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Abstract—We discuss functions of long range dependent
Markov chains. We state sufficient conditions under which an
instantaneous function of a long range dependent Markov chain
has the same Hurst index as the underlying chain. We discuss
several applications of the theorem in the fields of information
theory, queuing networks, and finance.

I. I NTRODUCTION
Although traditional stochastic models such as i.i.d., Poisson, or finite state Markov models are preferred for their
simplicity and tractability, the fact remains that real systems
often exhibit more complex and persistent memory than what
can be captured by these models. Sometimes the memory
effects are so persistent that the effects cannot be ignored even
in asymptotic discussions. In these cases one needs to use long
range dependent models.
A stationary random process (Xn ) with E[Xn2 ] < ∞ is said
to be long range dependent (LRD) if
lim sup
n→∞

n
X

cov(X0 , Xr ) = ∞.

(1)

r=1

The degree of long range dependence is measured by the Hurst
index H ( 12 ≤ H ≤ 1).
Pn


cov(X0 , Xr )
<∞ .
H := inf h : lim sup r=1 2h−1
n
n→∞
Equivalently, we can write
Pn


var( i=1 Xi )
H := inf h : lim sup
<∞ .
n2h
n→∞
A process that is not LRD is said to be short range dependent (SRD). The justification for this division is as follows.
Although SRD processes may have memory, the effect of this
memory can be ignored in asymptotic discussions by taking
long blocks of the original source and treating these blocks
as a meta process. If the process is SRD, for many practical
purposes, the block process can be well approximated by an
i.i.d. process. As a result, SRD processes behave similarly
to an i.i.d. process in many asymptotic settings. Indeed, the
complement of the condition in 1 is necessary for a central
limit theorem to hold.
On the other hand, the effect of memory in an LRD process
does not disappear even asymptotically under any scaling.
LRD processes do not satisfy the central limit theorem, and

the limit of their scaled sums is not in general Gaussian. In
fact, as the definitions suggest, the scaling
required to obtain
√
a meaningful limit is different than n, and is related to the
Hurst index of the process. The limiting processes, when they
exist, are described by stable distributions and self similar
processes. For a detailed description of these results and other
properties of LRD processes, the reader is referred to the books
[1],[2].
In the continuous time setting the most popular model that is
used is the fractional Brownian motion (fBm) (see [1], chapter
7.2). In the discrete time case fractional ARIMA models have
been widely adopted (see e.g. [3], chapter 2.5). Although
parametric models such as these have their advantages in terms
of model fitting and estimation, in many cases they can only
provide an approximation to the underlying system. Here we
will work with models based on countable state, long range
dependent Markov chains, which is a much more flexible class
of models. We introduce LRD Markov chains and some basic
properties in section II. We will then explore applications
through simple examples.
We will be looking at the use of LRD models in the fields of
finance, queuing networks, and source coding. In these fields,
there is sometimes enough empirical evidence for the presence
of long range dependence that trading the traditional stochastic
models for more complicated but realistic LRD ones has been
warranted. The first use of an LRD model in finance is credited
to Mandelbrot [4]. In section IV we will be examining an
example based on his simple model for wheat prices. For an
extensive survey of long range dependent models in finance,
please see [5].
Interest in LRD processes in communication networks was
sparked by several empirical observations that showed such
distributions were characteristic of network traffic on the
internet [6],[7],[8]. Due to the fundamentally different qualities
of LRD processes mentioned above, these discoveries have
important, and often negative consequences for the modeling
and analysis of communication networks. Among these are
different asymptotics for queue sizes and packet drop probabilities [9], [10], [11], [12], [13], [14], and a need for new optimal
schedulers [15],[16],[17]. The mostly degrading effect of LRD
traffic in networks has led to research efforts for understanding
the mechanisms by which such traffic is generated and whether
preventive measures are possible [16],[7]. To illustrate the

use of LRD Markov models in networks, in section II-A
we discuss a simple queuing network of two parallel queues,
one of them being driven by an LRD process. We will show
that under a fixed rate shared server with longest queue first
scheduling, the busy-idle process of both queues will become
LRD, (see also [18]).
In section III we will present an application to source
coding. The relevance of LRD models to source coding stems
from the work on variable bit-rate video. Variable bit-rate
traffic (mainly VBR video) is an important component of
internet traffic. In the hope of understanding such traffic better,
there has been considerable work on analyzing traces of VBR
video ([19], [20], [21], [22] to cite a few). The common
observation that culminated from this work is that long range
dependence is omnipresent in VBR traffic, and persists across
a wide variety of codecs. Motivated by this observation, one
wonders if long range dependence is an intrinsic property
of certain information sources, independent of the coding
algorithm chosen to encode the source. Example III contains
a theorem that justifies this intuition in the context of coding
a long range dependent renewal process.
The proofs in these examples all rely on a recently developed theorem about functions of LRD Markov chains [23]1 .
The main result in this work, given in section V, provides
us with sufficient conditions under which a function of an
LRD Markov chain has the same Hurst index as the Markov
chain itself. Our approach will involve first representing the
problem as an LRD Markov chain, and then writing process of
interest as a function of this chain. Then, using the theorem,
we deduce the Hurst index of the relevant quantity from that
of the underlying Markov chain. All proofs are deferred to
section VI.
II. L ONG RANGE DEPENDENT M ARKOV MODELS
Take (Mn ), a positive-recurrent, aperiodic, discrete time,
countable state Markov chain with state space N, where N
denotes the set of natural numbers. The chain is in stationarity
with stationary distribution π. Long range dependence of a
Markov chain on a general state space is defined in terms of
the long range dependence of the indicator function 1(Mn = i)
of state i of the chain. This function is LRD if and only if
the indicator function of every state is LRD [24]. When this is
true, (Mn ) is said to be an LRD Markov chain. Moreover, the
Hurst index of these functions is also a class property [24].
The common Hurst index H is said to be the Hurst index of
the chain.
In [24] it is proved that a Markov chain is LRD if and
only if the return time distribution of any state has infinite
variance, i.e. that this happens if and only if the indicator
function 1(Mn = i) is LRD. It is also argued that finite
weighted sums of indicator functions on this chain also inherit
this property. It is natural to conjecture that this might be
true for all functions of the chain. However, this conjecture is
1 The technical content summarized in this paper was published in the
Journal of Applied Probability vol.49 no.2 c by Applied Probability Trust.

Fig. 1.

Parallel queues with fixed a rate server.

disproved, most easily by considering a constant function (also
see the two counterexamples in [24]). It is then of considerable
interest to find which functions of an LRD Markov chain are
also LRD. The main theorem in section V addresses this issue.
We now turn to examples.
A. Example 1: Longest queue first with mixed heavy and light
tailed inputs
This example replicates the conclusion in [18] that long
range dependence might spread under longest queue first
(LQF) scheduling in a parallel queue setting.
There is a single server of rate R ∈ N with 2 parallel
queues. The queues are fed by independent random processes,
each modeled by a discrete time, irreducible, countable state
Markov chain. As an example, we investigate the scenario
where X1 is i.i.d. with heavy tailed (var(X1 ) = ∞) arrival
distribution on N. X2 ∈ N is either an i.i.d. process with
light tailed (var(X2 ) < ∞) arrivals or a finite state Nvalued Markov chain in stationarity. We assume E[X1 (0)] +
E[X2 (0)] < R.
Let Q1 (n), Q2 (n) be the stationary queue lengths. We
assume that the queue is work conserving, and moreover the scheduling decision at time n (number of packets to be served from each queue at time slot n) is a
function of (Q1 (n), Q2 (n)), the queue sizes at time n.
Given such a scheduling strategy, it is easily verified that
(X1 (n), X2 (n), Q1 (n), Q2 (n)) is a countable state Markov
chain.
Lemma II.1. (X1 (n), X2 (n), Q1 (n), Q2 (n)) is positive recurrent.
Proof: E[X1 (0)] + E[X2 (0)] < R implies that the queue
process (Q1 (n), Q2 (n)) is positive recurrent. Pick M1 > 0
and define the set S1 = {Q1 (n) + Q2 (n) < M1 }. The return
times to this set have finite mean (say ν). Also define S2 =
{X1 (n) + X2 (n) < M2 } (or in the case X2 is a finite state
chain, S2 = {X1 (n) < M2 }) where M2 is large enough such
that S2 is nonempty. S1 ∩ S2 is a nonempty compact set. We
claim the return times to this set have a finite mean. Since
1n (S2 ) is i.i.d, there is a positive probability (say at least p)
of visiting S2 each time there is a visit to S1 (independent of
previous visits). It is easily seen that the mean return time to
S1 ∩ S2 is at most ν/p.
We will look at long range dependence through the Hurst
indices of the busy-idle processes of the queues. Let (X1 , Q01 )

be the Markov chain if all the capacity were to be allocated
to queue 1. Denote by 1(Q01 (n) = 0), the busy-idle process of
this queue. We know that the busy periods of Q01 have infinite
variance (see e.g. [25] theorem 8.10.3). Therefore both the
Markov chain (X1 , Q01 ) and the function 1(Q01 (n) = 0) are
LRD (see the beginning of this section). (X2 , Q02 ), similarly
defined, is a short range dependent chain.
Lemma II.2. (X1 (n), X2 (n), Q1 (n), Q2 (n)) is LRD.
Proof:
Consider
the
chain
(X1 (n), Q01 (n), X2 (n), Q02 (n)). This chain is LRD because
it is a combination of two independent chains (X1 , Q01 ) and
(X2 , Q02 ), one of which is LRD. Let t1 be the return time to a
nonempty compact set S1 = {X1 (n), Q1 (n), X2 (n), Q2 (n) <
M }. Similarly t2 is the return time to the set
S2 = {X1 (n), Q01 (n), X2 (n), Q02 (n) < M }. Since
Q01 (n) ≤ Q1 (n) and Q02 (n) ≤ Q2 (n), t1 stochastically
dominates t2 , and therefore (X1 (n), X2 (n), Q1 (n), Q2 (n)) is
also LRD.
The question we want to ask then is whether 1(Q2 (n) = 0),
the busy-idle process of the second queue (fed by short range
dependent traffic), is also long range dependent. We claim:
Theorem II.3. Under LQF scheduling, 1(Q2 (n) = 0) is LRD
with the same Hurst index as (X1 (n), X2 (n), Q1 (n), Q2 (n)).
It is clear that 1(Q2 (n) = 0) is a function of LRD Markov
chain (X1 (n), X2 (n), Q1 (n), Q2 (n)). Therefore the problem
fits within the framework of theorem V.
III. E XAMPLE 2: C OMPRESSING A LONG RANGE
DEPENDENT RENEWAL PROCESS

This section provides an alternative proof for the result in
[26].
Let (Xn ) be a discrete, stationary, ergodic renewal process.
We begin by introducing the function
n−1
n
ρn (X−∞
) := − log P (Xn |X−∞
),

which is of central importance to coding theory. The behavior
of (ρn ) restricts the minimum code length of lossless compression algorithms by the following lemma, [27], which is
also proved in [28].
Lemma III.1 (Barron’s
P Lemma). Given {c(n), n ≥ 1},
positive constants with n 2−c(n) < ∞, we have
0
Ln (X1n ) ≥ − log P (X1n |X−∞
) − c(n), eventually, a.s. . (2)

Here Ln (X1n ) is the code length for the first n symbols of
the source for some lossless coding algorithm that produces
bit strings. c(n) can be made logarithmic inP
n.
n
By the ergodic theorem, the limit of n1 i=1 ρi as n →
0
∞ exists a.s. and equals η := E[− log P (X1 |X−∞
)], i.e. the
entropy rate of (Xn ). This implies the following well known
first order converse source coding theorem for such sources.
Theorem III.2.
lim inf
n

1
Ln (X1n ) ≥ η, a.s. .
n

Lemma III.1 is strong enough to permit second order
refinements to theorem III.2 once we know more about the
process (ρn ). For example, in [28], it is shown that for certain
short range dependent classes of sources (e.g. finite state
Markov chains), and appropriate coding schemes (e.g. LempelZiv coding), (Ln − nη) satisfies a central limit theorem.
Here, we state a second order converse source coding theorem, stating that the bit length process (Ln ) will eventually
dominate a long range dependent process the growth of whose
variance is identical to that of (Xn ), so that, in particular, it
has the same Hurst exponent as (Xn ).
Theorem III.3. Let (Xn ) be an aperiodic, long range dependent, stationary, ergodic renewal process. Then, there exists a
long range dependent random process (γn ) such that
Ln (X1n ) ≥ γn , eventually, a.s.
for all uniquely decodable source codes. Moreover, (γn ) has
the same Hurst index as (Xn ).
This immediately follows from Barron’s lemma once we
show (ρn ) are LRD with the same Hurst index as (Xn ). This
will follow from theorem V.2 if we can set up (ρn ) as a
function of a Markov chain.
IV. E XAMPLE 3: L ONG RANGE DEPENDENCE IN
FINANCIAL TIME SERIES

Let (Pn , −∞ < n < ∞) be the price of some financial
asset, and Xn = log Pn . It is an established assumption that
the log returns, rn = Xn − Xn−1 is well modeled by a
martingale difference process. Such a model accounts for the
fact that the log returns exhibit little correlation. Nevertheless,
it is also a widely observed fact that some instantaneous
functions of the log returns, such as |rn |d , exhibit long
memory, (see e.g. [29]).
The popular approach to modeling this behavior has been
to explicitly write the dependence of the absolute log returns
into the statistical description of the model. The result is the
various long-memory autoregressive conditional heteroskedasticity (ARCH) process models of financial time series, ([30]
for an example).
We want to show in this example that, given a martingale
difference sequence (rn ) that can be represented as a function of a long range dependent Markov chain, the outcome
that |rn |d will exhibit long range dependence should not be
considered surprising.
We want to illustrate this with a very simple example based
on Mandelbrot’s model for wheat prices ([4]). We should note
that this simple model is for purposes of illustration only, and
does not account for all known properties of financial time
series. For instance, it has been observed in many situations
that (rn ) has a finite variance, despite having a polynomially
decaying marginal distribution. The (rn ) in this example has
infinite variance. Nevertheless, the proof scheme used here
to establish the long range dependence of |rn |d should be
applicable much more generally.

Let (Wn ) be a stationary random process which models
the weather. (Wn ) can take on 3 values: good, bad, and
neutral {g, b, n}. The length of a good period, T (number
of consecutive good days), has the same distribution as the
length of a bad or a neutral period. Let P (T ≥ t) = t−α . T
has finite mean but infinite variance (i.e. 1 < α ≤ 2). A good
or bad period is followed necessarily by a neutral period. A
neutral period is followed by a good or bad period with equal
probabilities.
Let X̂n be the fundamental (log) price of the asset (which
can be thought of as summarizing exogenous variables that
affect the real price). X̂n varies as follows: increases by 1
for every good day, decreases by 1 for every bad day, and
stays the same for every neutral day. The market calculates the
real (log) price by projecting the expected future fundamental
n
price: Xn = limt→∞ E[X̂n+t |X̂−∞
].
By construction, (rn ) itself is a martingale difference sequence. We will now show that:

Proof: (5) is eq. 8 in [24]. (3) follows from eqs. 8 and 5
of [24]. (4) follows from (3).
The following theorem provides a condition under which
(ρn ) inherits the Hurst index of (Mn ).

Theorem IV.1. ρn = |rn |d is LRD with Hurst index 12 (3 − α).
(0 < d < α/2 for var(ρ0 ) to be finite).

and
(condition 3)

V. M AIN THEOREM

lim lim sup

We will state the main result from [23]. First some notation:
(Mn ) is a positive-recurrent, discrete time, countable state
Markov chain with state space N and stationary distribution
πi , i ∈ N. Most of the notation
P we use is borrowed from [31].
ρ : N → R is such that i∈N ρ(i)2 πi < ∞.
ρn :=P
ρ(Mn ).
µ := i ρ(i)πi , is the mean of ρ.
(n)
pij := P (Mn = j|M0 = i), n ≥ 0.
(n)
k pij := P (Mn = j; Ml 6= k, 0 < l < n|M0 = i), n > 0.
P∞
(n)
∗
k pij :=
n=1 k pij .
(n)
H pij := P (Mn = j; Ml 6∈ H, 0 < l < n|M0 = i), n > 0.
P∞
(n)
∗
H pij :=
n=1 H pij .
(n)
(n)
fij := j pij , n > 0.
P
(n)
(r)
n
Qij := r=1 (pij − πj ), n > 0.
Pn
(n)
(r)
Rij := r=1 Qij , n > 0.
Tj := inf t {t > 0 : Mt = j}.
mij := Ei [T
nj ].
o
P
var( ni=1 1(Mi =1))
H := inf h : lim supn→∞
< ∞ , the
n2h
Hurst index of (Mnn ).
o
P
var( ni=1 ρi )
Hρ := inf h : lim supn→∞
< ∞ , the
n2h
Hurst index of (ρn ).
The following lemma is useful to know.
Lemma V.1. For an LRD Markov chain,
(n)

lim Qij = ∞,

n→∞

(3)

(n)

Rij
= ∞,
n→∞ n
(n)
Qij /πj
lim (n)
= 1.
n→∞ Q
11 /π1
lim

(4)
(5)

Theorem V.2. Let {Ak }, 1 ≤ k ≤ K, be a finite partition of
the state space N.
(condition 1) Let H be a non-empty finite set, and
lim

n→∞

n
X

1

X

(n)
Q11 /π1 r=1 i∈Ak ,j∈Al

(r)

πi |ρ(i)−µ||ρ(j)−µ|H pij = 0,

∞
Also suppose πA
:= limn→∞
k

P
(r)
πi n
r=1 1 pij
Pn
(r)
πi r=1 1 pij

P

i,j∈Ak

P

i,j

∀k 6= l.

exists ∀k.

Let there exist constants ck , 1 ≤ k ≤ K, such that
(condition 2)
lim

n→∞

n
X
X

1

(r)

(n)
Q11 /π1 r=1 i,j∈Ak

L→∞ n→∞

πi (ρ(i)−ck )(ρ(j)−ck )H pij = 0 ∀k,

n
X
X

1
(n)

Q11 /π1

πi |ρ(i)ρ(j)|

r=1 i,j∈Ak
(r)

1(|ρ(i)| > L, |ρ(j)| > L)H pij = 0 ∀k.
Then,
lim

n→∞

Pn

r=1 ρi )
(n)
R11 /π1

var(

=

K
X

∞
πA
(µ − ck )2 .
k

k=1

∞
πA
(ck
k

Moreover, if
− µ) 6= 0 for some k, then Hρ = H.
Remark. If ck = cl for a pair of subsets Ak , Al , then
condition 1 is not needed for this particular pair.
VI. P ROOFS
A. Proof of theorem II.3
ρn := 1(Q2 (n) = 0) is an L2 function of the chain
(X1 (n), X2 (n), Q1 (n), Q2 (n)). We will use theorem V.2
with a single partition A1 = N. Take c1 = 0. H =
{X1 (n), X2 (n), Q1 (n), Q2 (n) ≤ R}. Condition 3 holds trivially for bounded functions. Thus we are left with having to
check the condition
n
X
X
1
(r)
πi
lim (n)
H pij = 0.
n→∞ Q
/π
1 i,j:Q2,j =0,Q2,i =0
r=1
11
To
P

see

why
this
is
true,
note
that
P∞
(r)
π
p
is
bounded
above
by
1
i
H
ij
i,j:Q2,j =0Q2,i =0
r=1
plus the stationary time spent in the states {Q2 = 0} before
the chain visits H. Note that the length of an idle period
for Q2 has finite expectation. Also note, if an idle period
begins at time n + 1, this implies due to the LQF policy
that Q1 (n) ≤ R, Q2 (n) ≤ R, X1 (n) ≤ R, and X2 (n) ≤ R.
Thus between successive idle periods of Q2 , the chain must
visit H. The stationary expected time spent in {Q2 = 0}
(n)
without visiting H is therefore finite. Since Q11 → ∞
(3), the above limit holds. Using theorem V.2, we conclude

Note that π2k+1 = π2k−1 P (T > k|T ≥ k), and π2k =
π2k−1 P (T = k|T ≥ k) for k = 1, 2, . . .. This gives
X
ρ(i)2 πi = π0 ρ(0)2 + π1 ρ(1)2
+
+

∞
X
k=1
∞
X

π2k−1 P (T = k|T ≥ k) log2 P (T = k|T ≥ k)
π2k−1 P (T > k|T ≥ k) log2 P (T > k|T ≥ k),

k=1
∞
X

π0 ρ(0)2 = (

k=1
∞
X

π1 ρ(1)2 = (

π2k )fT (0) log2 fT (0),
π2k )(1 − fT (0)) log2 (1 − fT (0)).

k=1

Fig. 2. Construction of the Markov chain, with an example sequence showing
the correspondence with Xn

that 1(Q2 (n) = 0) has the same Hurst index as the chain
(X1 (n), X2 (n), Q1 (n), Q2 (n)).
B. Proof of theorem III.3
We construct the following Markov chain (Mn ) from the
renewal process (Xn ) (fig. 2):
•
•
•

Mn ∈ {0, 1, 2, 3, . . .}.
n
{Mn = 0} = {Xn−1
= 11}.
For k ∈ {1, 2, . . .}
– {Mn = 2k − 1} =
{Xn = 0 and k zeros since last arrival },
– {Mn = 2k} =
{Xn = 1 and k zeros since last arrival in Xn }.

Since the p log2 p terms are bounded above by 1,

interval-arrival lengths having the law of T + 1;
fT (k) := P (T = k);

X

η :=

0
E[log P (X1 |X−∞
)].

One can easily check ρn = ρ(Mn ), with
•
•
•

ρ(0) = − log fT (0),
ρ(2k − 1) = − log P (T > k − 1|T ≥ k − 1),
ρ(2k) = − log P (T = k|T ≥ k).

We verify:
Lemma VI.1. ρn is an L2 function of Mn .
Proof: Let πi be the stationary distribution of (Mn ). Note
that πi > 0 =⇒ ρi < ∞. We want to prove
X
ρ(i)2 πi < ∞.

ρ(i)πi

i

X

ρ(j)

j

n
X

(r)
1 pij

r=1

j
k
XY
X
Y
(1 − ˜il )(− log(1 − ˜ik ))
≤
− log(1 − ˜ij )
(1 − ˜il )
k l=1

FT (k) := P (T ≤ k);
n−1
n
ρn (X−∞
) := − log P (Xn |X−∞
);

ρ2i πi ≤ 4.

Now, to apply theorem V.2 we partition the state space into
3 sets as follows: A1 = {i > 0 : i even}, A2 = {0} ∪
{i odd : ρ(i) ≤ − log(1 − i )}, and A3 = {i odd : ρ(i) >
− log(1 − i )}. Here we will will chose i ↓ 0 later. Take
c1 = c2 = c3 = 0 and H = 1 in that theorem. By the remark
to the theorem, we don’t need condition 1. We will check
conditions 2 and 3 of theorem V.2 for each of the sets.
(r)
When i, j ∈ A1 notice 1 pij = 0, so both conditions hold
automatically. For i, j ∈ A2 , condition 2 holds due to remark
no. 2 because the limit of ρ(i) as i → ∞ is zero, and condition
3 holds because ρ is bounded on this set. Thus we focus on
i, j ∈ A3 . Define ρ(i) =: − log(1 − ˜i Q
). Let subsequence
k
{ik } = A3 . We have ˜ik ≥ ik . πik ≤ π1 l=1 (1 − ˜ik ), and
P∞ (r)
1 1 pik ij = πij /πik . We have

We establish some notation:
(Xn ), stationary renewal process,

P

=

XX
j

j>k

(1 − ˜ik ) log(1 − ˜ik )(1 − ˜ij ) log(1 − ˜ij )

k<j

l=k+1
j
Y

(1 − ˜il )

l=1,l6=k,j

j
X Y
<
j
(1 − ˜il ).
j

l=3

We can easily choose i ↓ 0 such that this is finite. Dividing
(n)
by Q11 , both conditions in theorem V.2 will be satisfied.
C. Proof of theorem IV.1
It can be verified that (also see the calculations in Mandelbrot’s original paper [4]) Xn changes as follows: jumps by
E[T ] on the first good day. Jumps by −E[T ] on the first bad
day. Increases by E[T |T ≥ t] − E[T |T ≥ t − 1] on the tth
good day (t ≥ 2). Decreases by E[T |T ≥ t] − E[T |T ≥ t − 1]
on the tth bad day. The first neutral day following t good

days decreases Xn by E[T |T ≥ t] − t. The first neutral day
following t bad days increases Xn by E[T |T ≥ t] − t.
Let Jn = 1(there is a transition at time n). Let Tn :=
inf t {t ≥ 0 : Wn−t−1 6= Wn−t−2 } be the number of days
since the last transition (0 on the first day following).
Then Mn = (Wn , Jn , Tn ) is a countable state, long range
dependent Markov chain, with Hurst index 21 (3−α). Moreover,
ρn = |rn |d is a function of Mn :
d
• ρ({g, b}, 0, t) = (E[T |T ≥ t + 2] − E[T |T ≥ t + 1]) ;
• ρ({n}, 0, ·) = 0;
d
• ρ({g, b}, 1, ·) = (E[T ]) ;
d
• ρ({n}, 1, t) = (E[T |T ≥ t + 1] − (t + 1)) .
Lemma VI.2.

We need to first show that condition 1 holds:
lim

1

n
X

(r)

X

n→∞ Q(n)
11 r=1 i∈Ak ,j∈Al

πi |ρ(i)−µ||ρ(j)−µ|H pij → 0

∀k 6= l.

By inspection, the following transitions require visiting H:
(k, l) or (l, k) = (1, 2), (1, 3), (2, 4), (3, 4). The sum is zero
for these pairs. For (k, l) or (l, k) = (1, 4), (2, 3), the condition
is not needed due to the remark to theorem V.2.
Condition 2 reads
lim

n→∞

1

X

(n)
Q11 i,j∈Ak

πi (ρ(i)−ck )(ρ(j)−ck )

n
X

(r)
H pij

= 0 ∀k.

r=1
(r)

α
E[T |T ≥ t + 2] − E[T |T ≥ t + 1] →
,
α−1

t → ∞.

Proof:
P (T ≥ s|T ≥ t) =

s−α
,
t−α

s ≥ t;

E[T |T ≥t + 1] − E[T |T ≥ t] =
∞
X
P (T ≥ s|T ≥ t + 1) − P (T ≥ s|T ≥ t)
s=t+1
α

∞
X

α

= ((t + 1) − t )

−α

s

s=t+1

α
→
,
α−1

1
since
((t + 1)α − tα ) /tα−1 → α Rand α−1
(t + 2)−α+1 =
R ∞ −α
P∞
∞ −α
1
−α
s ds <
< t+1 s ds = α−1
(t +
s=t+1 s
t+2
−α+1
1)
.

For k = 3, 4, H pij = 0 because these states must go to
H in one step. For k = 1, 2, we have chosen ck such that
(ρ(i)−ck ) → 0 by lemma VI.2. The condition holds by remark
no. 2.
Condition 3 also holds for A1 , A2 , and A3 because ρ is
(r)
bounded on these sets. On A4 , it holds because H pij = 0 as
argued earlier. We finally have the conclusion:
Pn
K
d
d
X
r=1 cov(|r0 | , |rn | )
πk∞ (µ − ck )2 > 0.
=
lim
(n)
n→∞
Q11 /π1
k=1
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Lemma VI.3.
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