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Abstract—Causal video coding is considered from an infor-
mation theoretic point of view, where video source frames
X1, X2, -+, XN are encoded in a frame by frame manner, the
encoder for each frame X, k =1,---, N, can use all previous
frames and all previous encoded frames while the corresponding
decoder can use only all previous encoded frames, and each frame
X, itself is modeled as a source X, = {Xk(4)}52;. A novel
computation approach is proposed to analytically characterize,
numerically compute, and compare the minimum total rate
of causal video coding R.(Di,---,Dx) required to achieve
a given distortion (quality) level Dq,---,Dyx > 0. Specifi-
cally, we first show that for jointly stationary ergodic sources
X1,X2, -+, XN, Re(D1,---,Dn) is equal to the infimum of
the nth order total rate distortion function R ,(D1,---,Dn)
over all n, where R..(Di,---,Dy) itself is given by the
minimum of an information quantity over a set of auxiliary
random variables. We then present an iterative algorithm for
computing R. (D1, --,Dx) and demonstrate the convergence
of the algorithm to the global minimum. The global convergence
of the algorithm further enables us to establish a single-letter
characterization of R.(D1,---,Dy) in a novel way when the N
sources are an independent and identically distributed (11D) vec-
tor source. With the help of the algorithm, we also demonstrate
a surprising result (dubbed the more and less coding theorem)—
under some conditions on source frames and distortion, the more
frames need to be encoded and transmitted, the less amount of
data has to be actually sent. Predictive video coding, where each
encoder and its corresponding decoder can use only all previous
encoded frames, is also investigated.

I. INTRODUCTION

Consider a causal video coding model shown in Figure 1,

where X, k=1,2,--- , N, represents a video frame, Sy and
X, represent respectively its encoded frame and reconstructed
frame, all frames X, k = 1,2,--- , N, are encoded in a frame
by frame manner, and the encoder for X, can use all previous
frames X;, j = 1,2,---,k — 1, and all previous encoded
frames S;, j = 1,2,---,k — 1, while the corresponding

decoder can use only all previous encoded frames. The model
is causal because the encoder for X, is not allowed to access to
future frames in the encoding order. In the special case where
the encoder for each X}, is further restricted to enlist help only
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from all previous encoded frames S;, j = 1,2,--- ,k — 1,
causal video coding reduces to predictive video coding.
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Fig. 1. Causal video coding model

All MPEG-series and H-series video coding standards [1],
[6] proposed so far fall into the above causal video coding
model (strictly speaking, into the predictive video coding
model); the differences among these different video coding
standards lie in how information available to the encoder of
each frame X} is used to generate Si. When N = 2, the causal
coding model is the same as the sequential coding model of
correlated source proposed in [3]. When N = 3, the causal
coding model is also called the C-C model in [4]. However,
when N > 2, which is a typical case in MPEG-series and H-
series video coding, the causal coding model considered here
is quite different from sequential coding.

It is expected that a future video coding standard will
continue to fall into the causal video coding model shown
in Figure 1. To provide some design guidance for a future
video coding standard, in this paper, we aim at investigating
from an information theoretic point of view how each frame
in the causal model should be encoded so that collectively the
total rate is minimized subject to a given distortion (quality)
level Dy,..Dy > 0.

We model each frame X, itself as a source X, =
{ X (3)}52, taking values in an alphabet X}. Together, the
N frames then form a vector source (X1, Xo, -, Xn) =
{X1(4), X2(4),- -, Xn(2)}32, taking values in the product
alphabet X} x Xy x --- x X. The sources Xy, X5, -+ , X
are said to be (first-order) Markov if for any 1 < j < N,
X, is the output of a memoryless channel in response to
input X;_;; in this case, we say X; — Xy — -+ — Xy



forms a Markov chain. Let X, = {X(i)}2°, denote the
reconstruction of X = {Xj(i)}72; drawn from an alphabet
X,.. The distortion between X and X}, is measured by a
single-letter distortion measure dp : X x X, — [0, 00).
For convenience, we write {X (i)}, simply as Xx(1;n)
for any £ and n > 1. For any N dimensional vector
V = (W,Va,---,Vn), denote (Vi,---,Viq) by V,7, and
(Vig1,-++, V) by V. As such, by X, (1;n) we shall
mean that X, (1;n) = (X1(1;n), -+, Xp—1(1;n)). A similar
convention will apply to reconstruction sequences and other
vectors.

Formally, We define an order-n causal video code C,, for
Xq,--+, Xy by using N encoder and decoder pairs:

1) For X, an encoder of order n is defined by a function
f1 from X7 to {0,1}*, the set of all binary sequences
of finite length, satisfying the property that the range of
f1 is a prefix set, and a decoder of order n is defined
by a function

g1 :{0,1}" — /XA’I"

The encoded and reconstructed sequences of X;(1;n)
are given respectively by S1 = fi(Xi(1;n)) and
X1(1;n) = g1(51).

2) For Xi, k=2,---
by a function

, N, an encoder of order n is defined

k—1 times
fr: AP e x AR x {0,117 x -+ x {0,1}"
—{0,1}"

satisfying the property that the range of f; given any
k — 1 binary sequences is a prefix set, and a decoder of
order n is defined by a function

k times
gr 0,1} x - x {0,1}" — X7
The  encoded and reconstructed  sequences
of  Xk(L;n) are given respectively by
Sk = fo(Xy (1in), Xi(15n),5,7)  and
Xi(L;n) = gr(Sy s Sk)-
3) Fork=1,---, N, the distortion between X (1;n) and

Xi(1;n) is defined by

de X (i ))] :

4) The rates of N encoders are defined respectively by

;ck —7E

1
Rok éﬁE|Sk\, k=1,---,N

where |Si| denotes the length of the binary sequence
Sk.

In a similar manner, one can formally define an order n
predictive video code; the only difference lies in the definition

of the encoders for Xy, k = 2,--- , N, where the encoder for
Xk, k > 2, is defined instead by a function

k—1 times
fr: P x{0,1}* x -+ x {0,1}*
—{0,1}"

satisfying the property that the range of f; given any k& —
1 binary sequences is a prefix set, and where the encoded
sequence of X (1;n) is given by Sy, = fi(Xk(1;n), S, ).

Definition 1: A set of rates (Ry,---,Ry) is said to be
achievable at distortion level Dy,---,Dyx > 0 by causal
coding (predictive coding, respectively) if Ve > 0, there exists
an order n causal (predictive, respectively) code {(fx, gx) i,
for all sufficiently large n such that

Ry < Rp+eand Dy, < Dy + €

fork=1,---,N.

Let R:(Dy,---,Dn)and Ry (D, -+, Dy) denote the set
of all rates (Ry,---,Ry) at distortion level (Dy,---,Dy)
achievable by causal coding and predictive coding, respec-
tively. As in the usual video compression applications, we
are interested in the minimum total rates R.(D1,---,Dn)

and R,(D1,---,Dn) required to achieve the distortion level
(D1,---,Dn), which are defined respectively by
Re(D1, - ,Dy) 2min{R; + Ry + -+ Ry :
(Rla"' 7RN) ERi(Dly aDN>}7
and
Rp(Dl, DN) mm{R1 4+ Ro+---+ Ry :
(Rl, s 7]%N) S R;(Dl, s ,DN)}.

One of our purposes in this paper is to numerically compute,
analytically characterize, and compare R.(D1,---,Dxy) SO
that deep insights can be gained regarding how each frame
should be encoded in order to have a minimum total rate.

Our approach is computation oriented. Starting with a
jointly stationary ergodic vector source (Xi,Xs, -+ ,Xn),
we first show in Section Il that R.(Di,---,Dx) is equal
to the infimum of the nth order total rate distortion function
R.n(D1,---,Dn) over all n, where R.,,(D1,---,Dn) it-
self is given by the minimum of an information quantity over a
set of auxiliary random variables. Then we develop an iterative
algorithm in Section Il to calculate R, ,,(D1,---,Dy), and
further show that this algorithm converges to an optimal
solution that achieves R. ., (Di,---,Dy). The global con-
vergence of the algorithm enables us to establish a single-
letter characterization of R.(D;,---,Dy) in Section IV
in the case where the vector source (Xi,Xo, - ,Xy) IS
independent and identically distributed (I1D), by comparing
R.n(D1,--+,Dn) with R.1(D1,---,Dy) through a novel
application of the algorithm. With the help of the algorithm,
we further demonstrate in Section V a surprising result dubbed
the more and less coding theorem—under some conditions
on source frames and distortion, the more frames need to be



encoded and transmitted, the less amount of data has to be
actually sent.

For predictive coding, the corresponding problem turns out
to be even harder. In Section VI, we show that under the
condition that Xy, Xo,---, Xy form a (first-order) Markov
chain, predictive coding achieves the same performance as
does causal coding. In this case, therefore, all the information
theoretic results and our proposed algorithm for causal coding
can be applied to predictive coding. When X, X5, --- , Xy
do not form a (first-order) Markov chain, however, the problem
remains open.

Il. MINIMUM TOTAL RATE AND ACHIEVABLE RATE
REGION: ERGODIC CAUSAL CASE

Suppose now that (X7, Xs, -+, X ) is jointly stationary
and ergodic. Define R, (D1, -, Dy) to be the region con-
sisting of rates (Ry,---, Ry) for which there exist auxiliary
random variables Uy, k =1,2,--- ,N—1, and XN(I; n) such
that

—_

Ry > —I(X:1(1;n);Uy)

—3

Ry > —I(X1(L;n), -, Xp(1;n); Uk|U, )
k=23, N—1
Ry > —I(Xn(1n); Xn(1;n)|Uy) 69)

3

—_

3

and the following requirements are satisfied:

(1)  Xi(1;n) = g1(U;) for some deterministic function
g1,

(2 Xw(l;n) = gx(U, , Uy) for some deterministic func-
tion gy, k=2,--- ,N — 1, R

@ forany 1<k <N, LE[d(Xp(15n), Xi(13n))] <

D, and

(4) the Markov chain conditions Uy —
(Xk(1;n), X, (1;n),U) — X (1;n),
k= 1,---,N — 1, and X, (L;n) —

(Xn(1;7),Uy) — Xn(1;n) are met.

Let R.(D1, -+ ,Dn) =U,~; Ren(D1,- -+, Dy). Denote
its convex hull closure by co(R.(D1,---,Dy)). Then we
have the following results, the proofs of which along with
other omitted proofs and other practical video coding settings
can be found in the full paper [2].

Theorem 1. For jointly stationary and ergodic sources
Xy,---, Xy and any distortion level Dy,--- ,Dn > 0,
Ri(Dy, - ,Dn) =co(R.L(D1,---,Dn)).

Theorem 2: For jointly stationary and ergodic sources
Xy,---, Xy and any distortion level Dq,--- , Dy >0,

Re(D1,-+ ,Dy) =inf{Rep(D1, -+ ,Dy):n>1}

where

Rc, L(Dla"' aDN)

él ~ min [I(Xl(l;n);f(l(l;n))—k
N R (1m) 1,
N—-1 R )
DI (Ln), -, Xi(1n); X (1;0)[ X, (1m) +
t=2
I(Xn(13n); Xn(1;n)| Xy (15n))] @

where the minimum is taken over all auxiliary random vec-
tors Xk(l;n) satisfying the following two conditions for all
j=1,--- N,and k=1,--- ,N —1: 1) the Markov chains
Xi(lin) — (Xk(1;n), X; (1;n), X, () — X (15n)
and Xy (1;n) — (Xn(1;n), Xy(1;n) — Xn(1;n) hold;
and 2) L Ed;(X;(1;n), X;(1;n)) < D;.

For general stationary ergodic sources Xi,---, Xpn, The-
orem 2 is probably the best result one could hope for in
terms of characterizing analytically R.(D;,--- ,Dy). How-

ever, its impact on practical video coding will be limited if
the optimization problem involved can not be solved by an
effective algorithm. To a large extent, this is also true even
if R.(Dy,---,Dy) admits a single letter characterization
and for many other multi-user problems. In the following
section, we will develop an iterative algorithm to compute
R n(D1,---,Dn) defined in (2) for any stationary ergodic
sources, and establish its convergence to the global minimum.

I1l. AN ITERATIVE ALGORITHM

In this section, an iterative algorithm is proposed to calculate
R¢ n(D1,- -+, D) defined in (2), which serves three purposes
in this paper: first, it allows us to do numerical calculations;
second, the global convergence of this algorithm provides
a completely different approach to establish a single-letter
characterization of R.(Ds,.., Dy) when the N sources are
1ID; and third, it allows us to do comparisons and gain deep
insights into R.(Dq,..,Dn).

Without loss of generality, we consider the
case of N = 3 and denote three sources by
{X@)},{Y (@)}, and {Z(4)}~,, which in turn

will be written as X™, Y™ and Z™ respectively to simplify
our notation for describing the iterative algorithm.

Let pxny» and pxnynz» denote joint distributions of
random vectors (X™,Y™) and (X", Y™, Z"), respectively;
and let p(X™) denote the marginal distribution of X™. If there
is no ambiguity, subscripts in distributions will be omitted.
For example, we may write p(x) instead of px (z). In order
to find the random variables X™, Y™ and Z" that achieve
R. n(D1,D2,D3), we try to find transition probability and
probability functions p ¢ xu, Py n| gnyn xnr Pgn| gnyn 2o @Nd



Qg nynzn that minimize

Fs,n<pj(nixn7pf/n|j(nynxn7pZAn|j(nf/n Zn> anYnZn)
é Z p(xnyyn’zn)p(‘iﬂxn) «

rn yn zZn in Q'IL7£1L
p(y" i,nynxn)p(énkﬁn,gnzn) X

log[< 2" ("
DI

", z"

B> pl=

A 7y’IL 72” 7@”
n n
v E p(z",y",

2")p(E" ") X
:L-’Vl y’!l Z’Vl :i’fl g 727L

AT M

&y e )p(2"|2"g" 2")
q(zngmzr)
n|x71)d1( 'IL7§,/,7’L)_~_

|+

’rL7 Z’)TL)
where s _( ,B,v) denotes the standard Lagrange multi-
plier, and the base of the logarithm is e. For brevity,
we shall denote (pgn xnsPyn|gnynxn Pan|gnynga) DY
Pna and dxnyngn = qX"qY”\X"qZ"iX”Y” by Q Write
Fyn(Dgn|xn: Py nyn xnsPgn| %nyrnzn Anyn zn) ACCOMd-
ingly as Fs ,, (P, Q,,). When there is no ambiguity, the super-
script or subscript n will be dropped. The iterative algorithm
works as follows.
Step 1: Initialize ¢ = 0 and set Q(* —q(o) ;
distribution function over X, and Z

as a joint

i) (i+1) A (i4D)  (i+1)
Step 2: FI?(Q . Find P _(lex, IRy X
p(Zf&l;Z) such that
pi+y) éarg mions(P,Q(i)) 4)
where the minimum is taken over all
transition probability functions P =

derived as follows

() (13 e—Bd2(4:9)
gl
W) = O g

o2 pzlyz) log AW (2,2,9) (6)

where A®(z,y,&) 23, ¢ (%) x
e—Bd2(y.9) X, p(zlyz) log RO (2,,9) -

p(

; and
(@) (5) p—adi(z,&)
(i+1) a4 (2)e

o2y Pyle) log AW (2,y,) @

where T0)(2) 257, ¢(@)e

o2y Pyle) log A (z,y,3)

—ady (2,2)

"y )p(E" 2" )p(g" 12"y 2" )da (v, §") +

Step 3: Fix PV, Find QY such that
QU+ éargminQFS(P(”l),Q) (8)

where the minimum is taken over all joint distri-
bution functions Q over X, Y and Z. (8) is solved
by the following equation: for any (2,7,2) €

X x y X Z
¢ (@gz) = > playz)p" T (@)
x,Y,z
P (glaya)pi Y (2l2g2). )

0,QW) as FO.
—F*Y s smaller than

Step 4.
Step 5:

Increase 7 by 1. Record F,(P
Repeat Steps 24 until ")
a prescribed threshold.

(3) For brevity, let Q(P) denote the joint probability function

over X', Y and Z obtained from P through (9). The following
theorem shows that the sequence {(QU~Y P®) : i > 1}
obtained by our iterative algorithm converges to a quadruple
of distributions that achieve

F; S inf Fs(Px)x: Py xvx P21 xv 2 4%y 2)
where the infimum is taken over all possible p¢ v, Py %y x
Pz1xvz A 45y 5

Theorem 3: There exists aP* = (p}lx,p;‘xyx,p*zlxyz)
suchthata52—>oo PO — p* QW — Q* = Q(P*), and

Remark 1: The above iterative algorithm can be easily
extended to the case of N > 3, and Theorem 3 remains valid.
By setting v = 0, it also reduces to the case of N = 2.

Remark 2: The iterative algorithm can be further extended
to work for coupled distortion measures (as defined in [3]) dj, :
X X X X X1 X - ><X1—>[0 ), k=2,- Nwherethe
distortion d (Xk,Xk|X ) depends not only on (Xk,,f(k) but
also on (X’l, e ,X’k_l). Its global convergence as expressed
in Theorem 3 is still guaranteed.

Remark 3: It is worthwhile to point out that the Blahut-
Arimoto algorithm [5] can not be applied directly to com-
pute R (D1, ---,Dy) since the corresponding optimization
problem has N Markov chain conditions in addition to the
standard distortion constraints, which makes the problem be-
come a non-convex optimization problem. Although there are
many other ways to derive iterative procedures, their global
convergence can not be guaranteed.

IV. SINGLE-LETTER CHARACTERIZATION: IID CAUSAL
CASE

Suppose now that (X, -+, Xy) is lID. In this case, both
R:(Di1,---,Dn) and R.(D;,---,Dy) have their single-
letter characterizations, as shown in the following theorems®.

When N = 2, Theorems 4 and 5 reduce to Theorems 1 and 3 in [3],
respectively. However, the proofs in [3] are incomplete due to the invalid
claim of the Markov condition made in the proofs therein; as such formulas
therein can not be extended to the case of N > 2.



Theorem 4: For an 11D vector source, R%(D1, -+ ,Dn) =
CO(RCJ(Dl, e ,DN))
Theorem 5: For an 11D vector source, R.(D1, -+ ,D,) =

Re1(D1, -+, D).

Theorem 4 can be proved via the standard converse proof
technique in multi-user information theory by introducing right
auxiliary random variables. To prove Theorem 5, we will
apply our iterative algorithm in a novel way, not for numerical
calculation, but for analytically comparing R, ,,(D1,--- ,Dn)
with Rc,l(Dlv DR ,DN)

Sketch of the Proof of Theorem 5: The global convergence
of our iterative algorithm enables us to verify whether a pair
(P,Q) isasolution to F;,, by checking if (P, Q) is a stationary
point of our iterative algorithm. This in turn allows us to verify
whether a product form of a solution to R, (D1, - ,Dn)
will be a solution t0 R (D1, ,Dn).

Without loss of generality, once again, we consider the case
of N = 3 and denote three sources by X,Y,and Z. Since the
vector source (X,Y,Z) is IID, we have px~ = [[;", px,,
Pxnyn = Hz 1Px,y, and pxaynzn = Hz 1DPX,Y:Z;+
Suppose that Py = (pg|x,Py xyx Pzxyz) and the cor-
responding Q; = ¢4y, obtained through (5),(6),(7), and
(9) are the solution to F7, for the case of n = 1. This
implies that if ng) is set to be Q in our iterative algorithm
for the case of n = 1, then Pgl) obtained in Step 2 of
our iterative algorithm will remain to be P;. Now consider
the n-fold product P,, of P, for any » > 1. That is,

Pr = (Dxn|xn: Pyn|nyn xns Pgn|xnynzn) 1S defined by

p(@@"|2") = [ ] p(a;lz;) (10)
j=1
p(@"&"y ") = [ p(;1292;) (11)
Jj=1
p("|amgm2") = [ p(31d592))- (12)
j=1
. A (0) (0)
Using P,, we initialize Q" = q, ., ., as follows
g% (@""2")
= p($n7yn7 Zn)p(£n|xn) X
xn’yn Zn
p(yn|i,nynxn)p(2n‘j:n Anzn)
= H q(2;9;%;) (13)
j=1

Fix Q. It can be verified from (5),(6) and (7) that P(!
obtained in Step 2 of the iterative algorithm has the following

form
P = (V@ "), p " &y ), p M (2| ")

n n
= Hp(fij‘l"] H (95|25y5%;),

H p(3512;9;7) (14)
Checkmg (14) against (10), (11) and (12) , we see that
P — P, which indicates that (P mQ(O) is indeed a
statlonary point. It thus follows from the global convergence
of the iterative algorithm that

F:,n = Fs,n(Pm QSLO))

= ZEs,l(Plan)
j=1
= nFg,. (15)
Since (15) holds for any (s, n), we conclude that for any D =
(D1,D9,D3) and any n > 1,

Rc,n(Dla e ,DN) = Rc,l(Dla e 7DN)
which, together with Theorem 2, in turn implies that
Re(D1,--+ ,Dn) = Rc1(Dy,- - ,Dn).

This completes the proof of Theorem 5.

Remark 4: Note that the characterization of the minimum
total rate does not involve any auxiliary random variables other
than X’j,j =1,2,..., N taking values from the reconstruction
alphabets Q?j,j = 1,2,...,N. This is in contrast with the
achievable region.

V. MORE AND LESS CODING THEOREM

To gain deep insights into how each frame in the causal
video coding should be efficiently encoded, in this section,
we compare R.(D1,---,Dy) among different values of N.

To be specific, we will compare the case of N = 3
with that of N = 2. Let RX1*2Xs(Dy Dy, D3) denote the
minimum total rate required to encode three source frames
X1, X5 and X3 at the distortion level D, Dy, D3 > 0, and
RX2X3(Dy, D3) denote the minimum total rate required to
encode two source frames X5 and X35 at the distortion level D,
and D3. When X, X5, and X3 are jointly stationary ergodic
and form a (first-order) Markov chain, we have the following
result.

Theorem 6: If X1, X5, and X3 form a (first-order) Markov
chain, and X is stationary ergodic, then

RX1X2Xs (D) Dy, Dy) > RX2X3(Dy, Dy)

for any Dy, Dy, D3 > 0.

Theorem 6 is what one would expect and consistent with
our intuition. Let us now look at the case where X;, X5, and
X3 do not form a (first-order) Markov chain. Define

Dl,mar éInln{Dl : RX1 (Dl) = 0}’

and Ds ap 2min{Ds : Ry, (Ds) = 0}



where Rx (D), for any source X, is the classical rate distortion
function of X.

Theorem 7 (More and less coding theorem): Suppose that
(X1,X2,X3) is an 11D vector source, and X7, Xo, and X3
do not form a (first-order) Markov chain. Then for any D,
and Dj satisfying Dy < D3 4, and RX2X3(Dy, D3) > 0
and for which the transitional probability functions to auxiliary
random variables achieving RX2%3(Dy, D3) satisfy some mild
conditions, there is a DY < D1 mas Such that

R§1X2X3(D17D2’D3) < R§2X3(D2,D3)

for any D, > D7.

Theorem 7 is really surprising and counter intuitive. It says
that whenever the conditions specified in Theorem 7 are met,
the more source frames need to be encoded and transmitted,
the less amount of data has to be actually sent!

Remark 5: One needs the conditions specified in Theorem 7
to rule out some corner cases such as the case where Xj,
X5, and X3 do not form a (first-order) Markov chain, but X,
and X3 are independent. The conditions are nonetheless really
minor and satisfied by most sources which do not form a (first-
order) Markov chain, as shown in the following examples.

Example 1: Suppose that X} = X, = X3 = X = Xp =
X3 = {0,1}, and that the Hamming distortion measure is
used. Let px, (0) = 1/3, px,|x, (0]1) = px,x, (1]0) = 3/5,

and Px3|x1X> =

X1 X 00 01 10 11
X3
0 0.97 0.03 0.03 0.97
1 0.03 0.97 0.97 0.03

It is easy to see that X;, X, and X3 do not form a Markov
chain. We consider the following three cases.

Case 1: Dy = 0.3100 < D1 mas, and D3 = 0.1500.
Case 2: Dy = 0.2000 < D3y, and Dz = 0.1500.
Case 3: Dy = 0.2200 < D3y, and D3 = 0.2300.

For Case 1, Figure 2 shows the rate-distortion curves
of RX1X2Xs(Dy Dy D3) and RX2X3(Dy, D3) versus Ds.
Over the interval of D, shown in Figure 2, it is clear
that RX1X2X3(Dy Doy, D3) is always strictly less than
RX2X3(Dy, D3).

For Case 2, Figure 3 shows RX1%X2Xs3(D; D,, D3) and
RX2X3(Dy, D3) versus D; with fixed Dy <  Da s
and Ds. It is observed that the critical point at which
RX1X2Xs(Dy . Dy, D3) meets RX2X3 (Do, D3) is the intersec-
tion of the two curves. Denote this critical point by D7. Then it
is clear that when Dy > D3, RX1X2X3(Dy Dy, D3) is indeed
strictly less than RX2%3(Dy, D3).

When we assign different values to Dy < D3 4, and Ds,
we observe the same phenomenon, as shown again in Figure 4
for Case 3.

Let us now look at another example with a different joint
distribution.

Example 2: Suppose that X; = X, = X3 = X = Xp =
X3 = {0, 1}, and that the Hamming distortion measure is used.
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Fig. 2. Comparison of R:1"2"3(Dy, D2, D3) and R: 27 3(D2, D3)

versus Do for fixed Dy = 0.3100 and D3 = 0.1500.
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Fig. 3. Comparison of R;1"23(Dy, Da, D3) and R:273(Da, D3)

versus Dy for fixed Dy = 0.2000 and D3 = 0.1500 in example 1.

Let px, (0) = 1/10, px,|x, (0[1) = px,|x, (1/0) = 1/10, and
Pxs|x1X2 =

X;X, 00 01 10 11

X3
0 0.80 0.05 0.1 0.92
1 0.20 0.95 0.9 0.08

Once again, X, X, and X3 do not form a Markov chain.
Fix Dy = 0.0988 < D3 mar and D3 = 0.0911. Figure 5
shows the two rate distortion curves RX1%X2Xs(Dy, Dy, D3)
and RX2X3(Dy, D3) versus D;. The same phenomenon is
revealed as in example 1 .

For all cases shown in Examples 1 and 2, in comparison
with RX2%3(D,, D3), when we include X; in the encoding
and transmission, we not only get the reconstruction of X free
at the receiver end, but are also able to reduce the the number
of bits to be transmitted. In other words, we can achieve a
double gain.

V1. PREDICTIVE VIDEO CODING

In this section, we investigate the rate performance of
predictive video coding. We have the following result.

Theorem 8: If the jointly stationary and ergodic sources
Xy, , Xy form a (first-order) Markov chain, then

Rc(Dlv"' 7DN):Rp(Dla"' 7DN)
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versus Dy for fixed D2 = 0.2200 and D3 = 0.2300 in example 1.
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Fig. 5. Comparison of R:1"2"3(Dy, Do, D3) and R: 27 3(D2, D3)

versus D; for fixed D2 = 0.0988 and D3 = 0.0911 in example 2.

forany Dy,--- ,Dyx > 0.

Theorem 8 implies that all the information theoretic results
and the computation algorithm on causal video coding can be
directly applied to predictive video coding when sources form

a (first-order) Markov chain. However, when X, --- Xy
do not form a (first-order) Markov chain, the problems of
characterizing, computing, and comparing R,(D1,---,Dn)
are still open.

VIlI. CONCLUSION

In this paper, we investigated the causal coding model
of source frames X;,---,Xy from an information the-
oretic point of view. An iterative algorithm was pro-
posed to numerically compute the minimum total rate
R.(Dy,---,Dy) for jointly stationary ergodic sources at
distortion level Dy, --- , Dy > 0, and analytically characterize
R.(Dy,---,Dy) for IID sources (X1, --,Xn). The global
convergence of the algorithm was also demonstrated. The al-
gorithm also gives an optimal solution for bit allocation among
different frames. By comparing R.(D,--- , Dx) among dif-
ferent values of N with the help of the algorithm, we further
established a surprising more and less coding theorem—under
some conditions on source frames and distortion, the more
frames need to be coded and transmitted, the less amount of

data has to be sent! Predictive coding was also investigated.

REFERENCES

[1] lain E.G. Richardson, H.264 and MPEG-4 Video Compression, New York:
NY: Wiley, 2003.

[2] E.-h. Yang, Lin Zheng, and Da-ke He, and Zhen Zhang “The rate
distortion theory for causal video coding: Characterization, computation
algorithm, and comparison,” in preparation.

[3] H. Viswanathan, and T. Berger, “Sequential coding of correlated sources,”
IEEE Trans. Inform. Theory, vol. 46, pp. 236-246, Jan. 2000.

[4] Nan Ma, and Prakash Ishwar, “On delayed sequential coding of correlated
sources,” arXiv: ¢s/0701197v2 [CSIT], Sep. 30 2008.

[5] R. E. Blahut, “Computation of channel capacity and rate-distortion
function,” |IEEE Trans. Inform. Theory, vol. 18, pp. 460-473, 1972.

[6] E.-h. Yang and X. Yu, “Rate distortion optimization for H.264 inter-
frame video coding: A general framework and algorithms,” IEEE Trans.
on Image Processing, Vol.16, No.7, pp. 1774-1784, July 2007.



