*(p) €S
r'(p)<7(p), Ype[0,0), VF(p)eS
A typical plot of f"(p), h'(p), and the convex hull of

their upper envelope " (p) when a <1/2 is given in
Fig. 3.

We now provide the main theorem of this section,
showing that r’(p) is the maximum sum-rate that the two
users can achieve with a sum-power constraint. The key
insights that lead to the optimality of r’(p) are twofold:

1. Achievability: In flat channels, for any sum-rate
function (as a function of power constraints) that is
achievable, the convex hull of this sum-rate function is also
achievable.

2. Optimality: In flat channels, the convex hull of the
sum-rate functions of flat frequency sharing and flat
FDMA is an upper bound of the actual sum-rate, and hence
optimal since it’s also achievable.

Theorem 2: In a two-user symmetric flat Gaussian
interference channel (4), the maximum sum-rate with a
sum-power constraint P (3)is r'(p).

Proof:
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Fig. 3. The maximum achievable sum-rate as the convex hull of the
rates of flat FDMA and flat frequency sharing, o = 0.1.

i) r'(p) is achievable.
As in Fig. 3, by definition of r’(p), we see that

r'(p)="f7(p) ,0<p<p,

h*(ph)_ f*(pf)

h f

r'(p)=1(p,)+ (P-p;),p; <pP<p,

r'(p)=h"(p) .pzp,

Clearly, when 0< p< p,, r(p)= f'(p) is achievable
with flat frequency sharing as in lemma 1; when p > p,,
r'(p) =h"(p) is achievable with flat FDMA as in lemma
2. When p,<p<p, , r(p)>max{f'(p), h'(p)}

strictly. In this case, choose A4 such that
p=p;+A(P,—P¢), 0<A<1. We separate the band of

the original channel into two orthogonal channels: C, with
bandwidth (1-A)W , and C, with bandwidth AW .

In C,, we impose the sum-power constraint
f, .
[, (RUD+P(D))df <Py 20-AW-p, .

P
Define p; = (1+)W = p; . Thus, as in lemma 1, the rate

with the optimal flat frequency sharing can be achieved:

, [ p, /2 j )
£ (pe,) = 201 - AW log| 14— |= (1= D) (p,)

+ap;/2

In C,, we impose the sum-power constraint
f, R
J, (R(H+P(F))df <P, 22w -p,

R,

AW

Define p;, = = p,, - Thus, as in lemma 2, the rate with
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Fig. 4. The optimal spectrum and power allocation as a mixture of flat
FDMA and flat frequency sharing.

the optimal flat FDMA can be achieved:
héz(pCZ )= AW log(1+ p,) = Ah"(p,).

With these two power constraints in the two orthogonal
sub-channels, the original power constraint

j: (P(F)+P,(f))df <P is automatically satisfied:
P, +P, =(1-A)W-p, + AW - p,
=(p; +A(p, — P;))W = pW =P.
p=p; +A(p,—P;) in the expression of
h'(p,)—f7(ps)

h f
r'(p)=01-A)f (p)+2h"(p,) = fS (P ) +he (pe,)-
Since f¢ (pe)and he (pg,)can be achieved in C, and

Substitute

r*(p):f*(pf)+ (p—ps), we get

C, respectively, a total sum-rate of r’(p) can be
achieved in (3).

The optimal spectrum and power allocation to achieve
the sum-rate of r’(p) is depicted in Fig. 4.

i) r'(p) is optimal.
Suppose the maximum achievable sum-rate is r°(p),

with the optimal spectrum and power allocation P°(f)

and P?(f) satisfying J‘:Z(P]°(f)+ PP(f))df <P:

I’O(p):jfz log 1+—P1 (f) +log 1+—P2(f) df
f 1+aP(f) 1+aP°(f)
WLOG, we add the assumption of P°(f) and P/(f)
being uniformly continuous.

Define r°(f;p)= 10g[1+Lf)J+log[l+

R ()
1+aP?(f) )

1+aP°(f)

Then ro(p):jffz r°(f; p)df .
Define p°(f)=PR°(f)+P’(f) . Notice that the

expression r°(f; p) has the form of either a flat frequency
sharing (if P°(f)>0, R’(f)>0) or a flat FDMA (if
P°(f)P’(f)=0), with unit bandwidth. It corresponds to

the fact we have mentioned in Section III: flat frequency
sharing and flat FDMA are the two building blocks of all

non-flat cases. Thus, with the above definition of p°(f),

r’cf;p)
3 R°(f) Py (f)
_(f2 f]){log[l+1+aP2°(f)j+log[1+1+aP]°(f)B
- fz_fl
PEACNCD)
ST
£ oo . fr « 0 1
Thus, If. ro(f; p)df ij. r'(p°(f))- fz_f]df :

Since r'(p) is a concave function over [0,:0) , by
Jensen’s Inequality,

f 1 «f 1
r(p°(f)): df <r °(f)- df |, and
Jiret i+ (ﬂp<> - jan
Ho, 1 1 B o 0
| p"(f)-—df = f-jf (RO(F)+Py(f))df
! 27 h 2~ T

1 .
< e pW = p, from the sum-power constraint.
27 N

Since r’(p) is a strictly increasing function over [0,0) ,

we have F*Uf p°(f)- dfjsr*(p).

fz - f]
Therefore, we have in conclusion sz ro(f;p)df <r'(p),

ie. r’(p)<ri(p).

Since we assume r°(p) to be the maximum achievable
sum-rate, and r’ (p) is achievable as proved previously in
i), we conclude that r’(p) is the maximum achievable

sum-rate. Meanwhile, the mixture of a flat frequency
sharing and a flat FDMA shown in Fig. 4 is the optimal

spectrum and power allocation achieving r”(p) . |
To compute r (p), we need to find out the common
tangent line of f'(p) and h'(p). The two points of

tangency p,; and p, are determined by

_h(p)-f'(py)

p=pn P — Py

d *
— f
ap (P)

>

d *
=“h
i (p)

P=p¢



which simplifies to finding p; by solving
ap, +2)
“tog| PED | g
4(1+a)p, +2)

)

Various numerical methods can be applied to solve the
closed form equation (8).
From Theorem 2, we know that given the following set
of conditions,
1) sum-power constraint
normalized to 1),
2) bandwidth W,
3) cross interference gain « (with direct channel gains
normalized to 1),
with the definition of

P, (a(+a)p, +4a-2)
(ap, +2)(A+a)p, +2)
and computing p, by

1
Py =7 P (ai+a)p, +4a +2).

P (with noise power

P .. X/2 .
=—, f (X)=2Wlog| 1+———— |, h (X) =W log(1 + X),
P=W (X) g( 1+ax/2j (X) g(1+x)

the maximum achievable sum-rate r (p) is computed

through the following steps.
Procedure 1:
1) Solve the two points of tangency p, and p, of the

convex hull of f*(x) and h"(x):
a. Solve equation (8) numerically to find p; .
b. Substitute p, in (9) to Compute p,, .

2) Compute the maximum achievable sum-rate r’(p):

If p<pg, r(p)= f*(p)=2W10g(1+p—/2j;
I+ap/2
If p>p,, r'(p)=h"(p)=Wlog(l+p);
If p,<p<p,,
. . h (py)— f7(py)
r'(p)=f"(p)+————=(p-p,) .

h f

The optimal power allocation scheme {P]*( f),P (f )}

that achieves the maximum achievable sum-rate r’(p) is

obtained through the following steps.
Procedure 2:

1)If p< p,,allocate P*(f)= P;(f)=§, Vf | ie. flat

frequency sharing in the whole band with equal power
spectral density for the two users.

2) If p>p,, allocate P'(f) and P,(f) such that
P(f)P (f)=0 and P (f)+P (f)=p, Vf , ie. flat
FDMA of the two users .

3)if p; <pP<py,

P— Py

ph - pf
b. Separate the total bandwidth W into two disjoint
channels: C, with bandwidth (1-A)W and C, with

bandwidth AW .
c. Allocate power as follows (Fig. 4):

a. Compute 4 =

In C,, pl*(f)zpz*(f)z%, ie. flat frequency

sharing with equal power spectral density.
{Pl*(f)Pz*(f)=O, vf
2 * *
PR (f)+R (f)=p,, vf

Clearly, the above maximum achievable sum-rate can
always be achieved with the sum-power equally divided
between the two users. Thus, we have the following
corollary:

Corollary 2.1: In a two-user symmetric flat Gaussian
interference channel (4), the maximum sum-rate with an
equal power constraint P/2 (2) is r’(p).

Proof: See [11]. ]

In this section, we see that the maximum achievable
sum-rate r'(p) is an increasing concave function that has

, 1.e. flat FDMA.

an analytical form as shown in Procedure 1. If and only if
the power constraint p falls in the interval (p,, p,) (which

is determined by channel parameters), is the OSM scheme
a combination of flat frequency sharing and flat FDMA
(Fig. 4). Otherwise it is either a flat frequency sharing or a
flat FDMA. With the result shown in Section III, the

interval (p,,p,) centered around the critical point p,

shifts quadratically with the inverse of the coupling
strength « .

V. OPTIMAL SPECTRUM MANAGEMENT IN TWO-USER
SYMMETRIC FREQUENCY SELECTIVE CHANNELS

We now extend the sum-rate maximization problem to
the two-user symmetric frequency selective channels (1),
with a(f) and N(f) assumed to be uniformly

continuous. As in the last section, we first consider the
optimization with the sum-power constraint (3). Clearly,
the expression of the objective function R, + R, is highly

non-concave in terms of P (f) and P,(f) and hard to

deal with. However, at every frequency point, the
infinitesimal sub-band around this point becomes flat,
where the solution we obtained in the previous section can
be applied. Since the maximum sum-rate within an
infinitesimal sub-band is an increasing concave function of
the power constraint within this sub-band, the originally
non-convex optimization in frequency selective channels
can be equivalently transformed into a convex optimization



in the primal domain.

Define the normalized PSD to be Fi(f):%,
f’z(f):%, and the normalized sum-PSD to be

p(f)=P(f)+P,(f). Atevery frequency f e(f,,f,),
1. in the same form of (6) and (7) with «(f) instead of
p/2 j
l+a(f)p/2)’
h"(p; f)=log(1+ p); r'(p; f) is defined as the convex
hull of max{f*(p; f),h"(p; f)}.
2. p;(f), p,(f), and r’(p;f) are obtained in the

a , and W=1, f*(p;f)éZIOg[1+

same way as in Procedure 1 with a(f) instead of « .

Now we have the following theorem:

Theorem 3: The problem of maximizing the sum-rate (3)
in symmetric frequency selective Gaussian interference
channels has the same optimal value as the following
convex optimization problem:

fZ * o~ .
max [ "r'(p(f); f)df

f (10)
st. j: PCON(fYdf <P, p(f)=0,Vf e(f,f,)

Proof: The key idea is that at any frequency point,
1. the sum-rate “density” with a power constraint

“density” P(f) is upper bounded by r"(p(f);f),

2. a sum-rate “density” of r’(p(f); f) is also achievable
with power constraint “density” p(f).

For details see [11]. |

In the optimization problem (10) in Theorem 3, we have
a. For any fixed f e(f,,f,), the integrand of the

objective function, namely r"(f(f); f) is an increasing

concave function of P(f).

b. The power constraint I:Z p(f)N(f)df <P is linear

in p(f).

Thus, (10) is in the form of a convex optimization. The
intuition of this convex optimization is clear:

1. The total power needs to be optimally distributed over
the whole band.

2. The power allocated to every sub-band needs to be
optimally used within this sub-band to achieve the
maximum sum-rate.

In Section IV, we explicitly solved the 2™ step above,
providing an increasing concave sum-rate function of p
r'(p;f) at every frequency point f. The original

non-convex optimization problem is then naturally reduced
to the 1% step above as a primal domain convex

optimization. With the explicit characterization of the
optimal spectrum and power allocation in flat channels in
Procedure 2, Fig. 4, the optimal spectrum and power
allocation in frequency selective channels is directly
obtained after solving (10) for the optimal sum-power
distribution across the band.

Finally, for the same reason as in Section IV, the optimal
solution with equal power constraints (2) is the same as that
with the corresponding sum-power constraint (3).

VI. CONCLUDING REMARKS

In this paper, we solved and analyzed the optimal
spectrum management schemes for the sum-rate
maximization problem in two-user symmetric interference
channels. A sum-power constraint is assumed, and its
equivalence to an equal power constraint is proved. In flat
channels, we showed that the optimal spectrum
management scheme always has one of the following three
forms: flat frequency sharing, flat FDMA, or, in transition
between the two, applying a flat frequency sharing and a
flat FDMA in two disjoint sub-bands respectively. The
critical power constraint value that triggers the transition in
the form of the OSM from frequency sharing to FDMA
grows quadratically with the inverse of the interference
coupling. We show that an analytical form of the maximum
achievable sum-rate and the corresponding OSM can be
obtained by solving a closed form equation, and the
maximum achievable sum-rate is an increasing concave
function of the power constraint. Finally, the non-convex
sum-rate maximization in frequency selective channels can
be equivalently transformed in the primal domain into a
convex optimization, essentially by viewing every
frequency point as an infinitesimal flat channel.
Generalizations of our conclusions can be made to n-user
non-symmetric channels with an arbitrarily weighted
sum-rate objective as provided in [11].

We have worked on problems with continuous
frequency domain, and hence have infinite-dimension
variables P(f) , especially in frequency selective

channels. For discrete frequency spectrum management,
the results we obtained provide the performance limits, and
the method we use can be applied via approximation.
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