Asymptotic Trapping Set Analysis of Regular
Protograph-based LDPC Convolutional Code
Ensembles

David G. M. Mitchell , Ali E. Pusan&, and Daniel J. Costello, Jr.
Institute for Digital Communications, Joint Research itg¢ for Signal & Image Processing,
The University of Edinburgh, Scotland, David.Mitchell@acluk
YDept. of Electrical Engineering, University of Notre DanMgtre Dame, Indiana, USA,
fapusane, dcostei@nd.edu

Abstract—?! It has been suggested that “near-codewords” may of nding ensemble average trapping set enumerators. i thi
be a signi cant factor affecting decoding failures of LDPC codes paper, building on work by Abu-Surra, Ryan, and Divsalar
over the ANGN channel. A near-codeword is a sequence that 111 5symptotic methods are used to calculate a lower bound

satis es almost all of the check equations. These near-codewsd th ¢ . t ¢ f | bl
can be associated with so-called “trapping sets' that exist in on the average trapping set enumerators for several ensem

the Tanner graph of a code. In this paper, we analyse the Of regular, asymptotically good, protograph-based LDP@-co
trapping sets of protograph-based LDPC convolutional codes. volutional codes. In particular, we use ensembles of téitdp

LDPC convolutional codes have been shown to be capable of| DPC convolutional codes (introduced in [11]) derived fram
achieving the same capacity-approaching performance as LDPC single protograph-based ensemble of LDPC block codes to ob-

block codes with iterative message-passing decoding. Further, it __. .
has been shown that some ensembles of LDPC convolutionaltam a lower bound on the average trapping set enumerators of

codes are asymptotically good, in the sense that the average freeUnterminated, asymptotically good, periodically timesiag

distance grows linearly with constraint length. Here, asymptotic LDPC convolutional code ensembles. In the process, we show

methods are used to calculate a lower bound on the trapping that the average trapping set enumerators of ensembles of

set growth rates for several ensembles of regular asymptotically 45 piting LDPC convolutional codes approach the average

good protograph-based LDPC convolutional codes. This provides . f iated LDPC It

us with an estimate of where the error oor will occur for these ~ ['@PPING Set enumerator of an associate o .convo tiona

codes under iterative message-passing decoding. code ensemble as the block length of the tail-biting ensembl
increases.

I. INTRODUCTION
Trapping sets, graphical sub-structures existing in the Ta Il. LDPC CONVOLUTIONAL CODES

ner graph of Low-Density Parity-Check (LDPC) codes, were We start with a brief de nition of a rat&R = b=cbinary

rst studied in [2]. Known initially asnear-codewordsthey LDPC convolutional cod€. A code sequencep.; | satis es

were used to analyse the performance of LDPC codes in the equatiorvq.; ]H[TO;l ; = 0; whereH [To;l | is the syndrome

error- oor, or high signal-to-noise ratio (SNR), region thfe  former matrix and

bit error rate (BER) curve. In [3], Richardson developedsthe  H o1 | =

concepts and proposed a two-stage technique to predict the 3
error oor performance of LDPC codes based on trappingg H:® Ho()

sets, and asymptotic results on trapping set enumerators f ' : s

both regular and irregular LDPC block code ensembles werg =M fne 10 i 0 Holmd

Ho(ms+1)
published in [4]. 4
LDPC convolutional codes were introduced in [5], and their . ‘ . ' ) ‘
advantages and disadvantages compared to LDPC block codelfe parity-check matrix of the convolutional code The

of the same complexity were discussed in [6], [7]. Further, SubmatricesH;(t), i = 0;1; ;ms, t 0, are binary
[8] and [9], it was shown that several ensembles of both eegufC D) ¢ submatrices, given by

and irregular unterminated periodically time-varying LOP hgl;l)(t) hgl;c)(t)
convolutional codes based on protographs asgmptotically : !

good In other words, their average free distance grows linearly Hi(t) = g : : ; 1)
with constraint length. Also, a lower bound on the free dis&@a h(¢ oD (t) h( 9 (t)

growth rates was obtained, which was shown to exceed the ) ) ]

growth rates of minimum distance with block length fofhat satisfy the following properties:

corresponding protograph-based LDPC block code ensemblesl) Hi(t)= 0; i< Oandi>ms; 8 t:
The analysis used in [8] and [9] to calculate ensemble2) There is & such thatH ,, (t) 6 O:

average weight enumerators can be extended to the probl@g callms the syndrome former memory ang= (ms+1) ¢
1This is an extended version of [1] that has been submittecet@®09 IEEE the decodlng constraint Iength. These parameters determin

International Symposium on Information Theory. Much of thekgaound (1€ Width of the nonzero diagonal region &fjo;1 - The
material is repeated here in order to make the paper selficedta sparsity of the parity-check matrix is ensured by demanding



that its rows have very low Hamming weight, i.e4, (h;) << 2 3

(ms+1) ¢; i> 0, whereh; denotes thé-th row of Hg. j. P11t Py
The code is said to be regular if its parity-check maktix; ; P= 2 : : ;
has exactly]J ones in every column and, starting from row Po1 110 Pyy

(c bhms+1, K ones in every row. The other entries are zeros.
We refer to a code with these properties as(em;J; K )- Where each blocke;; is of sizenc=y ny=y. P can thus
regular LDPC convolutional code, and we note that, in gdner@e separated into a lower triangular pd?f, and an upper
the code is time-varying and has rde= b=c=1 J=K. triangular part minus the leading diagongl,. Explicitly,

A rate R = b=¢ (mg J;K)-regular time-varying LDPC 2 3
convolutional code is periodic with period (in submatrices) P11

if H,(t) is periodic, i.e.,Hi(t) = H;(t + T):8 i;t, and P :§ P21 P22 g
if Hi(t) = H;;8 i;t, the code is time-invariant. An LDPC : : g
convolutional code is calledregular if its row and column Py1 Pyo it Pyy

weights are not constant.
and 2 3
[1l. PROTOGRAPHBASED LDPC CONVOLUTIONAL CODES Pio i1 Py

Nc Ny

where blank spaces correspond to zeros. This operation is
called “cutting' a protograph parity-check matrix.

Rearranging the positions of these two triangular matrices
and repeating them inde nitely results in a parity-checkinixa
P.c of an unterminated, periodically time-varying convolu-
tional code with rat&k =1 n.=n,, constraint lengths = n,,
pd periodT =y givgn by’

A protograph is a small bipartite graph. Figure 1 shows a

protograph and the associated protograph parity-checkxmat Pu = § Py 1y
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Fig. 1: An example protograph and associated parity-che®
matrix. P

F>u l:)I

Suppose a given protograph hag variable nodes anah. Pec = E Pu Pi z @
check nodes. An ensemble of protograph-based LDPC block : :
codes can be created using the copy-and-permute operation
[13]. The parity-check matriH corresponding to a memberNote that when gdahc;ny) = 1, we cannot form a square
of the resulting ensemble of protograph-based LDPC blobkock matrix larger thanl 1 with equal size blocks. In
codes can be obtained by replacing ones with N per- this case,P, = P and Py is the all-zero matrix of size
mutation matrices and zeros with N all-zero matrices in Nc ~ Ny. This trivial cut results in a convolutional code
the underlying protograph parity-check matix where the with syndrome former memory zero, with repeating blocks of
permutation matrices are chosen randomly and independerifte original protograph on the leading diagonal. In thisecas

Using this construction, the sparsity condition of an LDP@€ must use one of two approaches. First, we can create a
parity-check matrix will be satis ed for largéN. The code larger protograph parity-check matrix by applying the copy
created by applying the copy-and-permute operation to @id permute operatioM times to P. This results in an
ne ny protograph parity-check matriR has block length Mnc  Mny, = n? nJ parity-check matrix for some small
n = Nny. In addition, the code has the same rate and degigéegerM . Then? nJ protograph parity-check matrix can
distribution for each of its variable and check nodes as tieen be cut following the procedure outlined above, where
underlying protograph. gedng;nd) = M.

We note that, in the examp|e of Figure 1, the row and Alternatively, we can use a nonuniform cut. Let the proto—
column weights ofP are not constant, s represents the graph parity-check matrix be written as

parity-check matrix of an irregular protograph. The resgilt 2 3
. P11 0 Prny
ensemble of protograph-based block codes will thus also be _ 9 ) )
irregular. Note that it is also possible to consider proapir P= :
parity-check matrice® with larger integer entries, which Pnc;i it Pagny

represent parallel edges in the base protograph. In thés trees We de ne a vector consisting ofn. step parameters =

resul_tmg block inH consists of a sum dii N permutation (1: 203355 n.), whereO L<:i:< na Ny, and each
matrices [13].

i 1< jfori=2;::7;nc. As in the previous case, we form

A. Forming protograph-based convolutional codes Ne Ny matricesP andPy as follows

Suppose that we have n, protograph parity-check
P am v P graph partty 2Cutting certain protograph parity-check matrices may reisuli smaller

matrix P, Where_gcdnc; ny) = y. We then partitionP as a periodT = y° wherey®2 z* dividesy evenly. Ify®= 1, then the resulting
y vy block matrix as follows: convolutional code is time-invariant.



copied into the equivalent positions ®; b=1 for this (3; 1) general trapping set, which suggests that
entriesp;. ,+1 to pin, are copied, if they exist, into the the general trapping sets of a protograph can be enumerated
equivalent positions ity ; by applying a two-part weight enumerator analysis to the
the remaining positions iR, andP, are set to zero. modi ed protograph. We thus consider a two-part weight enu-

. . merator over sets of variable nodes= fvp;Vvi;:::;Vn, 10
An LDPC convolutional code derived from an LDPC block, auxiliary node§ = ffo;fy;:::: fa, 10, wheren, is the
L LR | f 7

_code using a nonuniform cut can be e_ncoded and de_code_d fimber of variable nodes in the initial protograph andis
ing conventional encoding and decoding methods with ming{y 1\ ;mper of auxiliary variable nodes (equal to the number o

modi cations. For further details, see [9]. cteck nodes). This method of enumerating trapping sets for

;O creat? Tln enﬁemble IOf tlme-varyr/]mg LDPC ponvomgn% otograph-based codes is presented in [10]. In the rereaind
codes, we follow the usua protograp construphon te UG of this section, we summarize the results of [10] and [14] on
The ones are replaced witNh N permutation matrices which our approach is based

(or summations oN N permutation matrices for parallel
edges) and the zeros with N all-zero matrices, where the - .

: . ’ . Finite length ensemble trapping set enumerators
permutation matrices are chosen randomly and mdeperyden'?] 9 PpIng
ChoosingN to be suf ciently large guarantees the sparsity Suppose that a modi ed protograph contaimg variable

condition for an LDPC code. nodes to be transmitted over the channel. Also, suppose
that each of then, transmitted variable nodes has an as-
IV. GENERAL TRAPPING SET ENUMERATORS FOR sociated weightd;, where 0 o N for all i3 Let
PROTOGRAPHBASED CODES Sg = f(do;dy;:::;0n, 1)g be the set of all possible weight
De nition 1: An (a;b) general trapping set, of a bipar- distributions such thady + :::+ dy, 1 = a. Finally, suppose
tite graph is a set of variable nodes of sa&evhich induce that S; = f(fo;f1;:::;fs, 1)g is the set of all weight
a subgraph with exactlyp odd-degree check nodes (and agistributions such thdty+ : : +f,, 1=Dbwhere0 f; N
arbitrary number of even-degree check nodes). for all i. Then the two-part ensemble average trapping set
In order to calculate ensemble average general trapping @gumerator for the modi ed protograph is given by
enumerators for protograph-based block codes, we make use o X X
the combinatorial arguments previously presented in [14] a Aap = Ad; (3)
[15] for calculating ensemble average weight enumeraldrs. fdkg2Sq Ff192 S

technique involves considering a two-part weight enuncera
for a modi ed protograph with the property that arfg; b
trapping set in the original protograph is a codeword in t
modi ed protograph. We now brie y describe the procedur
introduced in [10]. An auxiliary "~ ag' variable node is adde
to each check node, as displayed in Figure 2.

RNhere Ag is the average number of codewords in
the modied ensemble with weight distributiord =
o;d1;:00dn, 15forfaiifag 1)

B. Asymptotic trapping set spectral shape function

The two-part normalized logarithmiasymptotic trapping
set spectral shape functiarf a code ensemble can be written
as

Vo A V2 V3

r(; )= lim supra(; )
wherer,(; )= M=) = a=n = p=n aandbare
Hamming weightsn is the block length, and ., is the two-

ff. part ensemble average weight distribution.
Suppose now we are interested in the ratidodb a for a

Fig. 2: An example protograph and modied version wittpeneral(a; b trapping set gnumerator. Let b=a= T
auxiliary variable nodes. 2 [0;1 ). As proposed in [10], we may now classify the

trapping sets as

Consider a subs& with cardinalitya of the variable nodes = f apjb= ag: (4)
V = fvp; vy Vo; V30, for examplea =3 andS = fvp; vy; vo2Q. ab '
We now attach weight to these variable nodes and weight-or each , we dene dis() to be the -trapping set
0 to the remaining nodes iIN=S = fvsg. We observe that hymper which is the size of the smallest, non-empty trapping
check nodes, andc; are satis ed, since they both have inpuket in . Now consider xing and plotting the normalized
weight 2, but that check node, (with input weight3) is \eight against the two-part asymptotic spectral shape func-

unsatis ed. Thus there is= 1 odd-degree (unsatis ed) checktion r(; )= r(; ). Suppose > 0 and the rst zero-
3;1 contains the subs@ = fvo;vy;v20. the ranged < < () , then the rst zero-crossings ()

For any subset of variable nodes, we can satisfy any odd-

deg_n_—:-e ChGC_k nodes by assigning weitu the correspondi_ng 3Since we useN copies of the protograph, the weight associated with a
auxiliary variable node. Note that the weight of the varmablparticular variable node in the protograph can be as large .as



is called the -trapping set growth ratef the code ensembile. 2 3

If () exists, and if the probability P Py
Pu PI
ts ()\( n 1 PtEJ ) = PU P . (5)
a=1 P, P

ne Ny
as the block lengtim grows, we can say with high probability

that the majority of codes in the ensemble have -rapping
set number that increases linearly with i.e., dis() =
n () : This implies that, for suf ciently largen, a typical B. Tail-biting LDPC convolutional code ensembles

memberi of the ensemble has no small trapping s.ets. Given a protograph parity-check matri, we generate a
Experimental results have shown that the failure everfgmily of tail-biting convolutional codes with parity chiec
that dominate the performance of LDPC codes with 'terat“fﬁatricesPt(b ) and increasing block lengths v, =1:;2;:::,
decoding in the error oor region of the BER curve can bgging the process described above. Since tail-biting convo
attributed to small trapping sets [3]. Since small trappingional codes are themselves block codes, we can treat the
sets contain relatively few variable nodes, it is more Wkelranner graph ofPE, ) as a protograph for each value of
that all of the variable nodes in a small trapping set have Replacing the tentries of this matrix with eith&r N
unreliable channel values than in a larger trapping sethBur permytation matrices dd N all-zero matrices, as discussed
examinations of the small trapping sets dominating in tg section IIl, creates an ensemble of LDPC codes that can
error oor region have shown that the ser ywth low degrege analysed asymptotically & goes to in nity, where the
check nodes_ cause the most trouble. This is because of é'B%rsity condition of an LDPC code is satis ed for large
low connectivity of these check nodes to the rest of thg Each tail-biting LDPC code ensemble, in turn, can be
graph, which results in the trapping set not being able {gwrapped and repeated inde nitely to form an ensemble of

obtain enough independent (and possibly helpful) messaggRerminated, periodically time-varying LDPC convolutio
during decoding iterations. Thus an ensemble that guaantgggded with rateR =1 Nnc=Nn, =1 n.=n,, constraint

no small trapping sets on average is highly desirable. Gé“%ngth s = Nny, and, in general, period = y .
trapping sets that have only degree one or two check nodes, study the average general trapping set enumerators of
form an important subset calledlementary trapping sets hese block codes, we add auxiliary ag variables following

Extensive simulations (see, e.g., [3]) have shown that @ fane procedure detailed in Section IV. The resulting praapbe
most of the decoding failures in iterative decoding COro®sd pased modi ed parity-check matrix is given by

Note that the tail-biting convolutional code for=1 is simply
the original protograph-based block code.

to elementary trapping sets. Elementary trapping setsireequ 2

a slightly different analytical model than the one used here P Py

as described in [10]. Similar results to those presentedis t Pu Pi

paper for elementary trapping sets are the subject of oggoirFft(b ) = Pu Pi In ¢ :
research. : :

Pu |::'I
ne (Nu+ne)
V. GENERAL TRAPPING SET ENUMERATORS FORDPC

CONVOLUTIONAL CODES wherel, is then n identity matrix. For any , we can

now follow the procedure detailed in Section IV to calculate

In this section, we present a method for obtaining a lowée -trapping set numbed(,’ for the ensemble of LDPC
bound on the -trapping set number of an ensemble ofail-biting convolutional codes based on the protograptitya
unterminated, asymptotically good, periodically timeyimag check matrith(b ).
LDPC convolutional codes derived from protograph-bas . :
LDPC block codes. To proceed, we introducpe a fgmilr;/ of tail=" A lower bound on the convolutional-trapping set growth
biting LDPC convolutional codes with incremental increﬁaserate
in block length. The tail-biting codes are then used as a toolln this section we present a technique for obtaining a
to obtain the desired bound on thetrapping set number of lower bound on the convolutional -trapping set growth rate
the unterminated codes. cats () by showing that cets ()  must be at least as large as
any -trapping set growth ratefs) of an ensemble of block
codes obtained by tail-biting termination of the undenrtyin
convolutional code with unwrapping factor. The method

Consider the parity-check matriR.. of the protograph- used to prove the bound is based on a similar minimum
based, unterminated convolutional code introduced ini@ectdistance bound proof rst presented in [12].

[1I-A. We now introduce the notion of tail-biting convolamal Theorem 1:Consider forming an unterminated, periodi-
codes by de ning an "unwrapping factor' as the number cajly time-varying convolutional code with rat® = 1

of times the sliding convolutional structure is repeatetbl® n, —n ~ constraint length s = n,, and periodT = vy
applying tail-biting termination. For 1, the parity-check fom (2), as described in Section IIl.A. Lds)() be the
matrix Pt(b ) of the desired tail-biting protograph-based convo-

lutional code with block lengthn ,, can be written as “In this case, the submatrices Bf andP, are of sizeNnc=y Nn=y.

A. Tail-biting convolutional codes



-trapping set number of a tail-biting convolutional code
formed by terminating the associated convolutional codé wi
unwrapping factor > 0. Then, for any 0, the -trapping
set numbedqs () of the unterminated LDPC convolutional
code is bounded below klj{s)() for any unwrapping factor

, l.e.,

dees () dS’() : (6)

Proof. Consider the unterminated convolutional code whose . .
parity-check matrix is given in (2). Now take atg; b) general Fig- 4: A (5;3) general trapping set in the Tanner graph of a

trapping set that consists of a set of variable nodes (3; 6)-regular tail-biting convolutional code with unwrapping
factor =2.

Vi Vi Via 19

and a set of odd-degree check nodes Examplel: Consider a sequence
fvo;va;iiivaisg= 11;0;1,0;0;0;1;0; 1;0; 1; 1,0, 0; 1, 0

feioiCiw:  iCmb 19 0 15 g
_ _ in a (3; 6)-regular convolutional code. Suppose, without loss
in the induced subgraph. Herez= (1(0);1(1);  ;1(a 1)) of generality, thal = (0;2;6;8;10;11; 14). The seven ones
andJ =(J(0);J(1); ;J(b 1)) are index vectors of length jn this sequence induce a subgraph with ve odd-degree check

a and b, respectively, and the elemen}s of each vector afgdes § = (0:6;7;8;9)), i.e., the index vectors and J
unique. Consider the modulo index vecfofresp.J) obtained represent #7;:5) general trapping set. This is illustrated in
by letting (i) = 1(i) mod n fori=0;1;:::;a 1(resp. Figure 3. By wrapping the unterminated code onto itself
J(G)=J3@) mod n¢forj =0;1;:::;b 1). This operation modulo 2n, = 12 for variable nodes and moduln, = 6
corresponds to wrapping the unterminated convolutiondecofor check nodes, we obtain a sequence in (Bi6)-regular
to a tail-biting convolutional code with unwrapping factor tajl-biting convolutional code with unwrapping factor =
(whose parity-check matrix is given in (5)) and yields(an®) 2 The resulting modulol2 and 6 index vectors ard =
general trapping set in the Tanner graph of the tail-bitiodez  (0; 2; 6; 8; 10; 11; 2) and3 = (0; 0; 1; 2; 3). Observe that index
where the values o& andb are determined below. values('(1) = I(6), i.e., k = 2 for this index value, and

If the elements of the modulo index vectdrandd are still e obtain the reduction value dib%c = 2. Sincek is even,

unique, then we say that the origir@l b) general trapping set the variable nodes corresponding to these index values do no
has not been affected by the wrapping procedure and therefgppear in the reduced trapping set, and hehaepresents

& equalsa andb equalsh. If, however, there ark > 1 copies the set of variable nodeido; ¥s; ¥g; 010; Y119 in the Tanner

of the same index value ifi (resp.J), then the value oB graph of a(3;6)-regular tail-biting convolutional code and
(resp.D) is reduced byZbgc. This corresponds to the casea = g3 2 = 5. The same reduction ifd is obtained as
when multiple variable or check nodes in the trapping sgtresult of §(0) = J(1). Henceb = b 2 = 3, and the

are wrapped back on top of each other. If there is an evesuced set of check nodes represented big f &;; &;; 69.
number of such nodes at the same position, none of theme corresponding sequence is

survive as a member of the tail-bitinf@,; f)) trapping set, and

if the repetition valuek is odd, only one node survives. Thesd %o; ¢1;:::; %119

reductions are cumulative over all the repetitive indexugal =f(1+0);(0+0);(1+1);(0+0);0,0;1;0;1;0; 1; 1g
. N

in f and3. f 1;0;0;0;0;0;1;0; 1; 0; 1; 1g mod 2;

This implies that a general trapping set in the unterminated
convolutional code induces a general trapping set in angsof fnd it induces a subgraph in the tail-biting convolutiorade
tail-biting terminated codes that has at most the same size%aph with three odd-degree check nodis ¢, and¢s), i.e.,
the original one. It follows that the smallest general tiagp the index vector$ andJ represent ¢5; 3) general trapping set
set size of an unterminated convolutional code is at leastiBghe Tanner graph of £8; 6)-regular tail-biting convolutional
large as the smallest general trapping set size of any ddilts t code, as illustrated in Figure 2.
biting terminated convolutional codes, i.e., for any urppiag Corollary 2: Consider forming a family of unterminated,
factor .2 periodically time-varying LDPC convolutional codes withie



R=1 Nn.=Nn, =1 n¢=n,, constraint lengths = Nn,, A. Regular Ensembles with gag;n,) > 1

and periodT = y from (5), as described in Section V.B. Example2 (see also [1]): Consider ¢8; 6)-regular LDPC
Let d% () be the -trapping set number of the code withcode with the folowing protograph and associated parityekh
T=y, and letdeas () = max dl. () , which we call the matrix:

-trapping set number of the unterminated convolutionakcod
family. Then, for any tail-biting termination with unwraioyg
factor , deeis () is bounded below bxdﬁs)() for any

Proof. Replacingn, with Nn, andn. with Nn. in the proof
of Theorem 1 implies thaul(cct)S O dﬁs)() forany . The

result then follows directly from the de nition afies () .2 A family of rate R = 1=2 tail-biting LDPC convolutional
code ensembles can be generated according to the displayed

Intuitively, as  increases, the tail-biting code becomeg; \we now proceed to calculate thetrapping set growth
a better representation of its associated unterminated cpg. ( )() for the modi ed tail-biting convolutional code
ts

. i | X )
Vzlrlijggircl:zlll thi)riee,—vg:tri]n éor11volut(i:grrlflscpo%nedlr'll%i;?s ?ﬂ:?eodn ensembles with base parity-check matri¢§‘§) for various
P y ying ' xed values of and increasing values of the unwrapping

in the average general trapping set enumerators, and itfl

shown in Section VI that increasing provides us with a%tor. P Note that setting = = = 0 corresponds to
. () the minimum distance growth rate problem [8]. Thus, for
trapping set growth rates’() that converge to a lower

= 1, which ds to th€g; 6)- lar block cod
bound on s () , which we call the -trapping set growth which corresponds to th¢s; 6)-regular block code

Dy = . =0 o
rate of the unterminated convolutional code family. ensgmble, s © = min 0'023_ where min is the
. . X minimum distance growth rate for tt{8; 6)-regular ensemble,
As noted in Section IV-B, the -trapping set growth rate . = in o calculated by Gallager [16]. Further, forger
of a block code ensemble is de ned as itstrapping set ginatly Y 9 ' :
number to block length ratio. For the protograph-based ta]

alues of , the value for t(s )(0) agrees with the earlier results
biting LDPC convolutional codes de ned in Section V-B, this O minimum distance growth rates of tail-biting convobstal
ratio is therefore given as

codes given in [8].
As ranges fronDto 1 , the pointg t(s)() ; t(s)())
()(y= d.)O _d’0 _ d0 e trace out the so-calledero-contour curveor a protograph-
s n  Nn, s based block code ensemble [10]. Note that we are partigularl
Using (6), we then obtain interested in small values of, since this means that the ratio
O) of odd-degree check nodes to variable nodes inducing them
00 ecis () ects () : (8) is small. This implies that there are relatively few odd-eeg
s s check nodes available to pass messages to the large number

We note that, for convolutional codes, the length of thetgfsdr of variable nodes. The zero-contour curves for Exan2pége
codeword is equal to the encoding constraint lengthwhich  shown in Figure 5, and the -trapping set growth rates are
in general differs from the decoding constraint length highlighted for =0 :02
Assuming minimal encoder and syndrome former matrices,

the relation between, and ¢ can be expressed as x10" :
1 R a, =d%0.02)
e = R S; (9) T 1=1,23 a2=d‘f)(0.02)
a,= ) .
which implies that, for code rates less thi®, the encoding - . ’ :Ei.gz)oz) ]
. . . . =4 a,=dg .
constraint length is larger than the decoding constraimgtle
and vice versa for code rates greater thaf. il . gradient
Combining (8) and (9) gives us the desired lower bound © ,| ) p=002 |
ROy . e ‘
ccts() ﬁ ts () ) (10) 3 b
where cs() = deets () = e is the -trapping set growth 2 ; | | § 1
rate of the unterminated convolutional code family. ! ‘ b
VI. TRAPPING SET ANALYSIS ‘ : AN
We now present a trapping set analysis for several requl ° 0005 ool ome T om 0025
asymptotically good ensembles of unterminated, peridigica v 2
time-varying LDPC convolutional codes. As described in
Section V, we make use of ensembles of tail-biting LDPC Fig. 5: Zero-contour curves for Exampke

convolutional codes to obtain a lower bound on the desired
-trapping set growth rate of the associated unterminatedThe zero-contour curve is key to understanding the role of
convolutional code family. trapping sets in iterative decoding. Code ensembles witiela
5If the syndrome former matrix is not in minimal form, (9) results im a trﬁpplng .Set numbdemts. () ?‘re O.f p”;narydl.nterESt% since
upper bound on e, which implies that ceis () is underestimated in this SMall trapping sets dominate iterative decoding perfoaan
case. in the error oor [3]. Thus we want the -trapping set growth



rate t(s)() to exist and be as large as possible for eaahhich exceeds the value 0[1‘51)() , the -trapping set growth
value of . We observe in Fig. 5 thatfs J0) t(s 2)()  rate of the protograph-based LDPC block code ensemble. The
for any ; > . This is analogous to the decrease in theounds calculated for several values ofare given below in
minimum distance growth rate with increasingobserved in Table 1. 2

[8]. If a zero-contour curve of ensemble A is always below

the zero-contour curve of ensemble B, then, in general, we ‘ 20 ‘ lower bound on s ()

would expect a code drawn from ensemble A to exhibit poorer 0 | 0.0054 0.037

error oor performance than one drawn from ensemble B. 0.01 | 0.0046 0.031

Thus we would expect worse error oor performance with 0.05| 0.0027 0.018

increasing for the tail-biting convolutional code ensembfes. 0.10| 0.0014 0.010

For this (3,6)-regular ensemble, the lower bound gy () ,

P R ( )y — () o R _ Table 1: Block code -trapping set growth rates and lower
is simply ¢cts () TR t ()= s s Sincer—g =1 bound h lutional - : h ;

in this case. The -trapping set growth rates for Exampke ounds on the convolutiona trapp!ng set growth rates for
are plotted in Fig. 6 for =0 , 0:01, and0:05. several values of for the regular(3; 9)-ensemble.

0.09

B. Regular Ensembles with gaed;n,) =1

For the followingR = 1=4, (3;4)-regular andR = 2=5,
(3;5)-regular ensembles, we form the trivial “all-ones' proto-
graph parity-check matrix of size. n,. The protograph is

Lower bound on the convolutional

0.08 D-trapping set growth rate dms(o) il

0.07 Lower bound on dccG(O.Ol) 7

0.06 1 then unwrapped according to the nonuniform cutting vector

" o Lower bound ond ., (0.05) | method as described in Section IlI-A. The nonuniform cuts
' chosen are consistent with those previously presented]in [9
0.04 1 and they are displayed in Fig. 7.

0.03 — . 7
Tail-biting D-trapping set

growth rates d'(‘s)(o)
0.02 B

D-trapping set growth rates for d )(D) and dCCB(D)

d.01)
00t d)0.05) ] (a) (b)
% 2 3 2 5 6
Protograph unwrapping factor | Fig. 7: Protograph parity-check matrices with associated
nonuniform cut for (a) th€3; 4)-regular ensemble and (b) the
Fig. 6: -trapping set growth rates for Examp#e (3;5)-regular ensemble.

We observe that, once the unwrapping factorof the  just as we expect the tail-biting ensemble zero-contour
tail-biting convolutional code ensemb!e .exceél;isthe lower ~urve values t(S)(o) to correspond to minimum distance
bound on ccis () levels off for each distinct value of . We  growth rates of the associated block code ensembles, we
also observe (% signi cant increase in the value @is()  expect that the lower bound on the free distance growth rate
compared to s () , the -trapping set growth rate of the . . of the regular convolutional codes (found in [9]) based
underlying block code ensembl2. on the displayed cuts correspond to the valgg (0) of the

Example3: Consider the rat® = 2=3, (3; 9)-regular LDPC convolutional lower bound zero-contour curve. This can be
code ensemble. We form a protograph in the usual fashi@®en in Figure 8, where the lower bounds Qgs () =
creating3 check nodes, each of which connect to%\¥ariable are plotted against =  to form a convolutional lower
nodes, and we observe that ¢80) = 3. The protograph bound zero-contour curve for each of the regular convahatio
parity-check matrix and de ned cut are displayed below: ensembles considered.

We observe that, in general, as the rate increases the
convolutional lower bound zero-contour curves become fpwe
indicating the likelihood of worse error- oor performance
This is consistent with the conclusions drawn from the free

) distance bounds previously presented in [9].
For this rateR = 2=3 ensemble, the lower bound ogs ()

i oots () % t(S)() =2 t(S)() . We observe that, VIl. CONCLUSIONS
as in Example2, the -trapping set growth rates calculated In this paper, asymptotic methods were used to calculate a
for xed values of  with increasing provide us with a lower bound on the -trapping set number that grows linearly
lower bound on the convolutional -trapping set growth rate, with constraint length for several regular, asymptoticgidod

6We observe from the zero-contour curves of Exanitbat increasing gnsemblgs of untermmate-d’ protograph-based, peridylical
results in smaller -trapping set growth rates for 3. However, we must time var_ymg LDPC convolutional codes. It was shown that the
be careful in this case to remember that the block lengths atsease and ~ -trapping set growth rates of the LDPC convolutional code
the -trapping set numberid’()= n {’0= Nny {0 . ensembles exceed the growth rates of the corresponding LDPC
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