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Abstract— An input-symmetric (IS) degraded broadcast
channel (DBC) is a discrete DBC whose component chan-
nels are input-symmetric and the intersection of their input-
symmetry groups is transitive. The discrete additive DBC
and the group-additive DBC are IS-DBCs. This paper intro-
duces an independent encoding scheme which employs per-
mutation functions of the independent codes. This permu-
tation encoding approach for the group-additive DBC is to
employ group additions of the independent codes. This pa-
per shows that the permutation encoding approach achieves
the boundary of the capacity region for IS-DBCs, and yields
a simple characterization of that capacity region.

Index Terms— Degraded broadcast channel, independent
encoding, input-symmetric, group-additive degraded broad-
cast channel, permutation encoding approach.

I. INTRODUCTION

In the 70’s, Cover [1], Bergmans [2] and Gallager [3] es-
tablished the capacity region for degraded broadcast chan-
nels (DBCs). The general optimal transmission strategy to
achieve the boundary of the capacity region for degraded
broadcast channels is a joint encoding scheme. Specifically,
the data sent to the user with the most degraded channel is
encoded first. Given the encoded bits for that user, an ap-
propriate codebook for the second most degraded channel
user is selected, and so forth. Cover [4] also introduced an
independent-encoding scheme for general broadcast chan-
nels and provided the corresponding achievable rate region.
This achievable rate region is not generally the capacity
region for broadcast channels. However, combining inde-
pendently encoded streams, one for each user, can achieve
the boundary of the capacity region for some broadcast
channels including broadcast Gaussian channels [5], broad-
cast binary-symmetric channels [2] [6] [7] [8], broadcast Z
channels [9] [10] and so on.

Witsenhausen and Wyner made two seminal contribu-
tions in [7] and [8]: the notion of minimizing one entropy
under the constraint that another related entropy is fixed
and the use of input symmetry as a way of solving an entire
class of channels with a single unifying approach. Benzel
[11] used the first idea to study discrete additive degraded
broadcast channels. Recently Liu and Ulukus [12] [13] used
both ideas together to extend Benzels results to include
the larger class of discrete degraded interference channels
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(DDIC). Our paper defines what it means for a degraded
broadcast channel to be input-symmetric (IS) and applies
the constrained entropy minimization approach to a new
pair of conditional entropies to show that independent en-
coding achieves the capacity region of all input-symmetric
DBCs.

Benzel [11] studied the discrete additive degraded inter-
ference channels (DADIC), whose corresponding DBC is
the discrete additive DBC, and proved that the capacity
regions for the DADIC is the same as the capacity region
for the corresponding discrete additive DBC. Hence, the
optimal encoding scheme for the discrete additive DBC
is to employ discrete additions of independently encoded
streams.

Liu and Ulukus proved that encoder cooperation does
not increase the capacity region of DDICs that satisfy
five conditions [12] [13]. For these DDICs, independent
encoding can achieve the capacity region for the corre-
sponding DBCs as long as the transmitted signal for the
DBC can be appropriately defined. Our paper studies the
class of input-symmetric DBCs, some of which are not cov-
ered in [12] [13]. For any IS-DBC, our paper provides an
independent-encoding scheme and proves the independent-
encoding scheme achieves the boundary of the capacity re-
gion.

The input-symmetric channel was introduced by Wit-
senhausen and Wyner [8] and studied in [12] [13] and [14].
This paper extends the definition of the input-symmetric
channel to the definition of the input-symmetric DBC.
This paper introduces an independent-encoding scheme
employing permutation functions of independently en-
coded streams (the permutation encoding approach) for
the input-symmetric DBC and proves its optimality. The
discrete additive DBC [11] is a special case of the input-
symmetric DBC, and the optimal encoding approach for
the discrete additive DBC [11] is also a special case of the
permutation encoding approach. The group-additive DBC
is a class of input-symmetric DBCs whose channel out-
puts are group additions of the channel input and noise.
The permutation encoding approach for the group-additive
DBC is the group-addition encoding approach.

This paper is organized as follows: Section II provides
definitions and states some results from [10] that will be
useful. Section III defines the input-symmetric degraded
broadcast channel and provides several examples including
the group-additive DBC. Section IV shows that the uniform
distribution is the optimal input distribution to achieve the
boundary of the capacity region for IS-DBCs. Section V
introduces the permutation encoding approach and proves
that it achieves the capacity region for IS-DBCs. Section



VI provides the conclusion.

II. DEFINITIONS AND PRELIMINARIES

Let X—Y — Z be a discrete memoryless degraded broad-
cast channel where X €{1,2,--- |k}, Y€{1,2,--- ,n} and
Ze€{1,2,--- ,m}. Let Ty x be an nxk stochastic matrix
with entries Ty x (j, 1) =Pr(Y=7|X=1) and Tz x be an mxk
stochastic matrix with entries Ty x (j, 1) = Pr(Z=j| X=1).
Thus, Ty x and Tzx are the marginal transition probabil-
ity matrices of the DBC.

A. Conditional entropy bound F*, DBC capacity regions

Let vector g in the simplex Ay of probability k-vectors
be the distribution of the channel input X. For any
H(Y|X) < s < H(Y), define the function 7, 1, (q,5)
as the infimum of H(Z|U) with respect to all discrete ran-
dom variables U such that
e a) HY|U) = s;

e b) U and Y, Z are conditionally independent given X,
i.e., the sequence U, X,Y, 7 forms a Markov chain U —
X—-Y —Z.

The function F*(-) is an extension to the function F'(-)
introduced in [8]. We will use £y, 1, . (q,s), F*(q,s) and
F*(s) interchangeably.

Theorem 1: F7. . r1,.(g,s) is jointly convex in (g, s)
monotonically nondecreasing in s. The infimum in its def-
inition is attainable. (See [10] for proof.)

Theorem 2: The capacity region for the discrete memo-
ryless DBC X — Y — Z is the closure of the convex hull
of all rate pairs (R1, Rg) satisfying

0< R <I(X3Y), (1)
R2 SH(Z)_F;’YX,sz(qul"’_H(Y‘X))? (2)

for some q € Ay. (See [10] for proof.)

B. Definitions of C, C;, and the (§,n)-plane for DBCs

For any choice of the integer [ > 1, w = [wy,--- ,w;|’ €
A and p; € Ag,j =1,---,1, let U be an l-ary random
variable with distribution w, and let Txy = [py, -, D]
be the transition probability matrix from U to X. We can
compute

l

p=px =Txvw= ijpj7 (3)
j=1
1
E=HYU) =Y wiha(Tyxp;), (4)
j=1
1
n=H(Z|U) :ijhm(TZij)a (5)
j=1
where h,, A, — R is the entropy function, i.e.,
ho(p1,- -+ spn) = = > pilnp;.

Let C be the set of all (p,&,n) satistfying (3) (4) and
(5) for some choice of I, w and p;. C is compact, con-
nected, and convex. Let C* = {(&,1)](q,&,n) € C} be
the projection of the set C onto the (£,n)-plane. Define

H(2)

H(ZIX)

Fig. 1.
shown in bold and the region Cy.

The illustrations of the curve F*(q,s) = F.

yx Tzx (g,5)

C; =1(&,m)l(q,§,n) € C} as the projection onto the (£, n)-
plane of the subset of C where p = g. C* and Cj are also
compact and convex. By definition, F7 1  (q,s) is the
infimum of all 5, for which C; contains the point (s,7).
Fig. 1 shows how Fy . 1  (q,s) forms a lower boundary
of the region Cj.

III. INPUT-SYMMETRIC DEGRADED BROADCAST
CHANNELS

The input-symmetric channel was first introduced in [8]
and further studied in [12] [13] [14]. The definition of the
input-symmetric channel is as follows: Let ®,, denote the
symmetric group of permutations of n objects by the n x n
permutation matrices. An n-input m-output channel with
transition probability matrix T, x, is input-symmetric if
the set

Gr={Ged,qMed,, st. TG=TT} (6

is transitive, which means each element of {1,--- ,n} can be
mapped to every other element of {1,--- ,n} by some per-
mutation matrix in Gy [8]. Gr is called an input-symmetry
group if the channel T}, «,, is input-symmetric. An impor-
tant property of the input-symmetric channel is that the
uniform distribution achieves capacity.

Extend the definition of the input-symmetric channel to
the input-symmetric DBC as follows:

Definition 1: Input-Symmetric Degraded Broadcast Chan-
nel: A discrete memoryless DBC X — Y — Z with
|X| =k, |Y| =n and |Z| = m is input-symmetric if the set

A
gTYX7TZX = gTYX N gTZX (7)
= {G c q)kElHYX e, llzx € D,,,
st. Ty xG =My xTyx,TzxG = 1_‘[ZXTZX} (8)

is transitive.

Lemma 1: Gry 1,5 is a group under matrix multipli-
cation.

Proof: Every closed subset of a group is a group. Since
G1y x,T,x is a subset of ®;, which is a group under matrix
multiplication, it suffices to show that Gr . 7, is closed
under matrix multiplication. Suppose G1,G2 € Gry 7, «



such that Ty xG1 = Uy x1Tvx, TzxG1 = Hzx1Tzx,
Ty xGe =lyx 2Ty x and Tzx G =l zx 2Tz x. Thus,

TyxG1Gy = My x 111y x 2Ty x, 9)

and

TrxG1Ge =lzx1llzx 2Tz x. (10)

Therefore, G1G2 € Gry 7, Q.E.D.
Let | = |gTYX,TZX‘ and gTYX7TZX = {le T 7Gl}'
Lemma 2: Zi:l G; = %llT, where é is an integer and
1 is an all-ones vector.
Proof: Since Gy 1, is a group, forall j =1,--- 1,

(11)

l l l
G, (Z G,») => G;Gi=) G
=1 =1 =1

Hence, 22:1 G; has k identical columns and k identical

. . .. l
rows since Gty 1, is transitive. Thus, ) ., G; = %llT.
Q.E.D.

Definition 2: A subset of Gry 1,y: {Giy,---,Gi_} is
a smallest transitive subset of Gpy 7, if
I ;
54T
> G, = s, (12)
j=1

where % is the smallest possible integer for which (12) is

satisfied.

A. Ezxamples: binary-symmetric DBC and binary-erasure
DBC

The class of input-symmetric DBCs includes most of
the common discrete memoryless DBCs. For example, the
binary-symmetric DBC X — Y — Z with marginal tran-
sition probability matrices

].—Ckl (65)

TYX_|: a1 1—0&1

}andTZX—F_aQ @2 :|,

[6%) 1—042

where 0 < a3 < a < 1/2, is input-symmetric since

oreero={[5 L))

is transitive.

Another interesting example is the binary-erasure DBC
with marginal transition probability matrices

(13)

1-— aq 0 1-— as 0
Tyx = | a1 ax and Tzx = | ao az |,
0 1-— aq 0 1— a9

where 0 < a7 < ae < 1. It is input-symmetric since its
GTy ., T, x is the same as that of the binary-symmetric DBC
as shown in (13).

N, N,
v v

X — E|—> —>YyY —> G—) —> 7
Fig. 2. The group-additive degraded broadcast channel.

B. Ezample: group-additive DBC

Definition 3: Group-additive Degraded Broadcast Chan-
nel: A degraded broadcast channel X — Y — Z with
X,)Y,Z € {1,--- ,n} is a group-additive degraded broad-
cast channel if there exist two n-ary random variables Ny
and Ny such that Y ~ X @& Ny and Z ~ Y @ N5 as shown
in Fig. 2, where ~ denotes identical distribution and &
denotes group addition.

The class of group-additive DBCs includes the binary-
symmetric DBC and the discrete additive DBC [11] as spe-
cial cases.

Theorem 3: Group-additive DBCs are input-symmetric.

Proof: For the group-additive DBC X — Y — Z with
XY, Z e {l,--- ,n}, let G, for x =1,--- ;n, be 0-1 ma-
trices with entries

Gs(ivg) = {1 Home =

fori,j=1,---,n.  (14)

0 otherwise
G, forz =1, -  n, are actually permutation matrices and
have the property that G, - Gz, = Ga, - G2y = Goi@a,-
Let (70, ,Yn_1)T be the distribution of N;. Since Y has
the same distribution as X & Ny, one has
n
Tyx =Y 72Ga (15)
r=1

Hence, Ty xG, = G, Tyx forall x = 1,---
we have Ty x G, = G, Tzx forall z =1,--- ,n, and so

{G1,-+ G} CGOryx Tyx- (16)

Since the set {Gi,---,G,} is transitive by definition,
O1y <, T,x is also transitive and hence the group-additive
degraded broadcast channel is input-symmetric. Q.E.D.

By definition, Z?:I G; =117, and hence, {Gy,--- ,G,}
is a smallest transitive subset of Gy, 1, for the group-
additive DBC.

,n. Similarly,

C. Ezample: IS-DBC not covered in [12] [13]

The class of DDICs and the corresponding DBCs studied
in [12] [13] have to satisfy the condition that the transition
probability matrix Tzy is input-symmetric, i.e., Gr,, is
transitive. The input-symmetric DBC, however, does not
have to satisfy this condition. The following example pro-
vides an IS-DBC which is not covered in [12] [13]. Consider
a DBC X — Y — Z with transition probability matrices

_ _le f g h
Tyx = 7TZY—|:g hoe f:|7

QU O e
Ste aan



and

Trx =T7vIlyvx = {g g] ) (17)
wherea+c=b+d=1e+f+g+h=1, a=ae+bf +
cg + dh and B = ag + bh + ce + df. This DBC is input-
symmetric since its G, o 7, is the same as that of the
binary-symmetric DBC as shown in (13). It is not covered
n [12] [13] because

1000 [0o0 10
01 00/ |00 01

97 =910 0 1 o|l’|1 0 0 0 (18)
000 1] |0 1 00

is mot transitive.

IV. OprpTIMAL INPUT DISTRIBUTION AND CAPACITY
REGION

Consider the input-symmetric DBC X — Y — Z with
marginal transition probability matrices Ty x and Tz x.

Lemma 3: For any permutation matrix G € Gy 7,
and (p,&,n) € C, one has (Gp,&,n) € C.

Proof: Since (p,&,n) satisfies (3) (4) and (5) for some
choice of [, w and p;,

1

ijGpj =Gp (19)
Zw] (TyxGp;) = ij (MyxTyxp;) =& (20)
Z wihm (TzxGp;) = Zw] My xTzxp;) =n. (21)

Hence, (Gp, &, n) satisfies (3) (4) and (5) for the choice of
l, wand Gp;,j =1,---,l. QE.D.

Corollary 1: Vp € Ay and G € Grpy 1,, one has
Cop = Cp, and so F*(Gp, s) = F*(p, s) for any H(Y[X) <
s<HY).

Lemma 4: For any input-symmetric DBC, C* = C;,
where u denotes the uniform distribution.

Proof: For any (£,n) € C*, there exists a distribution

p such that (p,&,n) € C. Let Gry 1, = {G1,--+,Gi}.
By Corollary 1, (G;p,&,n) € C for all j =1,--- ,[. By the
convexity of the set C,

(a.6,m) = ZGJP &) € (22)

where ¢ = Zi:l Gjp. Since Gry 1, is a group , for any
permutation matrix G' € Gy ¢ 1,4,

l l
G'q =) G'Gjp =) Gp =
j=1 j=1

(23)

entry and the j' entry of g are
" row to ;' row. Since the set

Since G'q = q, the i*}
the same if G’ permutes i

G1y <, 75« for an input-symmetric DBC is transitive, all the
entries of q are the same, and so ¢ = u. This implies that
(&,m) € Cy,. Since (&,7n) is arbitrarily taken from C*, one
has C* C C},. On the other hand, by definition, C* D Cj,.
Therefore, C* = C;,. Q.E.D.

Now we state and prove that the uniformly distributed
X is optimal for input-symmetric DBCs.

Theorem 4: The capacity region of any input-symmetric
DBC can be achieved by using a uniformly distributed X.
As a consequence, the capacity region is

C_(){(Rl,RQ) :R1 S S — hn(TYXel),

Ry < hi(Tzxu) — Fr, o 1, (0, 5),

hn(Tyxel) S S S hn(TYXu)} (24)

,0)T, n =Y, and m = | Z|.

Proof: Let ¢ = (q1,--- ,qx)T be the distribution of the
channel input X for the input-symmetric DBC X — Y —
Z. Since Gy, is transitive, the columns of Ty x are per-
mutations of each other. Thus,

where e; = (1,0, -

H(Y|X) = Z H(Y|X =) (25)

= Z gihn(Ty xe€;) (26)

= Z gihn(Ty xe1) (27)

= hn(TYXel), (28)

which is independent of gq. Let | = |G, 1,y | and

Gryx oy = {1+, G}
H(Z) = hm(Tzxq) (29)
- ij (Tzxa) (30)
- }E_ljh (T7xGig) (31)
< (Tax LY Gua) (32)
 h(Taxu), (33)

where (32) follows from Jensen’s inequality. Since C* = Cj,
for the input-symmetric DBC,

F*(q,s) > F*(u,s). (34)



Plugging (28), (33) and (34) into Theorem 2, the capacity
region for input-symmetric DBCs is

Cb[ U {(Rl,Rz)Zngs—H(YLX),

Px=qEA
Ry < H(Z) = Fiy 1, (4.9)}]

C ol U {(RiRe): R <s— ha(Tyxe),

Px=q€Ay
Ry < hp(Tzxu) — Ty« Tux (u, S)}} (36)

cof (Ry, Ba) iRy < 5 = ha(Ty xex),

(35)

R < ha(Tzxu) = Fiy 1, (w,5) ) (37)

= Cb{(Rl,Rz) px =u, R <s —]‘I(va()7

Ry < H(Z) = Fiy 1, (w,9) (38)
c c-o[ _U . {(Ry,Ry) : Ry < s — H(Y|X),
Ry S H(Z) = Fiy m, (a9)}],  (39)

Note that (35) and (39) are identical expressions, hence
(35 - 39) are all equal. Therefore, (24) and (37) express the
capacity region for the input-symmetric DBC, which also
means that the capacity region can be achieved by using
the transmission strategies such that the broadcast signal
X is uniformly distributed. Q.E.D.

V. OPTIMALITY OF PERMUTATION ENCODING

The permutation encoding approach is an independent-
encoding scheme which achieves the capacity region for
input-symmetric DBCs. The block diagram of this ap-
proach is shown in Fig. 3. In Fig. 3, W; is the message
for User 1, which sees the better channel Ty x, and Wy
is the message for User 2, which sees the worse channel
Tzx. The permutation encoding approach is first to inde-
pendently encode these two messages into two codewords
X7 and X5, and then to combine these two independent
codewords using a single-letter operation.

Let G, be a smallest transitive subset of Gr, 7, . De-
note k = |X| and l5 = |Gs|. Use a random coding technique
to design the codebook for User 1 according to the k-ary
random variable X; with distribution p; and the code-
book for User 2 according to the l-ary random variable
Xo with uniform distribution. Let G, = {G1,---,G..}.
Define the permutation function g,,(z1) = z if the permu-
tation matrix G, maps the 2{" column to the z** column,
where x5 € {1,---,l;} and z,27 € {1,---,k}. Hence,
gz, (x1) = z if and only if the 2{" row, z'"' column entry
of G4, is 1. The permutation encoding approach is then
to broadcast X which is obtained by applying the single-
letter permutation function X = gx,(X1) on symbols of
codewords X7 and X5. Since X5 is uniformly distributed
and Z;‘;l G; = %11T, the broadcast signal X is also uni-
formly distributed.

Y Successive i

Tyx Decoder W
YA A

Tzx Decoder 2 W,

Decoder 2

Fig. 4. The structure of the successive decoder for input-symmetric
DBCs

User 2 receives Z and decodes the desired message di-
rectly. User 1 receives Y and successively decodes the mes-
sage for User 2 and then for User 1. The structure of the
successive decoder is shown in Fig. 4. Note that Decoder
1 in Fig. 4 is not a joint decoder even though it has two
inputs Y and X,.

In particular, for the group-additive DBC with Y ~
X @ Ny and Z ~ Y @ Ny, the permutation function g,, (1)
is the group addition x5 @ x;. Hence the permutation en-
coding approach for the group-additive DBC is the group-
addition encoding approach, which independently encodes
the message for each of the two users and broadcasts the
group addition of the two resulting codewords. The succes-
sive decoder for the group-additive DBC is shown in Fig. 5,
where

(40)

From the coding theorem for DBCs [2] [3], the achievable
region of the permutation encoding approach for the input-

Decoder 1 —» )2

Decoder 2

Fig. 5. The structure of the successive decoder for group-additive
DBCs



symmetric DBC is determined by

Ry < I(X;Y]X2) (41)
= H(Y|X,) — H(Y|X) (42)
ls
= Z Pr(Xs = 29)H(Y| X2 = 22)
zo=1
_ Z Pr(X H(Y|X =x) (43)
ls
= Z PI'(XQ = 1’2)hn(TYXG1‘2p1)
k
— Z Pr(X =z)h,(Tyxes) (44)
=1
ls
= Z Pr(Xs = z2)hp,(Mly x 4, Ty xP1)
zo=1
- Z Pr(X =z)h,(Tyxe1) (45)
= hn(Tyxpl) — hn(Tyxer), (46)
and
Ry < I(X2; 2) (47)
=H(Z) - (Z|X2) (48)
= hn (Tzxu) — Z Pr(X2 = 22)hm(Tzx Gz,p1)
e (49)
ls
= hp(Tzxu) — Z Pr(Xs = 22)hp (M zx 2, T2zxP1)
e (50)
= hm(TZXu) - hm(TZXpl)a (51)
(52)

where u is the k-ary uniform distribution, p; is the dis-
tribution of X, and e, is a 0-1 vector such that the z'P
entry is 1 and all other entries are 0. Hence, the achievable
region is

50{ U {(R1,R2): By < ho(Tyxp1) — ha(Tyxea),
P1EAK

Ry < hn(Tzxu) = hn(Tzxpr)}|  (53)

Define F(s) as the infimum of h,,(Tzxp1) with respect

to all distributions p; such that h,(Tyxp1) = s. Hence
the achievable region (53) can be expressed as
{(R1,Ry) :Ry < 5 — hy(Tyxex),
Ry < hyn(Tzxu) — envF(s),
ho(Tyxer) < s < hy(Tyxu)},  (54)

where envF(s) denotes the lower convex envelope of F(s).
In order to show that the achievable region (54) is the same
as the capacity region (24) for the input-symmetric DBC,
it suffices to show that

envF(s) < F*(u,s) (55)
For any U — X with uniformly distributed X,

H(Z|U) = ZPr H(Z|U = u) (56)

= Z Pr(U = u)hm(TzxPx|v=u) (57)

> S PHU = WP (ha(Ty xpx_)  (58)

> Pr(U = wenvF (hn(Ty xPxjy—a)) (59)

> enF (Y Pr(U = u)hn(Ty xpxjy—y)) (60)
=envF(H(Y|U)), (61)

where px|y—, Is the conditional distribution of X given
U = u. Some of these steps are justified as follows:

o (58) follows from the definition of F(s);
e (60) follows from Jensen’s inequality.

Therefore, by definition, envF(s) < F*(u,s).

The results of this subsection may be summarized in the
following theorem.

Theorem 5: The permutation encoding approach achieves
the boundary of the capacity region for input-symmetric
DBCs. The capacity region is expressed in (24), (53), and
(54).

Corollary 2: The group-addition encoding approach
achieves the boundary of the capacity region for group-
additive degraded broadcast channels.

VI. CONCLUSION

A discrete degraded broadcast channel X — Y — Z
is input-symmetric if the input-symmetry group Gry 1, «
is transitive. The IS-DBC includes the binary-symmetric
DBC, the discrete additive DBC and the group-additive
DBC. The permutation encoding approach for IS-DBCs
is an independent encoding scheme which employs per-
mutation functions of the independently encoded streams.
This permutation encoding approach for the group-additive
DBC is the group-addition encoding approach, which
employs group additions of the independently encoded
streams. The permutation encoding approach achieves the
boundary of the capacity region for IS-DBCs. The capacity



region is

Cb{(Rh Rg) Ry <s-— hn(Tyxel),
Ry < hi(Tzxu) — Fr, 1, (4, 5),
hn(Tyxe1) <s < hn(TYXu)}

= C_O{ U {(R1,R2) : Ry < hy(Tyxp1) — hn(Ty xex),
P1EAL

Ry < hyn(Tzxw) = hon(Tzxp1)} -
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