Diversity and Coding Gain Evolution in Graph Codes

Joseph J. Boutros
Texas A&M University at Qatar
Education City, 23874, Doha, Qatar
boutros@tamu.edu

Abstract— This work is a first attempt to analyze and under- real fading. The fading coefficients are only known at the

stand the coding gain of full-diversity (MDS) low-density parity-  decoder side. The input-output channel model is
check (LDPC) codes. A diversity population evolution is dewed.

The steady-state distribution of energy coefficients is foud. Based y=oar+mn, (1)

on this new analysis, we show new full-diversity LDPC codes it . . . .
improved performance. Finally, we describe a family of gran ~ Wherex = <1 is the transmitted binary element, the fading

codes where all variable nodes, including parity nodes, adtve coefficienta is Rayleigh distributed, i.eq? is x2-distributed
full diversity after a large number of decoding iterations. Full-  with degree 2 and normalized momeﬁﬁoﬂ] = 1, and the
diversity MDS low-density codes are not only useful for digial noiser is N (0, 02)_ The BEC channel is derived from (1) by

data transmission over wireless channels, some other appétions . f .
can be found in situations where coding for a finite number of restricting the fading to its two extremal valuésand +oc.

states is required. [I. | TERATIVE DECODING ON BLOCK FADING CHANNELS
. INTRODUCTION Let us briefly recall the expression of log-ratio probalbitis

The Hamming weight distribution of error-correcting codednessages on alblock fadllng channel. The error-correctidg co
[1][2] plays an important role in determining the perforncan IS C[N’ K]z built as an instance from. an LDPC e_”s?mt?'e
of block and convolutional codes. The performance of codd€fined by a Tanner graph [22] and its degree distribution
on graphs studied in the new old Modern Coding Theo 2]. The coding rate IS den_ot<_aH = K/N. In our model, a
[4][5] is determined by the evolution of inference messag %dev_vord (cic2...cn) IS split |nt(_) two equal length part_s.
in a graph structure. Under iterative decoding and for itedini | e first half-codeword is transmitted ngr a (_:hf';lnnel defined
acyclic graphs, the key parameter of a code ensemble is knofth N (1) byye = aice +me, £ = 1... 5. Similarly, the
as itsthreshold which corresponds to the parameter of thgecoj\r]]d half-codeword is transmitted vig = asce + e,
worst channel condition where the decoder is still capab{e_: _7+1"'N' Itis assumed that, anda are independent
of retrieving information with a vanishing error probabjli within the same codeword and from one codeword to another.
Low-density parity-check codes have been extensivelyiatud . . .
in the literature (see [5] and references therein) and ehkem Before decoding, the message associated, twheny; is
thresholds have been determined and optimized on differé)rp(served at the channel output is

types of non-zero capacity channels. Ae = log (P(W\Miﬁ-},a))
In this paper, we consider digital channel models with zero  oay Plyelze=—"a) (2)

2ay 2 (2
Shannon capacity (also known as non-ergodic channels.[14]) s 7z (e +ame)

As a trivial special case, consider a block erasure channgherea = o if ¢ < &, otherwisea = a,. For example,
where the transmitted codeword is divided into two blocksonsider the case; = +1. A decision based on the message
each block being erased with probability For any code A; « (af + ;) is erroneous iffA; < 0. In this case, the
length, the word error probability does not vanish and it iaverage error probability decreases—iasmhere the parameter
lower bounded byP,.:(¢) = €, where P,,, is the outage ~ = E,/N, = 1/(2Ro?) is the signal-to-noise ratio per bit
probability limit of the channel. This block binary erasurg17], v > 1.

channel (block BEC) is a special case of the block fading the sequel, assume that the all-zero codeword has been
channel described in the next section. Capacity achievit@nsmitted, i.e.¢; = +1, V/. What are we expecting from an
codes designed for ergodic channels mutated into near ®utafficient LDPC code designed for a block fading channel with
achieving codes for non-ergodic channels by the embeddiag intrinsic double diversity (since a codeword undergoas t

(so it was a controlled mutation!) of a deterministic sturet independent fading instances)? Once the observed messages
into the random ensemble [7][9][10]. We propose in the séquare fed to the decoder, and after some number of iterations
a simple but original analysis to understand the diversity awhere messages evolve in the code graph, we expect that any
coding gain of root-LDPC ensembles originally published imessage\}* at iterationm would be

[9][10]. The notions of diversity and coding gain will be
recalled in the next two sections.

Unless otherwise stated, we assume that the channel is m&rherea > 0 andb > 0. The realsa and b are called
oryless with additive white gaussian noise and multiplieat energy coefficientsA decision based on the above message

A x (aa% + bozg +17), 3)



yields an average error probability that decreaseasb—]%a\ﬁ [17]. by P, (7). Expressions fotP;, and P, at ratel/2 can be
Therefore, we state two main objectives for efficient LDP@und after solvinga,.. Let A = 0.187dB be the signal-to-
coding on block fading channels. After a finite or an infiniteatio gap between the capacity limit of a gaussian chanmel (n
number of decoding iterations: fading) with gaussian input and the capacity limit of the sam

« Probabilistic information messages must behave #4-a channel with antipodal binary input. The outage boundary
order x* distribution in order to attain a double diversityCgauss = I Intersects the ergodic line at* = 1/v. Hence,
error probability, i.e.,P, % In this case, the code iswe havea? = 1=—.
referred to as dull-diversity code The outage inside the square can now be determined as

« When full diversity is satisfied, probabilistic informatio Pso(vy) = [Pr(a; < a.)]*. Fory > 1, we get
messages must behave ag’aordery? distribution with 104/5
the highest possible energy coefficientand b. Pyo(y) = o =

2

Notice that under Maximum-Likelihood (ML) decoding, the , , 7
productab, or more precisely its square root, is known as thEn€ unbalanced fading outage is simply
coding gain The two points stated above aim at rendering a 4 —104/°
word-error probability for the LDPC code as close as possibl Pup(7) = Pour(7) = Pso(7) = R
to the information theoretical limif,,;(v) as defined in the _.

Finally, we evaluate the percentage of outage for unbathnce
fading and its complementary; > 1)

following section.
Pso(7) Pus(v)

Pout (7) POUt (7)

[1l. SOME SIMPLE FACTS ON THE OUTAGE PROBABILITY ~ 2T%, ~ 73%. (6)

Consider the time-shared channels described in the previou
section. For simplicity, let us drop the time indéxChannel
i is defined byy; = a;x; +n, i = 1,2. When the inputs;
is gaussian distributed, the instantaneous (i.e., camgit on
the fading instance) capacity of channés C; = %1og2(1 + C - R
2Ra?y), see [3], section 9.1. The instantaneous capacity of (vlo, 02)
the global channel including the two parallel time-shareil-s /
channels is .
1 L
Cyauss = 7 108y [(1+2Rafy)(1+2Ra3y)].  (4) .

a1 A

When the inputz; is constrained to a binary+1} alpha- .0
bet (BPSK), the instantaneous average mutual information Pus(7)
u,

I(z;;yi|oi;) can be easily be written ds-Ex [log, (14+e72%)], \\

whereX ~ N(2R~v,2R~). The instantaneous capacity of the
global time-shared channel denoted @y, = C(v|a1, a2)
becomes 0

Cipst = 1= Ex,logy(1 -+ €721)] = Ex, logy(1+ ¢247)),

-

e Qi

y

. : Fig. 1. Outage boundary in the fading plane for BPSK at fate= 1/2.
whereX; and X, are i.i.d. gau55|aN(2R'y, QRV)' An outage The unbalanced fading outage is the probability that angeufading point

event occurs each timéy,,, < R. The outage probability pe outside the square kissing the outage boundary on theliertie.
limit is defined asP,.:(y) = Pr(C(y|ai,a2) < R). Un- _ N
fortunately, P,,;(7) has no simple closed form expression. Numbers in (6) show that the outage probability on the
Nevertheless, a curve fitting at rafe = 1/2 shows that a block fading channel is mainly due to the critical unbalahce

very accurate approximation (for > 15dB) can be fading area wherd) < of < a? < of < +oo and its
4 symmetric region with respect to the ergodic line. An outage
Pout(7) = = (5) achieving code should exhibit an outage boundary as close
v

as possible to the curv€'(y|ai,a2) = R starting from
In the fading plane, for a fixed SNR, an outage occurs whéeime ergodic line and following it along the fading axes until
the fading point is below the outage boundary [8] definedfinity. A good ergodic threshold would definitely help in
by C(v|a1,a2) = R as illustrated in Fig. 1. We would minimizing the outage probability in the area around thenpoi
like to determine the outage probability due to unbalancéd., «.) on the ergodic line. The numbers in (6) tell us that
fading. The latter is denoted b, /() and corresponds to thethe major improvement can be obtained in critical cases such
outage area tail beyond., wherea. (e stands for ergodic) asa3 < a? which leads us to the block BEC.
is determined byC'(y|a., ) = R. The outage probability Indeed, the exact performance of an LDPC ensemble (random
associated to fading points inside the square o, is denoted or structured) can be numerically determined via density



evolution [5]. Unfortunately, such a numerical evaluatdoes Definee,, = (1 — p,,,)/2, then
not offer us any insight for understanding the behavior ef th 1
ensemble. The block BEC is a means to better understand the €mt1 = =A(1 — p(1 —€n)).
parameters influence of an LDPC ensemble and tune them for 2
block fading channels. As derived from (1), the block BEC ighe above recurrence is the one associated to an iid BEC
the special case where fading takes only two extremal valu&ih ¢o = 1/2. Since the code rate i® = 1/2 = C(e), the
0 and+oo. The probability of this special case is 0! Why therraction p,, of non-erased red bits wont convergeltavhen
the block BEC is decisive for the design and analysis of fultn — +oo. Thus, the following proposition can be stated for
diversity LDPC codes? Let us recall that the diversity orider asymptotically large acyclic graph ensembles.
defined by [17]
Proposition 2: A random ratet/2 (\(z),p(z)) LDPC
d=—_lim log(Pe)/log(7), (7)  ensemble cannot achieve full diversity.

where P, is the error probability at the decoder's output. Th&ome numerical examples can be found in the fifth column of
diversityd is identical whether>, involves bit error probability Tapie |. The 5 given examples are by far too weak to approach
or word error probability. Furthermoref may depenq oN fyll-diversity, i.e., p.o = 100%. For any integet, L > 3, the

the decoding method and may vary for one code instanggove proposition is still valid for rate/L LDPC ensembles

to another at finite length. In this study, a full diversity igy 7-order diversity channels where a codeword undergoes
equivalent tod = 2 which is the diversity order of the outagey, fading instancesI{ channel states). A trivial solution for
limit for both gaussian and discrete input alphabets [I8J[1 f giversity is to slightly decrease the coding rate. Atoet
The reason for the BEC significance comes from the fact thad| tion is to build root-LDPC codes [9][10] and enhancérthe

full diversity on the block BEC is a necessary and sufficie%ding gain as described in the following sections.
condition for full diversity on the block fading channdlhe

proof may rely on sub-optimal min-sum decoding [21][20] as V. MDS coDES ROOT-LDPC ENSEMBLES

applied to block fading channels in [10]. , . .

In the sequel, the block BEC approach will be used to deveIopLet us first enlighten the subtle dn‘fgrenge between the MDS
the concepts of diversity population evolution and codiagg propgrty aqd the _property of full d|v_erS|t3_/. As we already
evolution. Before describing these two concepts, we examiWentloned in sections I and 1l for diversity-2 channels, a

random LDPC ensembles in section IV and recall the structdr@PC ensem_ble is full diversity if thg diversity ordérs equ_al
of MDS ensembles in section V. to L, whered is defined by (7) and. is the number of fading

instances per codeword, i.e., the intrinsic channel dityers

IV. RANDOM LDPC ENSEMBLES IRREGULARITY IS NoT  Under ML decoding, the diversity ordéris upper-bounded by

SUFFICIENT FOR ACHIEVING FULL DIVERSITY a Singleton-like bound written as< | L(1—R)|+1 [15][16].
. . . ) ) i A code is referred to aBIDS codewhen equality occurs in the
We study in this section the diversity tunnel of |rregula§ing|et0n bound [1]. Sincé < |L(1 - R)| + 1 < L, a full-

LDPC codes, i.e., how the fraction of full-diversity bitsodve diversity code is necessarily MDS with coding rate< 1/L,
with the number of decoding iterations. Consider the randogy; 21 MDS code is not necessarily full diversity. -

ensemble of raté+/2 binary (A(x), p(x)) LDPC codes, where

A(z) defines the left degree distribution ap¢lr) defines the

right degree distribution, both from an edge perspecti&.[1 N4 nodes 1
Assume that half of bits are white and half are red. Thigiformationonfading1
random coloring is equivalent to transmitting a codeword on

- A)
1

a block BEC, where a fading is named 'color’. Assume that 1c Nid nodes
white bits are perfectly known (i.eq; = +o0) and erase N/4 nodes 1y

all red bits (i.e.,as = 0). Denote byp,, the fraction of red party on fading 1 5(z)

bits having full diversity at iterationn, with po = 1/2 at P

the first iteration. Filling the erased value of a bit mearet th

the bit attained full diversity. Is there a degree distribaot infmmaﬁon:nﬂ;arg:gez 2p e e rodes

(A(z), p(z)) such thatp,, = 1?

The above question can be translated into: Do random _
rate /2 full-diversity LDPC ensembles exist? For an infinite pamy:ﬁ:;::sz z
acyclic graph, it is easy to prove the following proposition
via standard tree techniques:

Fig. 2. Compact Tanner graph representation for a tgt irregular root-

. ) 14p LDPC. You can erase one color out of 2, erased informatios dnié always

Proposition 1: py,1 =1 — A(1 — P(Tm)) recovered. This ensemble is full-diversity on a 2-stateckltading channel
(hence it is MDS).



N/gnodes 1 ‘i = 126 | e nos not put in evidence how the edge permutations are defined.
1 o Indeed, let us focus on the first family of rat¢2 root-LDPC
N/g nodes 1 1 ensembles as illustrated in Fig. 2. Consider the set of edges
3 linking 17 and 1p to 2¢ and the set of edges linking and
2p to 1lc. Depending on how these two sets of edges are
built, we distinguish between two families of root-LDPC

W8 nodes 2i 236 | 8 nodes codes. In both families the edge sets conneciihgand 2i
to their rootcheckd ¢ and 2¢ respectively are defined by an

N/g nodes 2y identity matrix (or equivalently anyW/4 x N/4 permutation
3 matrix). The two root-LDPC families will be introduced afte

defining some polynomials involved in the degree distritnuti

N/8 nodes 3i

N/8 nodes 3PQ

Let d, andd. denote the maximum degree of bithodes and
checknodes respectively. The left and right degree digiohs
of a random LDPC ensemble are given by the standard

34c N/8 nodes

/
3 o . polynomials [5]:
1 db . dc .
N/g nodes  4j 3| | )\(SC) - Z Az xl_l, p(SC) = ij ZZT‘]_I.
1 41c N/8 nodes i=2 j=2
N8 nodes 4p : The average degree of bitnodesds = 1/2 Ai/i and

de = 1/ 27 ,pj/j is the average degree of checknodes.
Fig. 3. Compact Tanner graph representation for a t@-egular (3, 6) From a node perspective, the distribution coefficients khou

root-LDPC. You can erase any 2 colors out of 4, informatiots bie always be divided by the degree and then normalized to get
recovered. This ensemble attains diversity 3 on a 4-staeklfading channel

(it is MDS but not full-diversity). . & o ) o & o
Az) = dy 2:/\1'/Z a7l pa) = de ZPj/J 2!
i=2 =2

It is not clear if the Singleton bound od holds under Consider a set of bitnodes (e.qg., cldgswith degree distribu-
iterative probabilistic decoding. From the previous sagti tion A(z). Put aside one edge per node, what is the new degree
we know at least tha? < 1/L is a necessary conditiondistributionA(z)? The new average degree beconies 1 and
for random ensembles to achieve full diversity. Root-LDP@(z) becomes\(z)/x. Hence, we have, %, \; /i '~ =
ensembles briefly described in the current section are MOi&, — 1) Zdb " Xi/i 7! leading to the new definitions

under iterative decoding and they are full-diversity whae t dp1 - g1

coding rate is tuned ta/L. o) = Z Mool = _db Z i A /G4 1) @
Firstly, binary elements within a codeword are divided i1 dp — 1 i1

into two half-codewords to be transmitted on fading o4

and «as respectively, as explained in section Il. Inside each SN de < 1) it

half-codeword, we separate information digits from parity (z) d,—1 ; J Py /(1) @

digits. We finally obtain 4 classes of digits, 1i, 1p, 2i, and

2p, each class of siz&//4 as illustrated in Fig. 2. Similarly, A simple development 01\( ) expression yields the relation

parity check equations are separated into 2 classes 1c dpdl(z) = (dj — l)x/\( )+)\( ). A similar relation exists for

2c. The key idea is to guarantee full diversity for infornoati the polynomialp(z).

bits only by connecting every information bit to a rootcheck

A rootcheckwith respect to its root is a checknode with all Now, let us carefully examine the sély of edges con-

its leaves red but its root bit being white [9][10]. The sedonnecting 1¢ and 1p to 2¢ as in Fig. 2. We haveSp =

type of rootchecks is obtained by switching white and red. S1; |J S1,, with |S;,| is the number of 1p-2c edges and
|S1i| = >_;(AilS1p|/i) (¢ — 1) is the number of 1i-2c edges.

The root-LDPC structure shown in Fig. 2 is full-diversityNext, define the multiedge fractiofi as

(d = L = 2). The root-LDPC structure shown in S| S0 — 1))\1’ dy — 1

Fig. 3is MDS R = 1/2 andd = |L(1 — R)| +1 = 3) fezs_ S = ol _ 1

but not full-diversity ¢ < L = 4). The compact Tanner 91l + 181l 30,6 1) 5 +1 b

representation is sufficient to indicate the multiedgestyginally, the two root-LDPC families are:

nature of root-LDPC codes since more than one type ef Root-LDPC(4x) family: Consider a checknode of a

message density will propagate on the graph edges [18iven degreej. One edge is reserved for the rootbit and

On the other hand, the bipartite graph representation dogs- 1 edges belong toSg (i.e., connected to bitnodes

(8)



of the opposite color). The checknode will be forced tperforms 0.6dB from capacity limit has the second advantage
have ¢ edges fromS;; andj — 1 — ¢ from S;,, such that of a high coding gain or equivalently high energy coefficgent
|G —1f] <€<T[(G—-1)f]and&[f] = (j — 1)f.. This as defined in (3). The link between diversity evolution and
constraint is applied to all checknodés < d.. By symmetry, coding gain will come to light below.
a similar construction is performed oy, | J Sap.
How can we improve the energy coefficients of information
e Root-LDPC(27) family: Consider a checknode of a giverbits? Assume that an erased bitnodefrom class 2i is
degreej. The j — 1 edges belonging t&r are randomly connected too checknodes. On the BEC, the message
selected. Hence, an edge belongsSte with probability f.  produced by the rootcheck filling the value @fis sufficient.
and it belongs toS;, with probability go = 1 — f.. This On the block fading channel, it is beneficial to let other
random selection is applied to all checknodé&s< d.. By checknodes from class 1c solve the valuejofAssume that
symmetry, a similar construction is performed 8g |J S2,.  a total of¢ out of § checknodes are capable of delivering the
erased value of). Hence, each of thé messages is greater
All 1i-1c and 2i-2c links are assumed to be ordered ithan or equal toa?. Then, the total message received by
a natural order, i.e., twaV/4 x N/4 identity matrices are the bitnoded is at least¢a?. Consequently, the number of
included in the LDPC parity-check matrix. Then, the Rootchecknodes solving the erased information value is a lower
LDPC(@~) family is defined by 4 graph permutations whereasound for the energy coefficient.
Root-LDPCQn) requires 2 graph permutations only. Density
evolution analysis of Root-LDP@f) would be then slightly =~ Consider a checknodé of type 1c connected td. All its
more complicated than density evolution for Root-LDPE), leaves must be known in order fdF to deliver a message
But the main reason for preferring Root-LDPX@) will be greater than or equal te?. But the leaves of® are all
given in the next section. Furthermore, by default, the nanselected in the classes 2i and 2p, which means that some
Root-LDPC stands for Root-LDPZf{). The complete list parity bits of class2p are non-erased after a number of
of density evolution equations for a root-LDPC ensemble gecoding iterations. Thus, energy coefficients of infoiiorat
given in (9). Six bitnode-checknode densities are updatedits are related to the fraction of full-diversity paritytdi
by 6 recurrent equations, where is the decoding iteration Diversity Population EvolutionfDPE) studies the evolution
number. Functiong,;(x) are the probability density functionsof the fractionp,,, of full-diversity parity bits in a root-LDPC
of A given in (2) witha = a4, ¢, = +1, andi = 1,2. versus the decoding iteration number, with p, = 0 since
Update equations in (9) are directly established from thadl bits in class 2p are erased by the channel.
propagation trees depicted in Figures 9-14. In the speaiss ce DPE for root-LDPC(4x). The local tree neighborhood
of a regular LDPC, we havé(z) = A(z), A(z) = A(z)/x, of a bitnode 2p is similar to that illustrated in Fig. 14, but
g (z) = ¢*(x) Vm, and ¢5*(z) = ¢5'(x) Vm. Density the leaves of checknodes 1c must be selected as defined in
evolution equations in [9][10] are meant for regular LDPGection V for root-LDPC{r). Thus, a checknode 1c of degree
and should be modified as in (9) to cope with an irregulgr has at least among its leavésj — 1)g.| — 1 parity bits
distribution. from class 2pg. = 1 — f., where f. has been established in
After this not-so-long introduction to the MDS root-LDPC(8). Assume thap; = 0 for i < 4, then|(j — 1)g.] — 1 > 1.
family and its notations, we proceed in the next section & ti\fter one decoding iteration, no parity bit 2p can be solved
study of how diversity propagates under iterative decoding because it is connected via 1c to other erased 2p parity bits!
After two or more iteration, the situation will not improve.
Hence, we can announce the following dead-end DPE for
Following the same arguments and notations as in previdinss type of root-LDPC.
sections, let us study how full diversity propagates after a
given number of decoding iterations in a rdté2 root-LDPC Proposition 3: For root-LDPC{r), we havep,, = 0, Vm.
ensemble. The extremal unbalanced fading egsec 1 < o
is assumed in this section, i.e., block BEC channel wheRoot-LDPC{r) ensembles suffer from their weak coding
white bits are perfectly known and red bits are erased by tlyain despite their full diversity, a full diversity restréd to
channel. information bits.
Based on the tree-like neighborhood drawn in Fig. 12, it
is obvious that information bit®: reach full diversity after ¢ DPE for root-LDPC(2x). The local tree neighborhood
one decoding iteration only, thanks to checknodes of typé a bitnode 2p is illustrated in Fig. 14. A leaf of a
2¢ (the associated rootchecks). This immediate convergerateecknode 1c is randomly selected as 2i with probability
of information bits toward full diversity is true for both f. and 2p with probabilityg.. A checknode 1c of degree
root-LDPC{r) and root-LDPC%r) families. Unfortunately, ; may have no parity bits among its leaves, this event has
the highest slopd = 2 of P.(v) is not sufficient to close the probability f/=2. So, after one decoding iteration, the fraction
gap to the outage capacity limit as shown in Fig. 5 for cod# non-erased (i.e. full-diversity) parity bits will be non
A in its root-LDPC version. On the contrary, code E thabegative. Based on the tree graph of Fig. 14, it is easy togprov

VI. DIVERSITY POPULATION EVOLUTION



attained. A high coding gain should translate into a highly

Proposition 4: For root-LDPCQr), we have spread energy distribution for valuesfreater than 1. Three
B - different operations apply on messages dur@gding Gain
Pmt =1 =AML= p(fe + (1 = fe)pm))- Evolution (CGE):
The DPE function is defined by e OR operationat the input of checknodes. Given two PMFs
I R L L, and Ly, the average PMFE = f.L; OR g.Ls is
DPE(z)=1- X [1 —p <#>1 . n(L1) n(Lz2)

L= {(im,pm)}kl:l U {(ikQ’pikZ)}ldzl

The proof is similar to standard DE on BEC, one shoul@he symbol J is the union operation in set theory, except for
take into account the leaf selection with fractiofisg. and {G,p0)} U {G,p2)} = {(i,pr + p2)}.
take into account the polynomiai(x) for averaging at the o \|N operationat the output of checknodes. Given two PMFs

checknode output. Some numerical examples jfar are 1, andL,, the Minimum PMFL = Min(Ly, L) is
indicated in the sixth column of Table I. Assuming, is

known, we would like to get an estimate for the energy L= {(Min(im,ikz), Diny X Dir }
coefficients. This is the subject of the next section.

1 + Zi (171)A1

3

n(Ll),n(Lg)
k1=1,k2=1
e ADD operationat the output of a bitnode. Given two PMFs

VIl. CODING GAIN EVOLUTION L, and Ly, the sum PMFL = Add(L1, L) is
A diversity of order 2 is associated to a 4th ordef w(L1)n(La)
distribution or any other probability density function whi L= {(ikl + 052y Dipy X Dis }
k1=1,k2=1

is linear around the origin. In our study, the 4th orgérdis-
tribution is encountered when combining the squared fadlinghe CGE described above can be seen as a simplified
as in (3). An optimal probabilistic LDPC decoder takes theub-optimal version of DE. CGE is suitable for the predietio
channel messages from (2) and renders new messages wifdséhe marginal distribution of¢ on unbalanced block
distribution can be accurately estimated via (9) at a givéading channels. The CGE is initialized by two observations
iteration m. It is not guaranteed that those output messagésvst = {(1,1)} and Loz = {(0,1)}, then PMFs evolve
can be written in the formua? + ba3 added to some noise through propagation trees as for DE in Figures 9-14.

(but we are sure from exact DE results shown in Fig. 5

that it involves densities that are linear around the ojigin As a nice simple example, let us apply CGE on the (3,6)-
The analytical intractability of optimal iterative decadi on regular root-LDPC ensemble. We use the notations as in (9)
gaussian channels with or without fading is a well known facior exact DE, but upper cases replace lower cases.

On AWGN channels, the evolution procedure is dramaticalfPecoding Iteration 1:

simplified by assuming that the output distribution is gass @1 = Gi = {(1, 1.0)} for 17 — 1c and1p — 2c.

or a mixture of gaussian, i.e., the output distribution Has t Fi = {(1, 1.0)} for 1i — 2c messages.

same type as the input distribution. TH&aussian Approxi- @5 = G5 = {(0, 1.0)} for 2i — 2c and2p — 1lc.
mationtechnique has been successfully used to study transfar = {(1, 1.0)} for 2i — lc messages.

functions of iterative decoding, e.g., as in [11]. -Decoding Iteration 2:

Using the block BEC approach as in previous sections afdf = {(1, 1.0)}

under ay? Approximation we assume that a log-likelinood-F7 = {(1, 1= f2), (2, f2)}

ratio message is always proportional to Q3 ={(0, (1 =112, (0, 2f (1 = fo)"), (0, f3)}
§ai + Cay, -Decoding lteration 3:

at very high signal-to-noise ratio, where,¢ € N. At this iteration, the reader will notice that findings is

Furthermore, we restrict the analysis to the unbalanc@f€ady cumbersome by hand, unless OR, MIN, and ADD
fading case where2 < 1 < a2. Thus, we would like to operations are embedded into a CGE computer program where
estimate the probability mass function &f the latter being the 4 evolution trees are taken into account to update the 4

the energy coefficient of messages? delivered from2i to PMFS in parallel. The PMF of will be tracked viar3".
1c as in the tree graph drawn in Fig. 12. Messages- lc For many different types of root-LDPC codes, we noticed that

achieves full diversity after the first decoding iterationda FJ* reaches its steady state after a small number of iterations,

can be used to track the coding gain in further iterations. tYPically aroundm = 20 — 25 iterations.
Fig. 4 shows the distribution of in its steady state for 3

The energy coefficient PMF is written as a set of pairs, different ensembles. Code D has an excellent threshold on
BIAWGN and it is taken from [12]. Code E has been selected
I — {(ik,pik)} in a database of 250 ensembles [6]: -In a first step, we
k=1 evaluatedv, and we kept 5 codes with the highest, -In a
where Pr(§ = ix) = pi., i € N, andn(L) = |L|. If second step, we kept code E which had the best distribution
L contains a pair(0, p), it implies that full diversity is not of energy coefficients.

n(L)



As expected, code E outperforms all other codes. Its per-Proposition 5: The energy coefficient admits a lower bound
formance at 0.6dB from the outage capacity limit is the beathose PMF is given by
known in the current literature on LDPC codes for block n .
fading channels. The increase in coding gain due to the fuIIFOO(g =n+1)= i < Te > [xna /\(I)]
diversity of parity bits has been measured but not contiolle nt\1-m 9z o=(1—m.)
Results illustrated in Table | and Figures 4&5 involvéa-
controlled Doping of coding gain. While terminating this
preliminary work, the uncontrolled doping found in DPE an
CGE lead us to a new construction wi€ontrolled Doping
described at the end of this section.

The numerical implementation of CGE does offer an inter-
esting insight to better understand why a given ensemble is
weak or strong in presence of block fading. Unfortunately,
similarly to standard DE, it does not explicitly relatgs,
to the distribution of¢. We establish now a lower bound
on the energy coefficiend with the corresponding PMF as
a function ofp., and other code parameters. The lower bound
is determined from the tree graph in Fig 12 used to updat_é
27 — 1c message densities. After a large number of iteration'ég
the situation becomes well known for all leaves in that treez  ©*
information bits 2i are all solved, information bits 1i anarity
bits 1p are not erased (same unbalanced fading condition as
before), parity bits 2p are solved with probabilipy, and \
erased with probabilitl — p... Bitnode 2i at the top of the 10° - - : g - .
tree has degreé + 2, 0 < 0 < d, — 2. Hence, the energy Energy Coefficient
coefficient (in its lower bound) satisfiels< ¢ < d, — 1. Of
course,Pr(¢ = 0) = 0 because the rootcheék is delivering
its «? message to 2i, this explains why the range dfas been
shifted by 1. Focus on checknodes 1c in that tree.jlls¢ the

wherel < ¢ <dy—1andm. = p(fe+ (1 — fe)poo)-

Jhe above analytical lower bound is an alternative to the
numerical implementation of CGE. Finally, we terminatesthi
paper by explaining the principle of controlled doping.

code A —+—
code D -3
code E -~ |

107

107

nction

10

<
&

Fig. 4. Distribution of energy coefficientfor three root-LDPC ensembles.

checknode degree andthe number of solved parity bits 2p - '
within the j — 2 incoming edges. The checknode of type 1c e
and fixed degreg produces am} message with probability
i72 j—2 z o
- j—2— j—2 5 3 e
3 ( ) )fé 1= )l = (fot (1= fpel ™ 5 © :
=0 %
Let 7. be the average probability of a checknode 1c generating zzg:;‘g:::g: e ZZiZZiIZi
a non-erased message to 2i. Affgrr) expectation, we get 10 E Code A (root-LDPC ensemble) —x— :
Code D (root-LDPC ensemble) ---@--- N -
d. Code E (root-LDPC ensemble) ----m- :
~ i—2 ~ Outage Probability Limit —e— .
7Tezzpj—l (fe+(1_fe)pOO)J =p(fe+ (1= feo)pso) - ‘
Jj=2 10 i i
13 16 19 22 25 28
Define the quantityF,, (£, 0), the probability of energy coef- o
ficient £ when the bitnode 2i has degréer 2. We have Fig. 5.  Word error probability versus signal-to-noise satf some rate-
1/2 LDPC ensembles on a 2-state block fading channel. The irgtbom
5 P theoretical limit (outage probability limit) is also indited.
Fu6.d) = (0 )net (= my e

Controlled doping is done by forcing a fractiéhof parity
bits to acquire full diversity. This can happen only after 2

After A(x) expectation, we get decoding iterations or more. As illustrated in Fig. 6, a deral

P _ dy—2 5 5 V€1 (1 — 7,)0 6+ identity matrix is added to. the parity-check matiik of the
(© =0 ;fll (5*1)%_ ( R me) . LDPC code. Thus, a fractiof of 1p and 2p has rootchecks
= (ﬁ) St (gj))\i(l — )t of second order. Is there an upper limit #@? To answer this

guestion, consider the simple case of (3,6)-regular enemb
The above expression is written in a compressed form and #ed its Tanner graph with doping as in Fig. 7. ldgtdenote
result is stated as follows: the number of edges outgoing from a checknode 2c toward the



set of bitnodes 1i. Similarly, lef, denote the number of edges

outgoing from a checknode 2c toward the set of bithodes
From the graph properties, it can be shown that

5 _ 20-20) 20

“TT1-9 0 T 1-6

Becausd, > 0, we getd < 0 < % Therefore, let us pushito

its maximal value and repeat the same procedur&/drof the

DEDICATION IN MEMORY OF RALF KOTTER

1 My first research results on coding for block-fading chan-
nels [7] was submitted to Allerton’s Conference in lllinois

September 2004. One day before the presentation at Allsrton
House, | completely lost my voice because of a strong cold.
The same evening, Ralf kindly took a copy of my 10-page
paper, he carefully read it late at night. The next day, he

parity and theri /8 of the parity, etc, as shown in the parity-made a quick look at my slides before the session. Finally,

check matrix at Fig. 8. This new construction yield a ful

diversity LDPC code where all variables, both informationla
parity, attain full diversity after a large number of itdcats.

1i 1p 2i

i,:[,io lc

|_he gave the talk while | was standing besides the screen,
following his lecture, and waving with my hands as to confirm
his statements. It was a wonderful souvenir. The audience
witnessed a serious but a funny lecture. Today, Ralf passed
away while | was writing this manuscript for ITA2009.
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Fig. 9. Local tree neighborhood of bitnodé. This tree is used to determine Fig. 12. Local tree neighborhood of bitnodé This tree is used to determine

the evolution of messages — 1c denoted byg}" () at iterationm. the evolution of messages — 1c denoted byf" (x).
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Fig. 10. Local tree neighborhood of bitnodé This tree is used to determine Fig. 13. Local tree neighborhood of bitnodlg. This tree is used to determine
the evolution of messages — 2c¢ denoted byf{" (x). the evolution of messageyp — 2c¢ denoted byg}™ ().
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Fig. 11. Local tree neighborhood of bitnodé This tree is used to determine Fig. 14. Local tree neighborhood of bitno@g. This tree is used to determine
the evolution of messages — 2c¢ denoted byg3* (). the evolution of message® — 1c denoted bygy* ().
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(z)

fe f1"(x) + ge 97" (2)))

fe 13" (x) + ge 95" (2)))
fe 34 (2) + ge 95 (2))) @ p(fe [ () + ge 97" (2))
fe [IH(x) + ge g1*(2)))

fe [5(x) + ge 95" (x))) .

fe fi" (%) + ge gin(x))) ®@ p(fe f3" () + ge gén(x))
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CHARACTERISTICS OF5 CODE ENSEMBLES FOR RATH /2.
AWGN threshold and gap to outage capacity limit are expibssalecibels. The 3 most right columns are for root-LDP&) ensembles. The limipo, for
random ensembles includes both erased parity and erasmthatfon bits. The limitp, for root-LDPC involves erased parity bits only.

Name | Left Degrees Right Degrees| AWGN Poo Poo Energy Distribution abo Gap to Outage Limit
Threshold | (random) | (root) (root) 10=2-—-3 10745

code A| A3 =1 pe =1 1.10 09.67% | 07.82% | 0.960 0.039 le-6 4e-13 2.45 2.38

code B| Ao =0.4 \3=0.6 ps =1 1.07 19.29% | 17.24% | 0.817 0.173 0.009 5e-5 1.81 1.58

code C| A234 05,6 0.77 15.68% | 13.30% | 0.855 0.136 0.008 2e-4 1.64 1.48

code D| A23 A6,7.89,10 A28 A30 | p8,9,10 0.27 06.77% | 04.95% | 0.924 0.073 0.003 2e-5 1.66 1.46

code E| X\2345 Ao 06,7 1.50 21.45% | 16.96% | 0.798 0.172 0.026 0.00% 0.94 0.61

TABLE |



