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Abstract— The guaranteed error correction capability of left of errors in the code length under the bit flipping decoding
regular LDPC codes under different hard decision decision algo- algorithms. Sipser and Spielman [5] proved similar results

rithms is in.vestigated.. A summary of recent results relating the using expansion arguments. Recently, Burshtein [11] sHowe
column weight and girth of the Tanner graph to the guaranteed that th bl f | d ’ ith — 4 |
error correction capability is provided. The intuition behind at the ensemble of regular codes with = are aiso

expander based arguments and their potential to derive new capable of correcting a linear number of errors under the
results for column-weight-three codes is provided. parallel bit flipping algorithm. Burshtein and Miller [12kad

expander based arguments to show that message passing
algorithms for irregular code ensembles are also capable of
correcting a linear number of errors in the code length when
Low-density parity-check (LDPC) codes [1] have attractethe degree of each variable node is at least six.
significant attention due to their capacity approaching per
formance under low-complexity sub-optimal decoding algo- II. THE APPROACH WHY AND HOw
rithms. Many properties of ensembles of regular and irr@gul o . )
LDPC codes under such low-complexity decoding algorithnis Bit Flipping, Expansion and Error Correction
in the asymptotic limit of the code length — oo are now Expander graph based arguments provide a convenient way
well understood (see [2], [3], [4]). Broadly speaking, théo analyze the guaranteed error correction capability oPCD
properties of LDPC codes have been explored via two avenuesdes withd,, > 5 under the bit flipping algorithms. These
(1) density evolution to compute thresholds and analyze theguments show that the bit flipping decoders can correct a
performance of LDPC codes under various message pasdingar number of errors in the code length when the undeglyin
algorithms [2] and (2) expander graph based argumentsT@nner graph [13] is a good expander. The Tanner graphs of
derive bounds on guaranteed error correction capabilityifi5 codes in the ensembles with, > 5 meet this requirement
this paper, we review the expander graph based approach wiith very high probability. As Richardson and Urbanke note
focus on hard decision decoding algorithms for transmissiin [14], an advantage of expander graph based arguments is
over the binary symmetric channel (BSC). Specifically, wiheir applicability to finite length codes. However, a liatibn
consider binary message passing algorithms, namely @allathis approach is that the bounds derived on the fraction of
A/B algorithms, and bit flipping algorithms (serial and daranodes having the required expansion, using random graph
lel). This paper aims at providing an intuition underlyifget arguments, is very small, and therefore requiring the codes
expander based arguments rather than proofs. The intérestehave large length to guarantee correction of a even a small
reader is referred to [6], [7], [8], [9] for more rigorousnumber number of errors. As an illustrative example, caarsid
presentation of the results. the (5, 6) regular LDPC code ensemble. In [14], it was shown
Gallager [1] showed that the minimum distance of enserthat a randomly chosen code in this ensemble has minimum
bles of (d,,d.) regular LDPC codes withi, > 3 grows distance of at least% of the code length with high probability,
linearly with the code length. This implies that under maxwhile the fraction of nodes having required expansion with
imum likelihood (ML) decoding, these codes are capabhdgh probability is abous.375 x 10711, It is also worth noting
of correcting a number of errors linear in the code lengtithat determining the expansion of a given graph is known to
Gallager proposed two low complexity sub-optimal binarpe non-deterministic polynomial-time (NP) hard [15] ané th
message passing algorithms, namely Gallager A and Gallagpectral gap methods can only guarantee an expansion factor
B algorithms, for decoding over the BSC. He showed that tleé 1/2 or less. While a random graph is a good expander
bit error probability under these algorithms approachas,zewith high probability, explicit construction of codes hagi
whenever we operate below the threshold, but the correctitive required expansion is not known for small valuesipf
of a number of errors linear in the code length was neind small code lengths.
shown. Zyablov and Pinsker [10] analyzed regular LDPC One observes that the expansion based arguments rely
code ensembles witld, > 5 and showed that almost allheavily on properties of random graphs and hence do not lead
the codes in these ensembles can correct a linear numtzeexplicit construction of codes. However, if the expansio
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properties can be related to the parameters of the Tannghn,gralecoders has not been attained yet. Two approaches that have
such as girth and column weight, which are known or camet with success in the finite length analysis of a given code
be easily determined, then the bounds on guaranteed eunder iterative decoding are the methods based on trapetag s
correction capability can be established as function ofehe[17] and pseudo-codewords [18]. Roughly speaking, a trappi
parameters. This is the general idea of our approach that set is a set of variable nodes that are decoded wrongly oger th

review in this paper. iterations. The concept of pseudo-codewords arises fram th
notions of computation trees [19] and graph cover decoding
B. The Case of Column-Weight-Three Codes [18] (see [20] for an exhaustive list of references in thisagr
. . For the case of LDPC codes witth, = 3, we classify
LDPC codes withd, = 3 are of special importance as

the failures of the Gallager A decoder when the Tanner

. . S . graph satisfies certain conditions. We then show how message
variety of practical applications. From the above overvigw : ; .
. L . assing algorithms with larger alphabet can be overconmsethe
literature, it is clear that the expansion based argumenats

not applicable to code witll, = 3. This can be attributed ailures.
to the fact the Tanner graphs of the codes in this ensemble
cannot achieve the expansion required by the expansiom base
arguments. Recently, we showed that while the minimum The results presented in this section were presented first
distance of codes in thel,, d.) regular LDPC codes ensemblen [9], [6], [7]. [8]. The reader is referred to Appendix for
with d, = 3 grows linearly with the code length, the erronotation and overview of background material.

correction capability under hard decision decoding athors

grows only logarithmically with the code length (see [9] foA. Girth and Expansion

a proof). The presence of cycles in the Tanner graph ofjt js known that if the Tanner grapt¥ of an LDPC code

the code leads to decoder failures and since the girth groySiength » is an (dy,d,,c, (3/4 + €)d,) expander, then the
only logarithmically with the code length, correction afidiar arajiel bit flipping algorithm can correct all error patter
fraction of errors cannot be achieved. It is worth notingeheyith yp to a(1 + 4e)n/2 errors. Hence, if we know the size
that for the more complex linear programming (LP) decoding yariable node sets that are guaranteed to expand by at leas
also, it has not been shown that codes with= 3 can correct (3/4),,  we can obtain a lower bound on the guaranteed error
a fraction of errors. Design of decoding strategies that C@Brrection capability under the parallel bit flipping algom.
ensure the correction of linear number of errors for theses0 \\e find these bounds as a functiondf and the girth of the

is arguably one of the most important open problems in thgnner graph of the code. Note that such bounds are already

their decoders have low-complexity and are interestingafor

IIl. SUMMARY OF RESULTS

theory of iterative decoding. known for minimum distance and minimum stopping sets size
(see [13] and [21] respectively). In the language of expamsi
C. Better Codes and Better Decoders bounds on the size of variable node sets that expand by at

Since the sub-optimal hard decision decoding algorithniast a factor ofl, /2 are known. Such bounds can be derived
for LDPC codes are far worse compared to the maximurf’ an expansion factor af3/4)d..
likelihood decoding, we introduce a framework in which the Error correction capability grows exponentially with
gap can be bridged by considering improved code constructi@i'th: Let G = (V' U C, E') be ad, > 4-left-regular Tanner
techniques and more complex decoders. While soft de8faPhG with g(G) = 2g'. Then for allk < no(d./2,g'), any
sion decoding algorithms exhibit superior performancejrth Set of & variable nodes inG expands by a factor of at least
analysis is complicated by implementation nuances such @¢4)d», where

numerical precision of the messages. In order to alienatlk su B B = ‘
effects and study only the effect of the code’s structureten i ng(d,g) = no(d,2r +1) = 1+ dZ(d —1)*, ¢g odd
performance, we restrict our attention to the BSC and decpdi i=0

algorithms with finite size alphabet for messages. Given a B B
code and a decoding algorithm, one can gain an improvement  70(d, 9) = no(d, 2r)
in the performance either by constructing a better code or
by designing a better decoding algorithm or a combination To put the above result in perspective, we observe that the
of both. An understanding of the failures of the decodingiinimum distance (as well as minimum stopping set size) of
algorithm as a function of the code’s structure is central ®d, regular code with girtl2¢’ is at leastny(d,, ¢’). Hence,
both the approaches. The knowledge of underlying topogidor ML decoding on the BSC, we see that the error correction
structures in the Tanner graph that lead to decoder failurespability is|ng(d,,g") — 1] /2.
can be used to construct better codes that avoid such harmfufixed and trapping sets for bit flipping decoders: In
configurations. This knowledge can also be exploited togesiparallel bit flipping decoder, one observes that the decoder
decoder algorithms that can overcome such decoder failureans till no variable is involved in more unsatisfied checks
While the failures of iterative decoding over the binaryhan satisfied checks. This however, does not guarantee that
erasure channel (BEC) are completely characterized by ieomtihe decoder finds a codeword. It can get “trapped” in a set
natorial structures known as stopping sets [16], the saue leof variable nodes i.e., either the decoder does not find any
of maturity in understanding the decoding failures of othesariable nodes to flip or it exhibits an oscillatory behavior

r—1
23 (d—1)', g even
=0
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Fig. 1. lllustration of oscillations in the bit flipping deder. In this figure,» represents a correct variable noderepresents a corrupt variable nc'e,
represents an unsatisfied check node Bin@presents a satisfied check node (a) The set of corrupblesigv1, v2, v3} at the beginning of the first iteration.
The check node neighbors of , v2 andvs are all unsatisfied (b) The set of corrupt variables, vs, vs} at the beginning of the second iteration

The set of variable nodes that are not eventually corrected
by the decoder is called a trapping set. If the set of corrupt
variables remains the same after every iteration, we catl th
set of corrupt variables as a fixed set.

Fig. 1 illustrates oscillations in a code witty = 5 and girth
8. Note here thafuvy,...,vs} is a trapping set and a fixed set.
This code cannot correct three errors. For correction aethr
errors, an expansion factor ¢3/4)d, for all variable sets of
size less than or equal to six would have implied that any
set of six variable nodes should have at least 23 neighboring @ (®)
checks. However, the set of six variable nodes in Fig. 1 has 8§. 2. (a)The(3, 5) cage graph, also known as the Peterson graph (b) A
neighboring check nodes and fails to expand by the requir@ﬂemia,' fixed set of size 10 for a code with Tanner graph dfroa weight

. . . 5 and girth 10

amount. This example illustrates that the expansion factor
of (3/4)d, cannot be improved substantially and in order

to guarantee better performance for the same expansion, Wgs result stems from the following observations. Conside

should cpnsic_jer better decoding algorithms.. any set of variable nodes involved in a cycle and assume that
Potential flxe_d sets from cage g_raph_s.A (d, g_)—cage only these variables are in error. In the induced subgraph of
graph G(d, g), is ad-regular graph with girtty having the this set of variable nodes, each variable is connected to two

minimum possible number of nodes. Fig. 2 shows how gree two checks and one degree one check. One can see

potential fixed ;et can be_ obtalngd from a cage graph.. T fat each variable in this cycle is involved in more satisfied
cage graph depicted in Fig. 2(a) is t&5) cage graph (it constraints than unsatisfied constraints. Hence, if ncalbbgi
Is the un_|que(3,5) cage graph), filso. known as the Peters_ tside this set shares two degree-one checks in this qutgra
graph. Fig. 2(b) shows a potential fixed set for a code Withe, the pit flipping decoder does not find any variable node to
Tanner graph of column weight five and girth ten. flip and the decoder gets trapped in these variable nodes. So,
errors in cycles lead to decoder failures for column-weight
B. Column-Weight-Three LDPC Codes three codes. Since the length of smallest cycle in the Tanner
Cycles cause failures:The best achievable expansion byraph grows only logarithmically with the code length, wa ca
an LDPC code with Tanner gragh is at mostl — 1/d,. For see that the code can correct at most logarithmic number of
d, = 3 it can be seen that this maximum value2i$3 and errors in the code length.
hence column-weight-three LDPC codes cannot achieve thd-or the Gallager A algorithm it can be shown that similar
expansion required to guarantee correction of a linear mumbesults hold good. Moreover, it can be proved that the Gaflag
of errors. However, closer inspection of the propertiesheSe A algorithm for column-weight-three code with Tanner graph
codes allows us to make stronger statements. In fact, it eands girth g > 10 can correct all error patterns with up g2 —
shown that given any > 0, at sufficiently large values of, 1 errors ing/2 iterations. The preceding statement provides
no code withd, = 3 can correct all error patterns with up tosufficient conditions to correct all error patterns with wpkt
an errors i.e., no code in the column-weight-three LDPC codsrors fork > 4. To correct three errors, we additionally need
ensemble can correct a linear number of errors in the codeavoid some trapping sets (see for details).
length under bit flipping as well as Gallager A algorithms. To summarize: cycles are the main causes of decoder



failures for column-weight-three codes and since the girtif nodes and is said to be incident ap and u,. Two nodes
cannot be increased beyond a certain point for a code of given and u, are said to be adjacent (neighbors) if there is an
length and rate, the performance of column-weight-threfeso edgee = (u1, uz) incident on them. The order of the graph is

is inherently restricted by the best achievable girth. |U| and the size of the graph |&|. N(u) denotes the set of
neighbors ofu. The degree of, d, = |N(u)|, is the number
IV. WORK IN PROGRESS of its neighbors. A node with degree one is called a leaf node.

Codes avoiding trapping sets exhibit superior perfor- A graph isd-regular if gll the nodes have degréeThe average
mance: While high girth codes show superior performancgedreed of a graphG: is the average ovet(u) for all u € U.
in general, the results presented here indicate that diotea The girth g(G) of a graphé, is the length of smallest cycle
does not guarantee good error correction capability. Sincd" G- H = (V' U C, E') denotes a bipartite graph with two
given rate and code length place a fundamental limit on t§§tS of nodes; variable (left) nodésand check (right) nodes
best achievable girth, one needs to construct Tanner grdpind edge sek’. Nodes inV” have neighbors only in’ and
avoiding small trapping sets in order to build good code¥iCe versa. A bipartite graph is said to lig-left-regular if
A natural way to proceed would be to analyze all errgdll variable nodes have degrég, d.-right-regular if all check
patterns with up to certain errors and identify the troubtes nodes have degre& and(d,, d.) regular if all variable nodes
configurations. A code can then be constructed by buiIdigve degred, and all check nodes have degr&e The girth
a Tanner graph free of all such harmful structures. Howevé, @ bipartite graph is even. _ .
while this problem can be easily stated, the answer is not-DPC codes [1] are a class of linear block codes which
known for a majority of the cases. can be defined by sparse bipartite graphs [13]. Gebe a
Two bit decoders can correct more errors: For column- DRipartite graph with two sets of nodes:variable nodes and
weight-three codes we have seen that cycles pose a problgn¢heck nodes. This graph defines a linear block abdef
for the single bit decoders. It is easy to come up with a steond€ngthn and dimension at least —m in the following way:
decoding algorithm that can overcome a cycle. But there cahe » variable nodes are associated with thecoordinates
exist other error configurations not involved in cycles tha&f codewords. A vectow = (vy, vz, ..., v,) is a codeword if
can lead to decoder failures. It is in general very difficolt tand only if for each check node, the modulo two sum of its
characterize all error patterns up to certain weight. Harev nNeighbors is zero. Such a graphical representation of an.DP
we claim that that for Tanner graphs with expansion close §de is called the Tanner graph of the code [13].(And,, d.)
the limit of 2/3, the only variable nodes that the Gallagefégular LDPC code has a Tanner graph withariable nodes
A decoder fails to correct are those involved in cycles @ch of degred, (column weight) anchd, /d. check nodes
formal proof for this claim is currently being investigajed ach of degree. (row weight). This code has length and
The Gallager A fails to correct errors in a cycle as it alway&t€” > 1 —d,/d. [1]. The adjacency matrix of: gives a
receives two incorrect messages and only one correct mess&§1ty check matrix oC.
For Tanner graphs that have expansion clos€ 8, it can
be proved that all other variable nodes receive at most oBe Decoding Algorithms

incorrect message. f a decoding rule that can differaﬂﬂ?e . We now describe a simple hard decision decoding algorithm
correct message and mgorrect message can be formulalued,%own as the parallel bit flipping algorithm [10], [5] to detm®
easy to see that errors in cycle can also be corrected Ieaql_@qgc codes. As noted earlier, each check node imposes a

to superior performance. Even decoders with erasure in ,raint on the neighboring variable nodes. A constraint

message a]phabgt (sge [_2]) can be. used in such scenar'gﬁeck node) is said to be satisfied by a setting of variable
Our preliminary investigation into this problem shows th

) . odes if the sum of the variable nodes in the constraint is
Gallager A followed by simple two-bit decoders can correct &/en: otherwise the constraint is unsatisfied

large number_ of errors._lt_remalns to see if it can be pr(_)ved Parallel Bit Flipping Algorithm

that there exists a multi-bit decoder that can correct aaline | lel. fi h iable that is i tisfied
number of errors for column-weight-three codes. The more*® tE ;;aratieﬁ cljp e&nlctr \ﬁ:'a € that 1S in more unsatistie
powerful two-bit decoders can also be used to analyze higher an satistied constraints.

column-weight-codes to get better bounds on guaranteed err * Repe_at ur_1t|I no such var|aple remains. )
correction capability. Note that ifd, is even then a variable node that receidgg2

flip messages is not flipped. A serial version of the algorithm
APPENDIX also defined in [5] and all the results in this paper hold far th
. . e serial bit flipping algorithm also. The bit flipping algontis
di)lNe provide notation and background material in this aPPeLYe iterative in nature but do not belong to the class of ngessa

' passing algorithms (see [12] for an explanation). In gdnera
we assume that the parallel bit flipping algorithm is run for a
A. LDPC Codes maximum number of\/ iterations.

We adopt the standard notation in graph theory (see [22]Gallager A algorithm: The Gallager A algorithm is a
for example).G = (U, E) denotes a graph with set of nodedinary message passing algorithm [1]. Every round of messag
U and set of edge®&’. When there is no ambiguity, we simplypassing (iteration) starts with the variable nodes sending
denote the graph b§. An edgee is an unordered paitu;, us) messages to their neighboring check nodes (first half of the



iteration) and ends by the check nodes sending messagewltich 3, # 0. Since the transmitted codeword is assumed
their neighboring variable nodes (second half of the itemat to be the all-zero-codeword, the support of the input to the
Let r, a binary n-tuple, be the input to the decoder. Letdecoder is simply the set of variable nodes flipped by the
w; (v, ¢) denote the message passed by a variable nddéts channel (or in other words the set of variable nodes intiall
neighboring check nodein ;" iteration andw;(c, v) denote in error). We adopt the the definitions of the terms everyuall
the message passed by a check ned® its neighboring correct variable nodes, trapping sets and failure sets fiath
variable nodev. Let NV(c) denote the set of neighbors of Lety denote the input to the decoder aptl) denote the
check node:. Additionally, letw;(v, : ) denote the set of all codeword estimate of the decoder at the enti’ofteration. A
messages from, w;(v, : \c) denote the set of all messagewvariable node is said to beeventually correcif there exists a
from v except toc, w;(: ,¢) denote the set of all messages t@ositive integel.. such that for all > [, ¥, = 0. For an input

c. The termsw; (: \v,¢),w;(c, : ),w;(c, : \v),w;(:,v) and 'y, thefailure setT(y) is defined as the set of variable nodes
w;(: \c,v) are defined similarly. The Gallager A algorithmthat are not eventually correct. The decoding on the input
can be defined as follows. is successful if and only ifC(y) = 0. If T(y) # 0, then we
say thatT(y) is atrapping setand suppy) is an inducing

wiv,e) = T _ set The size of an inducing set is its cardinality. While the
L, !f @j-1(: \¢,v) = {1} above notions of inducing and trapping sets are fundamental
wj(v,¢) = 0, if wj—l_(: \¢,v) = {0} in characterizing the decoding failures, the definitionsndb
7y, Otherwise lead to the formulation of necessary and sufficient conaiitio

for a set of variable nodes to be a trapping/inducing set for
wi(c,v) = Z w;j(u,c) | mod2 the parallel bit flipping algorithm. We therefore define fixed
ueN (c)\v sets, for which such conditions can be derived.

At the end of each iteration, an estimate of each variableP€finition 3: [9] Let 7 be the set of corrupt variable nodes

node is made based on the incoming messages and possibijne Peginning of a decoding iteration in the bit flipping
the received value. The codeword estimate of the decoded$f"ia! or parallel) algorithm7" is a fixed set if the set of
the end of j** iteration is denoted as’). The decoder is COTTUPt variable nodes at the end of the iteratioftisA vector
run until a valid codeword is found or a maximum number of With suply) = 7" is called a fixed point.

iterations M is reached, whichever is earlier. The output of It is clear from the above definition that if the input to the
the decoder is either a codeword 6f4). decoder is a fixed point, then the output of the decoder is

the same fixed point. It follows that ¥ is a fixed point and

T(y) # 0, thenT(y) = supfy) is a trapping set as well as

o _ an inducing set. It is clear that if the Tanner gra@ghof a
Definition 1: Let G = (U, E)) with [U| = ni. Thenevery codeC has a fixed set of sizk, then the code cannot correct

set of at mostn; nodes expands by a factor 6fif, for all gl error patterns with up té errors.

setsS C U Theorem 1:Let C be an LDPC code withi,-left-regular
S| < my = |{y: 3z € S such that(z,y) € E}| > 8|S]. Tanner grapl. Let 7 be a set consisting df variable nodes

We consider bipartite graphs and expansion of variable siodith induced subgrapti. Let the checks irf be partitioned
only. into two disjoint §upsets(9 conS|st|r_19 of checks with odd

Definition 2: A graph is a(d,, d., o, §) expander if it is a _degre_e and consisting Of_ ch_ecks W'th even d(_egree. THEN
(d,,d.) regular bipartite graph in which every subset of dF @ fixed set for the bit flipping algorithm (serial or par§lle

most « fraction of the variable nodes expands by a factor df : (&) Every variable node i has at leasfd, /2| neighbors
at leasts. in £, and (b) No|d,/2| + 1 checks of© share a neighbor

The following fact from [5] relates the expansion and errdputsideZ.

correction capability of afin, d.,, d.) LDPC code with Tanner To determine whether a given set of variables is a fixed set,
I it is necessary to not only know the induced subgraph but also

graphG when decoded using the parallel bit flipping decodinﬁ_l ’ )
algorithm. e neighbors of the odd degree checks. However, in order to

Fact 1: [5, Theorem 11] LeG be a(d,, d., v, (3/4+€)d.) establish general bounds on the sizes of fixed sets given only
expander ovem variable nodes. for ar71y > 0. Then. the the column weight and the girth, we consider only condition
simple parallel decoding algorithm will correct amy, < (a) of Theorem 1 which is a necessary condition. A set of

a(1 + 4€) /2 fraction of errors aftetog, . (aon) iterations.. Variable nodes satisfying condition (a) is known gsotential
fixed setlt is worth noting that a potential fixed set can always

: . be extended to a fixed set by successively adding a variable
D. Decoder Failures and Trapping Sets node till condition (b) is satisfied.

For linear codes transmitted over output symmetric channel
and decoded using symmetric decoding algorithms, we can
assume, without loss of generality, that the all-zero-eaad
is transmitted [2]. We make this assumption throughout theThe authors would like to thank A. R. Krishnan,
paper. The support of a vect9r= (y1,y2,.-.,yn), denoted D. V. Nguyen and S. Planjery for their contributions. The
by supdy) is defined as the set of all variable nodesor authors wish to acknowledge the financial support of the
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